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ABSTRACT

This study explores a modern analytical approach for solving the frac-
tional fifth-order Korteweg–de Vries (KdV) equations, which describe
intricate wave phenomena influenced by nonlinearity, dispersion, and
memory effects. Specifically, the Laplace residual power series method
(LRPSM) is utilized to obtain accurate approximate analytical solutions
for three fundamental fractional equations: the fractional Sawada–Kotera
(SK) equation, the fractional Caudrey–Dodd–Gibbon (CDG) equation,
and the fractional Kaup–Kuperschmidt (KK) equation. These equations
represent special cases of the broader fractional fifth-order KdV equa-
tion. The novelty of this study lies in the application of LRPSM, which
addresses the limitations of traditional methods by combining analytical
precision with computational efficiency. The method successfully captures
fractional dynamics, including soliton-like behaviors and memory effects,
demonstrating its capability to model wave attenuation and smoothness
influenced by fractional orders. The numerical results demonstrate that
this method achieves minimal error margins, validating its robustness
and precision in solving nonlinear fractional systems. Numerical examples
validate the efficiency and robustness of this method, achieving high
accuracy in solving nonlinear fractional systems. The results establish
LRPSM as a versatile and reliable tool for solving fractional differential
equations, paving the way for advancements in modern wave theory and
applications across disciplines such as plasma physics, fluid mechanics,
and nonlinear optics.
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1 Introduction

Fractional calculus extends classical integer-order calculus to fractional domains. While the
concept dates back to the 17th Century, its practical applications have only recently gained widespread
recognition across scientific and engineering disciplines [1,2]. Unlike integer-order calculus, fractional
derivatives describe systems influenced by their past states (memory effects) and distant interactions,
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making them useful for modeling complex physical processes. For instance, in viscoelastic materials,
stress depends not only on the current strain rate but also on its history, a feature naturally described
by fractional derivatives [3,4].

A fundamental distinction between integer-order and fractional-order calculus lies in the interpre-
tation of derivatives. While integer-order derivatives provide rates of change at an instant, fractional
derivatives capture rates of change over an interval, influenced by prior states of the system. This
nonlocal nature allows fractional models to bridge the gap between microscopic and macroscopic
phenomena, yielding superior descriptions of complex physical processes [5]. The fractional derivative
order\alpha modulates the extent of memory effects in the system, with lower values leading to
increased dispersive effects and smoother wave profiles. In fluid mechanics, for example, fractional
models have been employed to analyze anomalous diffusion, which occurs when particle transport
deviates from classical Brownian motion due to heterogeneities or external constraints [6,7]. Similarly,
fractional calculus has been applied in control theory to design more robust systems, in finance
to model market dynamics, and in biophysics to understand subdiffusive behaviors in cellular
processes [8–11].

In mathematical physics, fractional partial differential equations (FPDEs) have emerged as critical
models for describing nonlinear phenomena. These equations incorporate fractional derivatives to
account for memory and hereditary effects, as well as long-range interactions, enabling more accurate
descriptions of real-world systems [12]. Among FPDEs, fractional versions of the Korteweg–de Vries
(KdV) equation have gained significant attention. The KdV equation, originally introduced to describe
shallow water waves, has since been generalized to higher-order and fractional forms, broadening its
applicability to plasma physics, nonlinear optics, and other fields [13,14]. The fractional fifth-order
KdV equation, a prominent example of such generalizations, is expressed as

Dα

t u + au2ux + buxuxx + cuuxxx + duxxxxx = 0, 0 < α ≤ 1, (1)

represents a significant advancement in the work of nonlinear waves, extending the classical KdV equa-
tion by incorporating higher-order dispersion and nonlocal effects. Here, Dα

t denotes the fractional
derivative of order α, and the coefficients a, b, c, d determine the nonlinear and dispersive properties
of the system.

Each term in the equation plays a distinct role in characterizing wave behavior. The nonlinear
term au2ux describes the self-interaction of waves, leading to steepening or shock formation. The
dispersive terms buxuxx, cuuxxx and duxxxxx introduce higher-order effects, allowing the model to account
for phenomena such as wave splitting or stabilization of sharp gradients. The fractional derivative Dα

t

generalizes the time evolution of the system, capturing memory effects and broadening the range of
applicable physical scenarios [15,16]. This equation finds applications in plasma physics, describing
the dynamics of ion-acoustic waves, and in fluid mechanics, where it models shallow water wave
propagation in heterogeneous environments [17,18].

A distinctive feature of the fractional fifth-order KdV equation is its capacity to generalize
into specialized equations by assigning specific values to the coefficients a,b,c,d. Among these, the
fractional Sawada-Kotera (SK) equation,

Dα

t u + 45u2ux + 15uxuxx + 15uuxxx + uxxxxx = 0, (2)

is well-known for its applications in describing dispersive waves and energy transport in nonlinear
systems [19,20]. This equation models phenomena such as solitary waves in shallow water and
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nonlinear optical systems. The fractional Caudrey-Dodd-Gibbon (CDG) equation,

Dα

t u + 180u2ux + 30uxuxx + 30uuxxx + uxxxxx = 0, (3)

is particularly valuable for understanding systems dominated by strong nonlinearities and weak
dispersion, such as plasma waves and certain fluid flows [21]. The fractional Kaup-Kuperschmidt
(KK) equation,

Dα

t u + 20u2ux + 25uxuxx + 10uuxxx + uxxxxx = 0, (4)

is an integrable system that plays a significant role in wave theory and quantum mechanics. Its solutions
provide insights into the dynamics of nonlinear wave propagation in nonhomogeneous media [22,23].

The study of these equations reveals a rich variety of solutions, including bright and dark
solitons, singular solutions, and periodic wave structures. Such solutions have practical implications
across numerous domains. For instance, soliton solutions are critical in telecommunications for signal
transmission in optical fibers and are also observed in Bose-Einstein condensates, where they describe
localized wave packets [24]. Understanding the dynamics of these solutions provides a deeper insight
into the behavior of nonlinear systems, facilitating advancements in both theory and applications [25].

To solve fractional differential equations like the fifth-order KdV equation and its derivatives,
robust analytical and numerical methods are essential. Traditional approaches, such as the Ado-
mian decomposition method and variational techniques, often face challenges with convergence
and accuracy when applied to fractional equations [26]. In this study, the LRPSM is employed to
address these limitations. LRPSM combines the analytical precision of power series solutions with
the computational efficiency of Laplace transforms, enabling effective handling of nonlinear and
fractional terms [27,28].

One of the key advantages of LRPSM is its adaptability to different fractional orders and
boundary conditions. By iteratively refining solutions, the method ensures rapid convergence and
high accuracy, even for complex equations. Additionally, LRPSM preserves the nonlocal nature
of fractional derivatives, allowing for a faithful representation of memory effects and long-range
interactions [29]. These features make LRPSM a powerful tool for exploring the rich dynamics of
fractional systems and deriving solutions with practical significance [30].

The novelty of this work lies in the application of LRPSM to the fractional fifth-order KdV
equation and its derivatives, specifically the SK, CDG, and KK equations. By deriving explicit
solutions and analyzing their behavior, this study contributes to the understanding of nonlinear wave
dynamics and demonstrates the potential of LRPSM in tackling complex FPDEs. Moreover, the
solutions obtained here provide a foundation for future research into fractional systems and their
applications in physics, engineering, and beyond [31,32].

This paper is organized into six sections. Section 1 introduces the fractional fifth-order Korteweg–
de Vries equation and its significance in describing nonlinear wave phenomena influenced by non-
linearity, dispersion, and memory effects. Section 2 provides the mathematical preliminaries of frac-
tional calculus, including key definitions and fundamental concepts such as fractional derivatives
and integrals. Section 3 describes the LRPSM in detail, outlining its theoretical foundation and
computational procedure for solving nonlinear fractional equations. Section 4 focuses on numerical
examples, applying LRPSM to the fractional SK equation, the fractional CDG equation, and the
fractional KK equation, with results validated through graphical representations and error analysis.
Section 5 discusses the numerical results and their physical interpretations, emphasizing the accuracy
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and applicability of LRPSM in modeling fractional systems. The study concludes with a summary of
the main conclusions for LRPSM in Section 6.

2 Preliminaries

The basic meaning of FC and Laplace transform (LT) is provided here [33,34].

Definition 1

The Riemann-Liouville integral of a function u(t) ∈ Cδ(δ ≥ −1) having fractional order (α > 0)

is presented as follows:

Jαu(t) = 1
� (α)

∫ t

0

(t − τ)α−1u (τ ) dτ . (5)

Definition 2

The Caputo fractional order derivative of u ∈ Cn
−1 is presented as

Dα

t =

⎧⎪⎪⎨
⎪⎪⎩

dnu (t)
dtn

, (σ = n ∈ N),

1
�(n − α)

∫ t

0
(t − τ)(n−α−1)u(n) (τ ) dτ , ((n − 1) < σ < n, n ∈ N).

(6)

3 Construction of Fractional TAM

The LRPSM generates a sequence of improved approximations to a collection of problems. The
iterative method yields an approximate solution that converges to the precise answer when the proper
sequence converges at a set of starting approximations.

First, we convert (1) using the Laplace transform as

L
[
Dα

t u
] + aL

[
u2ux

] + bL [uxuxx] + cL [uuxxx] + dL [uxxxxx] = 0. (7)

Using the initial condition and based on the knowledge that L
[
Dα

t u(x, t)
] = sαL[u(x, t)] −

sα−1u(x, 0), we rewrite (7) as

U(x, s) = f0

s
− a

sα
L

[(
L−1[U(x, s)]

)2 (
L−1 [Ux(x, s)]

)] − b
sα
L

[(
L−1 [Ux(x, s)]

) (
L−1 [Uxx(x, s)]

)]

− c
sα
L

[
L−1[U(x, s)]

(
L−1 [Uxxx(x, s)]

)] − d
sα

Uxxxxx(x, s),
(8)

where U (x, s) = L [u (x, t)].

Second, we construct the expanded form of the transformed function U (x, s)

U(x, s) =
∑∞

n=0

fn(x)

snα+1
. (9)

The k-th-truncated series of Eq. (9) is represented by

Uk (x, s) =
∑k

n=0

fn (x)

snα+1
= f0 (x)

s
+

∑k

n=1

fn (x)

snα+1
. (10)
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The Laplace residual function to Eq. (9) is defined as follows:

LRes(x, s) = U(x, s) − f0

s
+ a

sα
L

[(
L−1 [U (x, s)]

)2 (
L−1 [Ux (x, s)]

)] + b
sα
L[

(
L−1 [Ux(x, s)]

)
(
L−1 [Uxx(x, s)]

)
] + c

sα
L

[
L−1[U(x, s)]

(
L−1 [Uxxx(x, s)]

)] + d
sα

Uxxxxx(x, s).
(11)

The k-th-truncated series of Eq. (11) is represented as

LResk(x, s) = Uk(x, s) − f0

s
+ a

sα
L

[(
L−1 [Uk (x, s)]

)2 (
L−1 [(Ux)k (x, s)]

)] + b
sα
L[

(
L−1 [(Ux)k (x, s)]

)
(
L−1 [(Uxx)k (x, s)]

)
] + c

sα
L

[
L−1 [Uk(x, s)]

(
L−1 [(Uxxx)k (x, s)]

)] + d
sα

(Uxxxxx)k (x, s).

(12)

Third, we highlight a few facts by extending several qualities that come up in the normal residual
power series technique

• LRes(x, s) = 0 and limk→∞ LResk(x, s) = LRes(x, s) for every s > 0.

• lims→∞ LRes(x, s) = 0 ⇒ lims→∞ sLResk(x, s) = 0.

• lims→∞ skα+1LRes(x, s) = lims→∞ skα+1LResk(x, s) = 0, 0 < α ≤ 1, k = 1, 2, 3, · · · .

In order to obtain the coefficient functions fn(x), we repeatedly solve the following system:

lim
s→∞

(
skα+1LResk (x, s)

) = 0, 0 < α ≤ 1, k = 1, 2, 3, · · ·

Finally, the analytical solution uk(x, t) is obtained by applying the Laplace inverse to Uk(x, s).

4 Applications by TAM

This section demonstrates how the iterative method LRPSM will be used to solve the fractional
fifth-order Korteweg–de Vries equations.

4.1 Example 1
To express the fractional Sawada-Kotera equation, we consider the following format [35]:

Dσ

t u(x, t) + 45u2ux + 15uxuxx + 15uuxxx + u5x = 0, (13)

where a = 45, b = c = 15 and d = 1. With initial conditions

u(x, 0) = 20k3 ± √
5
√

kh + 4h6

15k
− 2k2 tanh2

(kx + w),

u∗(x, 0) = ±√
5
√

kh + 4k6 − 10k3

15h
+ 2k2sech2

(kx + w).

(14)
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To begin the LRPS method stages, we apply the Laplace transform on (13) and utilize the initial
condition (14) to obtain

U(x, s) = f0

s
− 45

sα
L

[(
L−1[U(x, s)]

)2 (
L−1 [Ux(x, s)]

)] − 15
sα
L

[(
L−1 [Ux(x, s)]

) (
L−1 [Uxx(x, s)]

)]

−15
sα
L

[
L−1[U(x, s)]

(
L−1 [Uxxx(x, s)]

)] − 1
sα

Uxxxxx(x, s).
(15)

As a result, we can write the k-th-truncated series of Eq. (15) as

Uk (x, s) = f0

s
+

∑k

n=1

fn (x)

snα+1
, (16)

and the k-th-Laplace residual function is

LResk(x, s) = Uk(x, s) − f0

s
+ 45

sα
L

[(
L−1 [Uk (x, s)]

)2 (
L−1 [(Ux)k (x, s)]

)] + 15
sα
L[

(
L−1 [(Ux)k (x, s)]

)
(
L−1 [(Uxx)k (x, s)]

)
] + 15

sα
L

[
L−1 [Uk(x, s)]

(
L−1 [(Uxxx)k (x, s)]

)] + 1
sα

(Uxxxxx)k (x, s).

(17)

Now, we replace the series (16) with Eq. (17), multiply the resultant equation by skα+1, and
then solve the relation lims→∞

(
skα+1LRes(x, s)

) = 0, k = 1, 2, 3, . . . recursively to obtain fk(x), k =
1, 2, 3, · · · . The first few components of the sequence {fk(x)} are shown below:

f1(x) = −45u2
0 (u0)x − 15 (u0)x (u0)xx − 15u0 (u0)xxx − (u0)xxxxx

= 4k2h tanh (kx + w) sech2
(kx + w),

(18)

f2(x) = −45u2
0 (u1)x − 90u1u0 (u0)x − 15 (u0)x (u1)xx − 15 (u1)x (u0)xx − 15u1 (u0)xxx

−15u0 (u1)xxx − (u1)xxxxx

= 4k2h2 (cosh (2 (kx + w)) − 2) sech4
(kx + w),

(19)

f3(x) = −90u1u0� (2α + 1) (u1)x

�(α + 1)2
− 45u2

1� (2α + 1) (u0)x

�(α + 1)2
− 45u2

0 (u2)x − 90u2u0 (u0)x

−15u1� (2α + 1) (u1)xxx

�(α + 1)2
− 15�(2α + 1) (u1)x (u1)xx

�(α + 1)2
− 15 (u2)x (u0)xx − 15 (u0)x (u2)xx

−15u2 (u0)xxx − 15u0 (u2)xxx − (u2)xxxxx ,

(20)

f3(x) = k2h2

2Γ(α + 1)2

{[
−25920k5 − 26h + 288

√
5k2

√
k

(
4k5 + h

) + 3
(

6400k5 + 64
√

5k2
√

k
(
4k5 + h

) − 11h
)

cosh(2(kx + w)) − 6
(

160k5 + 16
√

5k2
√

k
(
4k5 + h

) + h
)

cosh(4(kx + w)) + h cosh(6(kx + w))
)]

×Γ(α + 1)2 + 48k2
((

270k3 − 3
√

5
√

k
(
4k5 + h

) − 2
(√

5
√

k
(
4k5 + h

) + 100k3
)

cosh(2(kx + w))

+
(√

5
√

k
(
4k5 + h

) + 10k3
)

cosh(4(kx + w))
)

Γ(2α + 1)
)}

sech8
(kx + w) tanh (kx + w),

(21)
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and so on. Therefore, the infinite series solution of Eqs. (13) and (14) is U (x, s) = f0

s
+ f1

sα+1
+ f2

s2α+1
+· · · .

Finally, the Laplace inverse of Eq. (15), gives that the kth-approximate solution of our problem is

u(x, t) = f0 + f1tα

Γ(1 + α)
+ f2t2α

Γ(1 + 2α)
+ · · · . (22)

When α = 1, the exact solutions of Eqs. (13) and (14) is

u (x, t) = 20k3 ± √
5
√

kh + 4k6

15k
− 2k2 tanh2

(kx − ht + w), (23)

u∗(x, t) = ±√
5
√

kh + 4k6 − 10k3

15k
+ 2k2sech2

(kx − ht + w). (24)

4.2 Example 2
To express the fractional Caudrey-Dodd-Gibbon equation, we consider the following format

[35,36]:

Dσ

t u(x, t) + 180u2ux + 30uxuxx + 30uuxxx + uxxxxx = 0, (25)

where a = 180, b = c = 30 and d = 1. With initial conditions

u (x, 0) = ±√
5
√

kh + 4k6 − 10k3

30k
− k2csch2

(kx + w), (26)

u∗(x, 0) = 20k3 ± √
5
√

kh + 4k6

15k
− k2 coth2

(kx + w). (27)

To begin the LRPS method stages, we apply the Laplace transform on Eq. (25) and utilize the
initial condition (26) to obtain

U(x, s) = f0

s
− 180

sα
L

[(
L−1[U(x, s)]

)2 (
L−1 [Ux(x, s)]

)] − 30
sα
L

[(
L−1 [Ux(x, s)]

) (
L−1 [Uxx(x, s)]

)]

−30
sα
L

[
L−1 [U (x, s)]

(
L−1 [Uxxx (x, s)]

)] − 1
sα

Uxxxxx (x, s).
(28)

As a result, we can write the k-th-truncated series of Eq. (28) as

Uk (x, s) = f0

s
+

k∑
n=1

fn (x)

snα+1
, (29)

and the k-th-Laplace residual function is

LResk(x, s) = Uk(x, s) − f0

s
+ 180

sα
L

[(
L−1 [Uk (x, s)]

)2 (
L−1 [(Ux)k (x, s)]

)] + 30
sα
L[(L−1

(Ux)k (x, s)])
(
L−1 [(Uxx)k (x, s)]

)
] + 30

sα
L

[
L−1 [Uk(x, s)]

(
L−1 [(Uxxx)k (x, s)]

)]
(30)

+ 1
sα

(Uxxxxx)k (x, s)
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Now, we replace the series (29) with Eq. (30), multiply the resultant equation by skα+1, and then
solve the relation lims→∞

(
skα+1LResk(x, s)

) = 0, k = 1, 2, 3, . . . recursively to obtain fk(x), k =
1, 2, 3, · · · . The first few components of the sequence {fk(x)} are shown below:

f1(x) = −180u2
0 (u0)x − 30 (u0)x (u0)xx − 30u0 (u0)xxx − (u0)xxxxx

= −8k2
(

8k5 − 2
√

5k2
√

k (4k5 + h) + h
)

coth(kx + w)csch2
(kx + w)

(31)

f2(x) = −360u2
0 (u1)x − 180u1u0 (u0)x − 30 (u0)x (u1)xx − 30 (u1)x (u0)xx − 30u1 (u0)xxx

−30u0 (u1)xxx − (u1)xxxxx

= −32
(

8k6 − 2
√

5k3
√

k (4k5 + h) + kh
)2

(cosh(2(kx + w)) + 2)csch4
(kx + w),

(32)

f3(x) = −360u2u0 (u0)x − 360u1u0Γ(2α + 1) (u1)x

Γ(α + 1)2
− 180u2

0 (u2)x − 180u2
1Γ(2α + 1) (u0)x

Γ(α + 1)2

−30 (u0)x (u2)xx − 30 (u2)x (u0)xx − 30u0 (u2)xxx − 30Γ(2α + 1) (u1)x (u1)xx

Γ(α + 1)2
− 30u2 (u0)xxx

−30Γ(2α + 1)u1 (u1)xxx

Γ(α + 1)2
− (u2)xxxxx ,

(33)

and so on. Therefore, the infinite series solution of Eqs. (25) and (26) is U(x, s) = f0

s
+ f1

sα+1
+ f2

s2α+1
+· · · .

Finally, the Laplace inverse of Eq. (28), gives that the k-th-approximate solution of our problem is

u(x, t) = f0 + f1tα

Γ(1 + α)
+ f2t2α

Γ(1 + 2α)
+ · · · . (34)

When α = 1, the exact solutions of Eqs. (25) and (26) is

u(x, t) = ±√
5
√

kh + 4k6 − 10k3

30k
− k2csch2

(kx − ht + w),

u∗(x, t) = 20k3 ± √
5
√

kh + 4k6

15k
− k2 coth2

(kx − ht + w).

(35)

4.3 Example 3
To express the fractional Kaup-Kuperschmidt equation, we consider the following format [36]:

Dσ

t u(x, t) + 20u2ux + 25uxuxx + 10uuxxx + uxxxxx = 0, (36)

where a = 20, b = 25, c = 10 and d = 1. With initial conditions

u (x, 0) = −h2 + 12s2ehx

(1 + ehx)
2 , (37)

u∗ (x, 0) = −h2

8
+ 3h2ehx

2 (1 + ehx)
2 . (38)

Based on the above in the previous two examples, {fk(x)} can be calculated and written directly as
follows:

f1 (x) = 132h7ehxx
(
ehx − 1

)
(ehxx + 1)

3 , (39)
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f2(x) = 1452h12ehx
(−4ehx + e2hx + 1

)
(ehx + 1)

4 , (40)

f3(x) = 1452h17ehx
(
ehxx − 1

)
Γ(α + 1)2 (ehx + 1)

9

{
Γ(α + 1)2(54ehx − 4923e2hx + 10228e3hx − 4923e4hx

+ 54e5hx + 11e6hx + 11) − 60Γ(2α + 1)ehx
(−38ehx + 90e2hx − 38e3hx + e4hx + 1

)}
,

(41)

and so on. Therefore, the infinite series solution of Eqs. (36) and (37) is U(x, s) = f0

s
+ f1

sα+1
+ f2

s2α+1
+· · · .

Finally, the Laplace inverse gives that the k-th-approximate solution of our problem is

u(x, t) = f0 + f1tα

Γ(1 + α)
+ f2t2α

Γ(1 + 2α)
+ · · · (42)

When α = 1, the exact solutions of Eqs. (36) and (37) is

u(x, t) = −h2 + 12h2eh(x−11k4t)(
1 + eh(x−11k4t)

)2 , (43)

u∗ (x, t) = −h2

8
+ 3h2e

h
(

x− k4
16 t

)

2
(

1 + e
h
(

x− k4
16 t

))2 . (44)

5 Numerical Results and Discussion

The study explores the LRPSM applied to the fractional fifth-order KdV equations and its
three notable variants: the fractional SK, CDG, and KK equations. Each example demonstrates the
method’s efficiency and robustness in deriving approximate analytical solutions while analyzing the
effect of fractional orders α on solution accuracy. The results are supported by figures and tables that
compare LRPSM solutions with exact solutions.

The fractional SK equation uses coefficients a = 45, b = c = 15, and d = 1, with initial conditions
defined using hyperbolic functions, including sech2

(kx + w) and tanh2
(kx + w). Fig. 1a shows the

approximate solution derived using LRPSM, capturing the soliton-like behavior typical of this model.
Fig. 1b overlays the approximate solution with the exact solution, illustrating close agreement for
α = 1. For lower fractional orders (α = 0.9, 0.8), deviations become apparent, indicating increased
dispersive effects caused by memory influences introduced by fractional derivatives. Table 1 presents
exact and approximate solutions for various values of x, with relative errors computed for each case.
At α = 1, the errors are negligible across the domain x = −20 to x = 20. However, for α = 0.8, the
error increases slightly, especially near sharp gradient changes, demonstrating the impact of fractional
dynamics on solution behavior.

The fractional CDG equation involves coefficients a = 180, b = c = 30, and d = 1, with initial
conditions incorporating csch2

(kx+w) and coth2
(kx+w). This equation is known for modeling systems

with pronounced nonlinearities and weaker dispersion.

Fig. 2 depicts the wave behavior under different fractional orders. For α = 1, the solution
maintains periodicity and sharply localized structures. As α decreases to 0.9 and 0.8, the waveform
begins to attenuate, showing smoother profiles due to the enhanced memory effects. Table 2 compares
LRPSM-derived solutions with exact values for various x values. The errors remain minimal for
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α = 1.0 and increase slightly for fractional orders, particularly near steep gradients. This behavior
highlights the effect of fractional parameters in modulating energy dissipation and wave propagation
dynamics.

The fractional KK equation involves coefficients a = 20, b = 25, c = 10, and d = 1, with
initial conditions expressed using exponential functions e−h(x−t). This equation is significant for studying
integrable systems and wave behavior in non-homogeneous media.

Figure 1: Behaviour of group of 3rd order LRPSM of Eq. (13) at h = 1, k = 0.1, w = 1 where subgraph
(a) shows the LRPSM solution of the fractional SK equation and subgraph (b) compares the LRPSM
solution with the exact solution for α = 1

Table 1: Compare analytical solutions u(x, t) of Eq. (13) obtained by LRPSM with exact for Example
1 at h = 3, k = 1, w = 1

x Exact uLRPS Error α = 0.9 α = 0.8

−20 −0.272261 −0.272261 5.42413E − 15 −0.272261 −0.272261
−15 −0.272261 −0.272261 1.27239E − 10 −0.272261 −0.272261
−10 −0.272261 −0.272264 2.80262E − 06 −0.272266 −0.272268
−5 −0.272255 −0.333578 6.13238E − 02 −0.364861 −0.407048
5 −0.252529 −0.269263 1.67339E − 02 −0.268305 −0.267099
10 −0.272260 −0.272261 7.64155E − 07 −0.272261 −0.272261
15 −0.272261 −0.272261 3.46925E − 11 −0.272261 −0.272261
20 −0.272261 −0.272261 1.55431E − 15 −0.272261 −0.272261
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Figure 2: Behaviour of group of 3rd order LRPSM of Eq. (25) at h = 10, k = 1, w = 1 where
subgraph (a) shows the LRPSM solution of the fractional CDG equation and subgraph (b) compares
the LRPSM solution with the exact solution for α = 1

Table 2: Compare analytical solutions u(x, t) of Eq. (25) obtained by LRPSM with exact for Example
2 at h = 5, k = 1, w = 1

x Exact uLRPS Error α = 0.9 α = 0.8

−20 −0.219453 −0.219453 3.15588E − 14 −0.219453 −0.219453
−15 −0.219453 −0.219453 6.95128E − 10 −0.219453 −0.219453
−10 −0.219453 −0.219468 1.53112E − 05 −0.219476 −0.219487
−5 −0.219453 −0.554634 3.35181E − 01 −0.718568 −0.936793
5 0.6204960 −0.208263 8.28759E − 01 −0.204179 −0.198958
10 −0.219404 −0.219453 4.86450E − 05 −0.219452 −0.219452
15 −0.219453 −0.219453 2.20851E − 09 −0.219453 −0.219453
20 −0.219453 −0.219453 1.00266E − 13 −0.219453 −0.219453

Fig. 3a showcases the approximate solution for the KK equation. Fig. 3b compares the approx-
imate solution with the exact solution, showing strong agreement for α = 1. Lower fractional
orders (α = 0.9, 0.8) reveal subtle dispersive effects, emphasizing the method’s precision in capturing
fractional dynamics.

Table 3 evaluates the accuracy of LRPSM across fractional orders and spatial domains. Errors are
negligible for α = 1 and slightly increase for fractional orders near boundaries. This behavior reflects
the nonlocal influences inherent to fractional derivatives.

The findings underscore the efficacy of LRPSM in solving highly nonlinear fractional equations
with a high degree of accuracy, even under challenging conditions.
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Figure 3: Behaviour of group of 3rd order LRPSM of Eq. (36) at h = 1, k = 1 where subgraph (a)
shows the LRPSM solution of the fractional KK equation and subgraph (b) compares the LRPSM
solution with the exact solution for α = 1

Table 3: Compare analytical solutions u(x, t) of Eq. (36) obtained by LRPSM with exact for Example
3 at h = 0.3, k = 1

x Exact uLRPS Error α = 0.9 α = 0.8

−20 −0.0874061 −0.0874061 5.22540E − 11 −0.0874087 −0.0874109
−15 −0.0785674 −0.0785674 1.71276E − 10 −0.0785788 −0.0785885
−10 −0.0423770 −0.0423770 1.09705E − 10 −0.0424215 −0.042459
−5 0.0683498 0.0683498 2.75872E − 09 0.0682424 0.0681513
0 0.1799520 0.1799520 5.74254E − 09 0.1799420 0.1799330
5 0.0738187 0.0738187 2.75734E − 09 0.0739283 0.0740220
10 −0.0400160 −0.0400160 1.19507E − 10 −0.0399666 −0.0399239
15 −0.0779537 −0.0779537 1.72296E − 10 −0.0779408 −0.0779295

LRPSM consistently produces results with high accuracy, as evidenced by minimal errors across
all examples. The method efficiently captures the effects of fractional orders, providing reliable
solutions for complex nonlinear systems. The analysis highlights the influence of fractional derivatives
in altering wave behavior. Lower fractional orders introduce additional memory effects, resulting
in smoother or attenuated waveforms. In fluid mechanics, the influence of α on wave attenuation
and dispersion can be applied to model shallow water waves in heterogeneous media, particularly
in environments with significant memory effects, such as viscoelastic fluids or stratified flows.
This observation aligns with the physical interpretation of fractional dynamics, where historical
states significantly affect system evolution. The method demonstrates computational efficiency by
converging rapidly to accurate solutions. Compared to traditional numerical approaches, LRPSM
provides a more practical and precise alternative for solving fractional differential equations. The
soliton solutions derived for each example have significant implications in various fields, including
fluid mechanics, plasma physics, and nonlinear optics. By accurately modeling these phenomena,
LRPSM facilitates deeper understanding and practical advancements in these domains.
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6 Conclusion

The findings of this study underscore the effectiveness of the LRPSM in providing accurate and
reliable solutions to fractional fifth-order KdV equations. By successfully addressing the fractional SK,
CDG, and KK equations, the method proves its robustness and applicability in modeling complex wave
dynamics. The solutions derived using LRPSM have significant physical applications. For instance,
they can be used to model soliton propagation in optical fibers, study shallow water waves in fluid
mechanics, and analyze ion-acoustic waves in plasma physics. The fractional nature of the equations
also makes this method relevant for systems exhibiting memory effects, such as viscoelastic materials
and anomalous diffusion in heterogeneous media. Furthermore, the results contribute to advancing
wave theory, providing tools for exploring nonlinear optics and quantum mechanics phenomena. This
work highlights LRPSM as a versatile and efficient tool for tackling nonlinear fractional differential
equations. It paves the way for future research into broader classes of fractional systems and their
applications in physics, engineering, and interdisciplinary fields where accurate modeling of wave
dynamics is essential.
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