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Abstract. This study proposes a sequential multiple importance sampling (SeMIS) method for
efficient estimation of rare event failure probability, which is typically represented by py =

J n(@du = [, ¢ (Wly(w)du. Regarding ¢, (u) as a prior distribution and I (w) as the
likelihood function, the failure probability ps is equivalent to the evidence in Bayesian
inference. Leveraged on this equivalence, the MIS used for Bayesian inference is adapted for
failure probability estimation in this paper. In order to efficiently design the proposal
distributions in MIS, we extend the idea of subset simulation (SuS) to adaptively define
proposal distributions that propagate samples from both safe and failure domains to the limit
state surface. In order to generate samples in the failure domain, an enlarged sampling
parameter space is first designed by amplifying the standard deviation in “prior” distribution
¢, (u) from 1to o (= 1), i.e., to sample from ¢, (cu). A heuristic rule to determine the optimal
o is proposed, which is inversely proportional to the dimension of the problem and converge to
1 when the dimension becomes large enough. The performance of SeMIS algorithm is
illustrated in various benchmark examples and compared with SuS. It shows that SeMIS yields
an excellent estimation of failure probability in terms of estimation bias and
statistical/computational efficiency. It is also robust to the pathological geometry of the limit
state function, where SuS may fail. The SeMIS algorithm provides a competitive solution for
failure probability estimation.

1 INTRODUCTION

Structural reliability estimation plays a critical role in risk analysis and performance
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evaluation in engineering field. This method facilitates a comprehensive probabilistic
evaluation to quantify the extent to which engineered systems conform to prescribed safety and
operational requirements. When examining distinct failure mechanisms, the associated failure
probability ps constitutes a critical probabilistic metric derived through a multidimensional
integral [1]:

Pf =L n(x)dxszn(x)llﬂ(x)dx (1)

where X = [X1,X,,+++,X,]T € R* denote an n-dimensional random vector characterizing
uncertain parameters governing system behavior; (x) is the joint probability density function
(PDF) of X, which is typically derived from codified specifications in engineering practice or
empirical data from observational studies; Q = {x € R"|g(x) < 0} is the failure domain,
where g(x) is the limit state function (LSF) and delineates the boundary between the failure
and safe domains; I (x) is an indicator function, returning 1 if x € (1 and 0 otherwise.

In structural reliability estimation, probabilistic coordinate transformation to the standard
normal space offers computational advantages through a bijective mapping U = T (X), where
the original random vector X is transformed into an uncorrelated standard normal vector U. The
mapping can be achieved by the Rosenblatt transformation [2] or Nataf transformation [3].
Within the transformed coordinate, the failure probability is re-expressed by

p; = f B () du = f B (Wl () @)
F R"

where ¢, (w) = [, ¢(w;), and “p(-)” is the univariate standard normal PDF. The
transformed LSF g(u) = g(T~!(u)) defines the failure domain F = {u € R"|g(u) < 0} in
the standard normal space.

The high-dimensional nature of random vector U in practical engineering applications
precludes the implementation of conventional numerical integration. Therefore, Monte Carlo
simulation (MCS) has been established as one of the predominant methods, with subsequent
methodological enhancements focusing on variance reduction through advanced techniques.
Contemporary developments in this domain include but are not limited to: importance sampling
(IS) [4-6], directional simulation [7-9], line sampling [10-12], and subset simulation (SuS)
[13]. Among these techniques, SuS has garnered scholarly attention within reliability
engineering communities, owing to its computational efficiency in addressing high dimensional
and multiple design points problems.

While SuS demonstrates measurable computational advantages over direct MCS [14], its
efficiency diminishes notably in low-dimensional problems. More significantly, persistent
concerns exist regarding its probabilistic estimation accuracy, as evidenced by the study [15]
showing that SuS may produce biased estimation without considering the geometry of the LSF.
The sampling mechanism of SuS inherently follows the localized gradient descent orientation
of LSF, which might not align with the global direction toward the design point.

A sequential multiple importance sampling (SeMIS) algorithm is proposed for failure
probability estimation, leveraging on a Bayesian interpretation of failure probability. In
defining the proposal distributions, we borrow the idea of SuS to propagate samples from both
safe and failure domains to the limit state surface. This approach alleviates the limitation of SuS
when the LSF has misleading gradients while optimizing exploration of the failure boundary
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by focusing computational resources on critical regions where failure probability mass
concentrates.

This paper is organized into four primary sections. A brief review of MIS is provided in
Section 2. In Section 3, we present the general principle of the SeMIS algorithm. The
performance of the SeMIS algorithm is illustrated in Section 4 via various benchmark examples.

2 MULTIPLE IMPORTANCE SAMPLING

MIS [16,17] is a technique in Bayesian inference for efficiently evidence evaluation by
integrating multiple proposal distributions. By dynamically weighting the contribution of each
proposal distribution, MIS simultaneously incorporates multiple proposal distributions during
evidence estimation. Since the mathematical formula of failure probability estimation shown in
Eqn. (2) bears a profound theoretical analogy to Bayesian evidence computation when
reinterpreting ¢, (1) as a prior distribution and lz(u) as a likelihood function, the failure
probability estimation is equivalent to the evidence estimation in Bayesian inference. Given a
proposal distribution set {q;(w)}!L,, the failure probability integration using MIS can be
derived as:

| Ba @10
pf—z [ P g @)

where a;(u) is defined as the proposal weight, representing the weight between different
proposal distributions. The validity of the above equation relies on a;(u) satisfying the
following condition:
M
Z a;(w) = 1, when ¢, (Wly () % 0 4)
i=0
This condition leads to a critical corollary: wherever ¢, (u)l#(u) # 0, at least one proposal
distributions q;(w) in the set {q; ()}, must maintain positive density, thereby guaranteeing
that the union of supports from all proposal distributions fully envelops the failure domain
defined by ¢, ()l (w). A valid proposal distribution set of MIS is shown in Figure 1(a) while
the proposal distributions of SuS are illustrated in Figure 1(b) for comparison.
In this paper, the “balance heuristic” (a robust and widely adopted weighting function

strategy in MIS) is utilized to define the proposal weight a;(u). For a sample {ufc}:;l
generated from the proposal distribution g;(u), the weights are assigned as:
; N;q;(uj)
a; up) = SN v (5)
O = S, Wy )

where N; represents the sample size from i-th proposal distribution. The MIS estimator for the
failure probability py is derived as:
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where Ng;; = X.; N; is the total number of samples, and ¢; = N—’ is the fraction of samples from q;(w).
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(a) MIS (b) SuS
Figure 1: Proposal distributions in SeMIS and SuS

3 SEQUENTIAL MULTIPLE IMPORTANCE SAMPLING

Realizing that MIS for failure probability estimation fundamentally increases the flexibility
in proposal distribution determination. Borrowing the idea from SuS, we develop a sequential
MIS (SeMIS) algorithm that simultaneously propagates samples from both safe and failure
domain toward the limit state surface.

3.1 Initial distribution enlargement

The proposed methodology initiates with reconfiguration of the initial sampling distribution.
In structural reliability analysis, the failure domain often lies in distant regions from the origin,
where the PDF value of the initial distribution is relatively low. Consequently, adopting the
standard normal distribution as the initial sampling distribution is generally inefficient to
explore the failure domain. To facilitate more effective sampling in these low-probability
regions, we deliberately enlarge the standard deviation in ¢, (u) from 1 to o, thereby redefining
the initial distribution as ¢, (cu).

The calibration of the standard deviation amplification factor o necessitates theoretical
analysis. Consider an amplified random variable defined as u' = f(u) = ou. Based on the
change-of-variable technique, the transformed PDF for the new random variable u’ becomes:
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u' 1
pu’(u,) = pu(f_l(‘u’)) . |det Uf—l (u’)]| = d)n (—) (7)

a) lol*

where det [J ;-1 (u')] denotes the Jacobian determinant quantifying the volume scaling rate

between original and transformed coordinate systems. Note that this rate of volume change has
a power relationship to dimension n. To ensure dimensionally invariant enlargement of
probability volumes in SeMIS, the amplification factor o is defined through the geometric
relationship:

o="/B @®)

where f (f > 1) is the probabilistic volume scaling ratio between the enlarged initial
distribution of u’ and the nominal distribution of w. Through empirical investigations across
various examples with multidimensional LSF, B is ultimately selected as 6, a value
demonstrating robust performance in diverse examples. The asymptotic convergence of the

amplification factor lim o = 1 under increasing dimensionality reflects the Gaussian measure
n—-oo

concentration in high-dimensional spaces. As n grows, Euclidean norms ||u||, concentrate near
V/n, rendering large amplification factor (¢ > 1) counterproductive by displacing samples from
high PDF regions. Note that when o = 1, the initial distribution reduces precisely to the original
standard normal distribution, and this configuration of the amplification factor o maintains the
algorithm’s robustness against the high-dimensional measure concentration phenomenon.

The efficacy of initial distribution enlargement in two-dimensional space is demonstrated in
Figure 2, where ¢ = /6. It can be observed that in the two-dimensional case, enlarging the
initial distribution allows a portion of the samples to fall within the failure domain at the outset,
which can accelerate the exploration of the failure domain.

10 Failure Failure

domain 10 domain
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(a) Initial distribution of u (b) Initial distribution of u’

Figure 2: Initial distribution enlargement in two-dimensional space

3.2 Bidirectional shrinkage

As established in the preceding discussion, the enlarged initial distribution significantly
enhances failure domain penetration probability through amplifying standard deviation.
Crucially, the enlarged initial distribution maintains strictly positive density in the whole failure
domain (p,/(u') > 0 when ¢, (u")lx(u") # 0), thereby satisfying the requirement in MIS.
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This ensures all subsequent proposal distributions, regardless of their parametric forms,
maintain MIS theoretical correctness throughout iterations.

Since the probability density of Gaussian distribution decays exponentially with the
Euclidean norm to the origin, the probability mass of failure distribution concentrates near the
limit state surface. This geometric property motivated the development of a bidirectional
sampling strategy that synergistically utilizes samples from both safe and failure domains to
shrink to the limit state surface by defining the proposal distributions as:

Py (W)I(lg(w)| < 1)

((u) = 9
q:(u") o ©

where || denotes the absolute value, p; is the normalizing constant of the proposal distribution.
The threshold sequence {/;}}Z, constitutes a monotonically decreasing absolute value of LSF,
adaptively determined through probabilistic conditioning according to the target “level
probability” p,. In contrast to conventional SuS, this proposal distribution q;(u") adjustment
fundamentally alters the convergence orientation, shifting from unidirectional propagation
toward the failure domain to targeted shrinkage to the limit state surface. This reorientation
enables concentrated sampling in critical regions that have the most significantly impact on
failure probability estimation. Figure 3 demonstrates the difference in proposal distribution
geometry between SeMIS and SuS in a two-dimensional space. Notably, the proposal
distributions of SeMIS framework shown as annular distributions concentrically enveloping the
limit state surface.
10 R 10,
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Figure 3: Sample distribution convergency in two-dimensional space

SeMIS fundamentally diverges from SuS through two synergistic innovations: (1) strategic
enlargement of the initial distribution via amplifying standard deviation, and (2) bidirectional
exploration of the limit state surface. This dual mechanism not only accelerates probability
mass concentration in critical failure regions, but also circumvents pathological bias induced
by misleading gradient of LSF. To illustrate the advantage of SeMIS, we consider an example
from Ref. [15]. Given a two-dimensional LSF g(X;, X,) with misleading gradient in Eqn. (10)
as a combination of piecewise linear functions, whose surface is spliced by multiple linear
planes:
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9(X1,X;) = min(g,, g2) (10)
where
_ 4‘ - X1 'Xl > 3.5
91 (X1, Xz) = {0.85 ~ 01X, X, <35

05—-0.1X, ,X,>2 )
(X1, %,) = { 23-X, X <2
Here, both X; and X, follow the standard normal distribution.

The LSF g(X;, X,) is illustrated in Figure 4(a), where the blue horizontal plane delineates
the zero LSF, separating the safe and failure domains. Figure 4(b) presents the corresponding
LSF contour plot. A purple arrow points towards the design point located at coordinates (4,0),
while a red arrow denotes the direction aligned with the steepest descent gradient of the LSF

near the origin.
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(a) 3D Geometry of LSF (b) Contour of LSF

Figure 4: The contour map of piecewise linear LSF
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Figure 5: Sample path generated by SeMIS and SuS

As demonstrated in Figure 5, The sample paths generated by SeMIS and original SuS show
the progression of iterations of these two algorithms. In original SuS, samples exhibit migration
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trajectories aligned with the steepest gradient descent direction toward the line of x, = 5, which
unfortunately coincides with a low probability mass region within the failure domain.
Conversely, SeMIS’s enlarged initial distribution facilitates exploratory sampling across
disjoint failure subdomains, enabling consistent convergence to the correct design point located
at (4,0). Despite fewer sample generated near the design point caused by non-uniform LSF
gradient topology, SeMIS’s design point exploration capability ensures estimator unbiasedness.

The capability to accurately identify the design point stems from the enlargement of initial
distribution. Furthermore, as illustrated in Figure 5, SeMIS requires fewer iterations than
original SuS when addressing the same problem, resulting in reduced computational effort and
enhanced efficiency. This improvement arises from both the enlarged initial distribution and
the bidirectional shrinkage mechanism of proposal distributions toward critical regions of the
failure domain with high probability mass.

4 EMPIRICAL STUDIES

The proposed SeMIS algorithm is validated through three two-dimensional pathological
problems derived from Ref. [15] and one benign benchmark problem with various dimensions.
For completeness, both analytical expressions of the LSFs and corresponding graphical
representations of the pathological problems are provided for visualization. Within the contour
maps, the purple arrow identifies the gradient path toward the design point (denoted by a purple
dot), whereas the red arrow highlights the principal orientation detected by the original SuS.

Example 1: Piecewise linear LSF

We first consider the problem mentioned in Section 3.3. The LSF g(x4,X,) is given by
Eqgs.(10) and (11). As illustrated in Section 3.3, the gradient of the LSF guided samples to
deviate from the right path towards to the design point.

Example 2: Changing Topological LSF
The next example is with changing topological structure of failure domains, where the LSF
g(X1,X,) is given by a simple metaball function:
30 20

9X, Xp) = + -5
v (4()(1 +2)2 XZZ)Z 1 ((X1 —42.5)2 - 0.5)2>2 1 (12)

9 25 25

To elucidate this example more effectively, the shape of the LSF function is plotted in Figure
6. One can envision the geometry of the LSF as resembling two mountain peaks. Due to the
block of high peaks, most samples in the original SuS tends to propagate along the valley
(highlighted by the red arrow), thus fail in capturing the design point.
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Figure 6: Changing Topological LSF and the contour map

Example 3: Linear Log LSF

The third example involves a LSF incorporating two functions: a linear function and a
logistic function. The LSF is expressed as

. 1
g(X;,X;) = min {5 - X, o exp(—Z(X2 - 4)) - 0.5} (13)

As shown in Figure 7, this example bears resemblance to Example 1, as the LSFs in both
cases exhibit misleading gradient near the origin.

Figure 7: Linear Log LSF and the contour map

Example 4: High-dimensional nonlinear LSF

The fourth example is a benign problem taken from Ref. [18] where original SuS yields
unbiased estimation result. It features with a high dimensional nonlinear LSF:

9gX) = 4—i Xi +E(X1 — X;)? (14)
vn i=1 2

where X; (i =1,2---n) follows independent standard normal distribution and the failure
probability py = 4.29 X 107°, which remains invariant with respect to the dimension.
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A comparative analysis of the proposed SeMIS and original SuS is conducted across all four
problems. Both methodologies employed identical initial parameters, including a per-level
sample size of N = 1000 and the level probability p, = 0.1, with the number of LSF
evaluations tracked as an index for computational costs. For a thorough comparison, 100
independent runs are performed for each algorithm, enabling comprehensive performance
benchmarking.

Table 1: Estimation results using SeMIS and SuS

SeMIS SuS
1 Reference © b

Example D} n 5/ HLSE 5 . #LSF
pf pf (X 103) pf pf (X 103)

1 3.20 x 1075 2 1.01 + 0.29 2.00 095+1.33 5.87

2 1.13x 1075 2 1.01 £ 0.26 200 1194334 7.67

3.23 x107° 2 1.00 £ 0.19 2.00 1.20+4.02 6.59

2 1.12 £ 0.34 296 1.16+0.60 5.95

5 1.12+ 047 4.00 1.13+0.67 5.94

4 4.29 x 10-6 10 1.13 + 0.58 492 1.14+0.66 5.95

20 1.12 £ 0.62 517 113+0.70 5.94
50 1.13 £ 0.69 573 120%+0.69 593
100 1.154+0.70 587 1.17X£0.63 594

The comparative results across all four problems are synthesized in Table 1. The reference
failure probabilities are calculated via crude MCS with a sample size of 10°. The estimation of
SeMIS and SuS are shown as sample mean + sample standard deviation, derived from 100
independent runs and normalized against reference values.

Notably, SuS exhibits larger estimation uncertainty (quantified by larger sample standard
deviation) in pathological reliability problems (Example 1-3). This arises from divergent
algorithmic convergence behaviors: some of runs successfully identifies design points, while
others fail. The proposed SeMIS demonstrates superior statistical properties, exhibiting
significantly reduced bias and deviation compared to SuS, while concurrently enhancing
computational efficiency in these pathological problems. Quantitative validation across three
case studies reveals deviation reductions of 78.2%, 92.2%, and 95.3% relative to SuS. The total
of 2000 LSF evaluations, corresponding to just two iterations, reflects SeMIS’s accelerated
convergence. The enhanced computational efficiency originates from SeMIS’s bidirectional
exploration strategy and initial distribution enlargement. Through these two advancements,
SeMIS bypasses the area with misleading gradient and directly locates the limit state surface
near design point.

The SeMIS algorithm demonstrates statistically reductions in estimation bias compared to
original SuS across all dimensional configurations when applied to benign problem (Example
4). However, the estimated standard deviation reduction advantage of SeMIS relative to SuS
diminishes asymptotically with dimension growth. This phenomenon may stem from the
exponential decay in the volume of the failure domain relative to the entire parameter space
with increasing dimension. When the dimension exceeds critical thresholds and the
amplification factor 0 — 1, SeMIS’s performance becomes asymptotically comparable to

10
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original SuS in terms of estimated standard deviation.

5 CONCLUSIONS

This study proposed a sequential multiple importance sampling (SeMIS) algorithm for rare
event probability estimation in structural reliability. By reinterpreting the failure probability as
the Bayesian evidence, SeMIS integrates multiple proposal distributions to estimate failure
probability. The proposal distributions are adaptively constructed to synergistically propagate
samples from safe and failure domains toward critical regions where failure probability mass
concentrates. With two key advancements (initial distribution enlargement and bidirectional
shrinkage), SeMIS demonstrates excellent estimation of failure probability in terms of
estimation bias and statistical/computational efficiency through investigations on various
examples.
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