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1. INTRODUCTION

The analysis of structures subjected to large displacements by means of the finite
element method has attracted the attention of many researchers in recent years and
different publications have been reported in the literature[1 1-[8].

In this work the authors suggest an alternative finite element formulation for the
analysis of shells which allows for large displacements together with finite rotations.
The deformation process of the structure is defined via a total Lagrangian approach.
Stresses and strains over the shell surface are defined using a local set of cartesian
axes based on the principal curvature directions of the shell middle surface. This
allows to obtain useful explicit expressions of the finite element matrices in a simple
manner. Additionaly, normals to the midsurface before deformation are assumed to
remain straight but not necessarily normal to the midsurface after deformation, thus
allowing for shear deformation effects. Finally, it is worth pointing out that no
restrictions are made on the magnitude of the curvatures. This is of special interest
for the analysis of non-shallow shells using an small number of elements.

The fnrmulation uses two dimensional finite elements for the analysis of 3-D shells.
The discretization aver the shell thickness is eliminated using what is usually known
as "degenerated element technique" [ 2,4 ). This allows for a substantial reduction in
the number of variables and eliminates the possibility of ill-conditioning of the
element matrices which takes place when using 3-D elements and the thickness of
the shell is small.

In the first part of this work the formulation for 3-D shells is presented. Then a series
of examples of shells underqoing large displacements are presented.

2. GEOMETRIC DESCRIPTION
The middle surface of the shell can be expressad in parametric form as (see. Fig.1)[9]

ro:[xu ("H‘,;‘.—‘z);yu (1—11;]:4'2);2(. (Ul.“f‘IQ)lT ('\)
where U, and p; are the principal curvature lines at point O of the shell rniddle
surface,

Let 3 and b be unit vectors tangent to the curvature lines s and 12 in 0, respectively,
and i the normal vector to the middle surface in 0. Parameters r,s and t are defined
as the lenghts measured along the lines 1, »Uz2 and along the normal &, respectively.

A second set of orthogonal vectors T,r?] and T is defined at 0, as shown in Fig. 2.
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surface, n is the normal vector, previously defined, and m is arthogonal to the plane
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n—l_ and also tangent to the shell middle surface at point 0. Nate that 1 and m are not
unit vectors and their modulus is e:(1—n§) Ya
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Fig. 2, Definition of vectars | and m
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The components of vec_Egri a,b,n,l and m in the global reference system x,y,z (with
associated unit vectors 1,1k, respectively) can be written in matrix form as

ax bX nx lX mX

a = E) . . —

2 ay| ¢+ b Byl ¢ on=anyl 5 1= 1. ; o=yl (2
a, b, n I m
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Vectors 3,75 and n define a set of local axes X',y an::i z! aﬁsociated with the shell
principal curvature lines. On the other hand, vectors ?,m and n define a second set of
local axes X,¥ and Z which is easily identified within the structure (X is paraliel to
plane xZ, ete... see Fig, 2

A point P over the shell middle surface can be defined by a vector T (see Fig. 1) such
that we can write, in matrix form

I =y =ko+ ton (3
where t is the distance measured along the normal.

Using eq.(3) and the relationships shown in Fig. 1 the following expressions can be
obtained

axeye2)| _ o

L}(r,s,t) R (8)
where T is the Jaccbian matrix of the transformation x'y'z' - Xyz given by
T

I:[E’E’B]

and matrix R is the Jacobian matrix of the transformation x'y'z' st given by

-5 g 0
Ry
R=| 0 1-= o {(6)
—~ RS
0 0 1

- - > i ) - = - .
Adgitionaly, vectors ,m and n can be defined in the system a,b and n using the
foilowing expression

(1,mn]l={abnlT (7)
where
by ay 0
T=|-, b, 0 (8)
0 0 1

For the finite element analysis we discretize the middle surface of the shell into a
mesh of curved cuadrangular elements as shown in Fig, 3, The geometry of the shell
is defined, within each element, in the standard isoparametrie form [13] as

De

~ h
£ = ? Ni (ﬁfﬂ)foi'ff EE (9)

whete Ty, Is the vector of each node of the finite element mesh, ng the number of
nodes per element, N;(£ ,n } is the shape function of node i, and £ and n the
normalized isoparametric coordinates. The third normalized coordinate is defined as

. x;’«hE (10)

—
where h is the thickness of the etement. Finally, the normal vector n is obtained from
the approximate middle surface given in (9) and the expressions (1)-(9). More details
about the choice of element will be given in section 7. .
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where P; is the value of p at nods i,
i z
;
f U = UOT+ Vu_'."’ WoI:
! U|:G1T+Eﬁ+v_v‘ﬁ
|
g Uo= {Um VovWD}T
P §
0= {Uv Vie Wy }
| 4
|
! - = ¥
| a
Fig. 3 Tipical eight node isoparametric elerment. Normalized
coordinate system and assoclated normalized volume, . x . o X
Fig. 4. Definition of displacements,
Equ9) transforms the efement volume into a cube of unit side defined in the ) e .
coordinate system £,1,7 [ 10 }{see Fig. 3.). Assumption b} atlows to express the components of U, , at node i, as
~T
3. KINEMATIC DESCRIPTION . — ~sina; cosB;  -sine; sinf;
) u] = P P a ¥ COSO:i"‘l (ES)
The deformation of the structure is based in the Tollowing twa main assumptions: : i i i -
a) Normals tg the middie surface before deformation remain straight but nat ; . . h
necessarily normal to the middle surface after deformation, Figs. 5 and 6 show the relationships between angles o and g . and the two
components of the rotation vector i , which expresses the anti-clockwise rotation of

b) The lenght of the normal vector does not change during the deformation, : “the normal.

Asgsumption i} allows to express the displacement vector T, of a point P {laying over
the normal, n, at a distance t from the correspoending point 0 over the middle surface
(see Fig. 4), in terms of the displacement vector of point 0, G, , and the relative

N

; S T o
; 1 S : : Uy = 0y = -sengy; cos B; L -seng: sen s M,
displacement of the end of the normal vector In 8, with respect to this point, @, , Le, e msena ool g ~sena sen o,
> -+ > +leosa; -Him;
U = 1, +tu, (1 | )
We define

9i= {j_ngl)h‘l
U= (u,v.,w]’ and w, o= [u,v w )T (12) I
~0 o' o' ~1 11711

~1

> - >
where Ue ,vo ,wy refer to companents of u, in the global system 12 Iy k, respectively,

and U, ,v, ,w, refer to components of ‘J{ on the local system: T, my n (see Fig. 4),

The vector of "fundamental displacements" p is defined now as /\\ % e
- - . T Bzl = g = v, cos B
T T,T 1 . T ikl X i
p=luy,u] (13) e (165,11 = 67, = o senp,

The components of p define generically the displacement of any point of the shell,

@ = to;_i+ B:Tj]m
Using the finite element interpolation, it can be written

msﬁj=ﬂ,;i/afj
Ng senf = by /o,
p=X%Np ; N, =N I (14)

£ i ~iAd i~ g
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i Wa define the vector of displacements of node i as

a = (u oz " (16)
by 1

: where vector y,, is obtained from eq.{12). On the other hand, the retationships tinking
i the rotations and the components of vector U, can be deduced from eq.{15) and the
expressions of Fig, &.

4. STRAIN FIELD

Let's define g =[uywyw'], as the vector containing the components of the
displacement vector y of an point of the shell measured in the coordinate system

defined by vectors 3,%‘ and N, corresponding at a particular point, &, laying over the
i shell middle surface,

The vector of displacement gradients at a paint, P, laying over the normal vector in 0
{see Fig. 4), can be defined now as ‘

;s g=lg. g g" (17)
: with

i u’ du’

f 9 3% 94 oz

v’ = =

g‘ = gz = W 22 = gS = -5;.1- (18}
| 3w’ w

i 93 EE 9e 327,

i P .

J where subscrit P denotes values in point P,
i

E The Green strain vector at point P, (associated to the local directions xYLy'yz' of Fig.
: 2} can be written, using eqs.(18), as

Ext g1+5(at+ad+ad)
‘ €y g5+ (glegleg?)
£ = [ Yergr| =] 9279,%9,9,+9,9,%9,9, (19)
Yyrg 92%99+9191%79,9,+9,9,
_Yy'z'_ _gs”'ga*‘ghg',""‘-Jsga"'gsgsJ

On the other hand, vector g can be explicitely obtained in terms of the fundamental
displacement vectar p, of eq.(13) as [ 11,12]

_ X L
€ Ior . (8,+T5%)
=lc T e (A 4F2) Ip =y
g= s ~3ds8 s'22 "3s E ~ E (20)
0 T |
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with
1 1
= . [ =
Cr 1ot ! s, _t {21)
Ry s
0 ny -1 n, 0 0
1
1 =210 n_ -1 (22)
= “n 0 0 A
LR R_ y ~2 = R, y
-3 b 0
bY aY 0 Y Y
Substituting eq.(14) in (20) it can be finally written
b by | (23)
= - 9
g==L ‘:‘ Nip; f Mip; 3
where
B aNi aNi —
crg ar t Cr(Ni£1+ or 2)
aNy TN — - (A R
i CS-T- as € Cs(Nié2+ FE] E) - [Ei'e»i]
{24)
9 N,.T
_\_v.ﬁ_l ¥ v }
Mi Mi

Taking into account the linearity of matrix M; (independent of the nodal unknowns)
we can write

6g = I M 8p, (25)

It can be shown that a relationshipwbetween fundamental displacements and nodal
displacement increments can be ebtained in the form {11}

8p; = ¢, da, (26)
where
13 0 V11 V21
c, = Vo= |Va; Viy (27)
0 vy ' Var Vs



v = .._‘E_,(C 2 sino,
11 ] osmi cos Bi + sinzsi)
v, = -1 sinf, cosB, { sina; 1
21 ei i i COSG.i'—' o ) o, = (e_2+e_2)-§*
i 1 xi i
1 sina, a
V,, = -t - i N
34 & (cosui sin Bi + - co.rszBi cosp, = Xi  (28)
1 1 o,i
V,, = = B
41 sinai cosBi sing = 4
1 oy
Vgy = =sina, sinf,
Thus, after substituting eq.(26) in eq.(25), it is finally found
Re ng
g = 7 B Ci0a = T g8y (29)

where matrix Gj = M; C; can be explicitely obtained using egs.(24), (27) and (28).

jal ree strains and nod P P y
11 IBlath Sni (betWeB“ G al dis Eﬂ(:e nents is simpl thal ed

g Ne
€ = A Sg=AaA I Gyda; = E Bj daj (30)
-~ ~or T -~ | ~ .

~

Explicit expressions of A and B matrices can be found in references [11] and [12]

5. CONSTITUTIVE EQUATIONS

The constitutive relationship must be incorporated to the general formulation in an
incremental or rate form, This can be written generically as

6g = D* de (31)

where g=[ox',oy', Tx'y' [ T . . .
vector, 0¥ LTy )y Ty 'zt is the second Piola-Kirchoff stress

;J;l}e w1ll' not go here into dfatails of the different alternative forms of matrix D* for
e varigus types of non-finear material behaviaur. A comprehensive study in this

subject can be found in reference [13] . )
6. DISCRET{ZED EQUILIBRIUM EQUATIONS

The simplest procedure to obtain the discretized form of the equitibriurm equations in

a general way is to make use of the virtual i ich i
: work expressio
lLagrangian formulation can be written as P  whieh n the total

T
fﬁg-gdv-— f suTbay wj suTtdr = o (32)
v Vw"v F—un., 3

where £ , y and g have been defined in previous sections, v and I'are the undeformed
volume and surface of the structure, over which the body forces § and surface loads t
respectively act, Vectors b and t are defined by

T a T
b =1ibb b] and t o= [tx,ty.tz] _ (33)
where x,y and z refer to components in the global systems of Fig. 2.

Using eqs.(30) and (11)-{14) we can write the discretized finite element form of eq.
(32) in the following standard manner (10 ].

¥(a) = P(a) -R =298 (34)
which for the ith node gives
¥ (a) = fs%dv— R, = 0 (35)
i ot~ ~i o~

In eq.(34), ¥ (a) is the residual force vector and R is the equivalent nodal force vector
due to exterior loads given by

Surface loads
" :
= N,oM_ dA 6
R, _jA [NE N € SN E N M oy . (36)
where Mg, and M\h are the companents of the surface moment in the local axes
% and ¥ of Fig, 2.

Body forces

T
= ,0,017 av
R, jv (N b ,Nb ,Nb, ,0,0] (37)

All the integrals which appear .in eqs.{32)-(37) are evaluated assembling the
contributions from the different elements following standard finite element
procedures {10] .

w .
Eq.34) is a system of non linear equations which must be solved using an iterative
numerical techrique. From the many existing procedures [14] an standard Newton-
Raphson algerithm [10] has been choesen here. Thus, the corresponding displacement

increment vector for the nth iteration is calculated by

sa” = -k (a") pia™) (38)
from which the updated displacement field can be computed as an*t =af 4 opal,
Iterations stop when the values of the residual forces are suficiently small,

‘ ¥ (a)
In eq.(38) K s the, so called, tangent matrix, obtained as Kgp(a) = A
- a
A typical submatrix relating nodes i and j can be obtained as follows
av; (g
Kr, (a) = ——— {39)
vl 3a
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Taking the first variation of eq.{35) we obtain
n
Y. {a) = .= ¥ *
¥ ta) jfflf'rij Say j\,dEide +fin‘59,dV (ko)

It can be shown that f12] .

T n
I B.dogdv = x KY §a. (1)
7 h o g
6B, vdv =z (KL 4+ g%
v 2T Ky R say t2)

where the different components of the tangent matrix can be evaluated as follows

a)K].'.

sl > 3
. = *
L f B, D*B. dv : (43)
where matrix B can be obtained from eqs.(30)
o
1
BIK;

K1 =j ¢'sa. a
~iij b B (44)

where matrix G is obtained from ©qs.(29) and matrix § is given by

oxX'I, Tx'y'I, Tx'z'I,
5= Tx'y'I, oy'I; ty'z'l, (45)
™®'z'I; ty's'l, 0
o
ok, I
&ij
T _ , .
Ky =0 for i#7 {46)
o 9 ¢
K IT -
~ij (47)
9 H
where H is obtained as:
( f av av T
H. (2x2) = ~— . F , -2 . p|l gy p=fTAT
i =M A
+ viae._ ~ 6. ~ > g-lm ¢ (48)
i ¥;
v v
Explicit expressions of matrices ™1 and i i
o 0, 8)—, can be found in references [11]
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7. NUMERICAL COMPUTATION OF THE INTEGRALS AND FINITE ELEMENT
CHOSEN

All the different integrals are numerically evaluated using a Gauss-Legendre
guadrature 10 which gives

Hr 1+
fv flat,y'rz')dv :f f glf,n,z)dEdndg {49)
-17-171

It can be shown {11] that the following relationships exists between differentials of

volume:

on ayo on Syo

N R N N Tl LR LR 15
av=dx'dy'dz'=(1 Rr)(1 R 2% oy 3x Oy
5 o ‘o o ‘o

0r 3s  9s  or

dE anag {50)

where x , and y, are components of vector ¢, of eq.(3)

£q.(50) allows to use the normalized volume in £ yn and ¢ coordinates (see Fig. 3)
for the numerical integration of all volume integrals, Same procedure applies for the
surface integrals and will not be given here,

With respect to the type of element chosen we have to note that the formulation here
presented is, in fact, a "thick" shell formulation, as the terms of shear deformation
are included in the analysis, We, therefere, have to be aware that, when using this
formulation in the context of very thin shell apalysis, some precautions must be
taken. It is well known that, for very thin shells or plates, unrealistic overstiff
numerical results can be found due to the overestimation of the shear terms which
tend to dominate the solution. This numerical error has been studied by many
researchers and different alternatives to overcome the problem have been suggested

[10]. Here we use one of the simplest procedures which consists in underintegrating
the terms due to shear in the numerical integration of the stiffness matrix, This
method, commonly known as "reduced integration technique", has been extensively
used with success by many authors in the context of thick and thin shell and plate
analysis*[15] . For the examples presented in the paper, the eight node isoparametric
element (Fig. 3} has been chosen with the following integrating rule:

a) Y A2x2 Gauss-t.egendre rule along directions £ and n over the middie surface of
the shell.

b) A 2 point integration rule over the thickness (T direction).

8. NUMERICAL EXAMPLES
Example 1, Parabolic Shell

The geometry of the shell and finite element mesh used can be seen in Fig. 7. The
prablem has been analyzed by a process of incrementing the central deflection from a
zero initial value to a value of 50",

MNumerical results for the central displacement load elastic curve obtained for
different types of boundary conditions at the shell edges are presented in Fig. 8.
Numerical results obtained by Wood with para-linear three-dimensional shell
elements [ 71 are also shown for comparison. Note the differences between the
boundary conditions imposed by Wood and those used in the present analysis.
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Fig, 7. Parabe'lic shell under central point load, Geometry
rmaterial properties and finite element mesh, ’
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Fig 8, F’arat?oiic shell, Centrai displacement versus load for
different types of boundary conditions,

Example 2, Cylindrical shell,

The eylindrical shell studied can be s
been used to discretize one
assumed to be simply suppor

een in Fig. 9, Note that only four elements h

ave
quarter of the structure (due to symmetry). The shell is
ted on its straight edges and free on the curved ones.

In the elastic analysis i i i
presented an increasing displacement, w is prescri i i
. : ribed
:\ajir;dotfh}? cogri:pondmg vertical reaction farce, F, obtainef:l. J,n Fi: 11 a ploéno?'otlt?:
an e vertical displacement of point B, at the ce :
- nt
Versus w is presented for two different valyes of the ,shell thickne:: °f the free edge,
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R= 2540 mm

{ =25 mm
h=thickness=127 y 635 mm
9 =01 radians

£=3.10275 KkN/mm?
V=03 '

Fig. 9. Cylindrical shell under central point toad. Geometry,
material properties and finite element mesh,

Note the good agreement between the tesuits obtained with the present formulation
and those given by Surana [16] and Sabir and Lock [5 ] for the same problem.

Example 3. Spherical shell.

The last example is the analysis of a spherical shell with fully clamped edges under an
increasing vertical point load acting in the center of the shell, as it can be see in Fig.
10.

RodiuszL4 758"
m= 0.085895" Thickness = 0, (1576 "
E:107 psi. (%= 5« 10* psi x ¥
V=03 H':=00

Fig. 10. Spherical shell under central point load. Geometry,
material properties and finite element mesh,

Again, due to symmetry, only a quarter of the structure has been caonsidered. A mesh
of seven eight noded elements has been used. Results for the load/deflection at the
center have been plotted in Fig, 12 and good agreement with results obtained by
Weood [7] , with a two-dimensional axi-symeetric formulation, is obtained.

9. FINAL REMARKS

A total Lagrangian finite element formulation for the geometricaly non linear
analysis of 3-D shells with large displacement and finite rotations has been presented.
The formulation allows for shear deformation effects and large curvatures in the
shell surface. Explicit forms of all finite element matrices have been obtained via the
use of a local coordinate system based on the principal curvature directions. The
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