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Abstract. We propose a staggered solution scheme for the embedded strong discontinuity finite 

element method applied to fracture of beam structures, e.g., see our recently accepted paper [1]. 

We demonstrate the robustness of our implementation for modeling multi-fracturing fibers in 

random fiber networks loaded in tension. Our implementation enables a user-friendly 

integration into commercial finite element software. The FORTRAN source code is freely 

available to benchmark our implementation. 
 

1 INTRODUCTION 

The embedded strong discontinuity finite element method [2] has received significant attention 

in the modeling of fracture in beam structures, e.g., see [3,4]. Advantages include: it does not 

require a crack tracking algorithm as solids do, it is independent of the size of the characteristic 

length scale parameter because a fracture process zone is introduced implicitly at the mid-point 

of the beam finite element, and it is computationally efficient due to the one-dimensional 

continuum nature of the beam. The method is based on the theory of strong discontinuities 

where the generalized displacement field 𝒖 is enhanced by a jump 𝝃 [2]. However, the total 

potential energy of the enhanced beam formulation is non-convex with respect to the 

displacement 𝒖 and the jump 𝝃, leading to the consistent tangent stiffness matrix in Newton’s 

method becoming indefinite, hindering convergence and robustness. In contrast, it is convex 

with respect to one variable if the other variable is fixed. 

 

For a coupled system, the linearized residual force equations with respect to both unknowns, 

i.e., the displacement 𝒖 and the jump 𝝃, using the Newton-Raphson method, take the form 

 

[
𝑲𝑢𝑢 𝑲𝑢𝜉

𝑲𝜉𝑢 𝑲𝜉𝜉
] [

Δ𝒖
Δ𝝃

] = [
𝒓

𝒓̅ = 𝟎
] . (1) 

 

Here, 𝑲𝑢𝑢 is the stiffness matrix of the bulk material, 𝑲𝜉𝜉  is the stiffness matrix of the 

discontinuity, and 𝑲𝑢𝜉 and 𝑲𝜉𝑢 couple the inter-related field. The residual 𝒓̅ is zero if traction 
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continuity is enforced between the bulk material and the discontinuity, i.e., 𝑲𝜉𝑢Δ𝒖 + 𝑲𝜉𝜉Δ𝝃 =

𝟎, e.g., see [4], enabling the static condensation 

 

(𝑲𝑢𝑢 − 𝑲𝑢𝜉𝑲𝜉𝜉
−1𝑲𝜉𝑢)Δ𝒖 = 𝒓 = 𝒇𝑒𝑥𝑡 − 𝒇𝑖𝑛𝑡 , (2) 

 

𝒇𝑒𝑥𝑡 and 𝒇𝑖𝑛𝑡 being the external and internal force, respectively. The stiffness matrix (2) is non-

positive definite and generally non-symmetric, i.e., 𝑲𝜉𝑢 ≠ 𝑲𝑢𝜉, e.g., see [4]. The 

implementation (2) is common in the literature, e.g., see [3–12]. Our own experience using (2) 

in commercial finite element software was unconvincing as it was not robust in complex multi-

fracturing problems. 

 

For a weakly coupled system, the off-diagonal matrices can be removed by neglecting the inter-

field coupling, leading to the modified Newton scheme 

 

𝑲𝑢𝑢Δ𝒖 = 𝒓 = 𝒇𝑒𝑥𝑡 − ∫𝑩𝑇𝝈𝑑𝑉   ,   𝝈 = 𝝈(𝒖, 𝝃), (3) 

 

where 𝑩 is the strain-displacement matrix and 𝝈 is the stress vector integrated over the volume 

𝑉 of the material, i.e., the internal force. Here, the stiffness matrix (3) is positive definite and 

symmetric. In (3), we solve the nodal displacement vector 𝒖 with the jump 𝝃𝑛 from the previous 

iteration, followed by the unknown jump 𝝃 with the updated nodal displacement 𝒖, a procedure 

repeated until the final solution converges. 

 

We demonstrate the robustness of the weakly coupled embedded strong discontinuity finite 

element method based on (3) for modeling multi-fracturing fibers in random fiber networks 

(i.e., the microstructure of paper and other fibrous materials), represented as beam networks, 

e.g., see [13].  

2 THEORY 

We consider a 3D Timoshenko beam finite element of the length 𝐿 and with a symmetric cross-

section, where 𝑥 ∈ [0, 𝐿] is the coordinate along the middle-axis and 𝑦, 𝑧 are mutually 

orthogonal coordinates to 𝑥. The chosen beam finite element has two-node interpolation and 

one Gauss point for integration. We enhance the generalized displacement field 𝒖𝑠 =

[𝑢𝑥 𝑢𝑦 𝑢𝑧 𝜃𝑥 𝜃𝑦 𝜃𝑧]
𝑇
, 𝑢 for translation and 𝜃 for rotation w.r.t. 𝑥, 𝑦, 𝑧, with the 

displacement/rotation jump 𝝃 = [𝜉𝑢𝑥
 𝜉𝑢𝑦

 𝜉𝑢𝑧
 𝜉𝜃𝑥

 𝜉𝜃𝑦
 𝜉𝜃𝑧

]
𝑇

 at the mid-point 𝑥 = 𝐿/2 = 𝑥𝑑, i.e., 

 

𝒖 = 𝒖𝑠 + 𝐻(𝑥)𝝃 = 𝑁1𝒖𝑠1 + 𝑁2𝒖𝑠2 + 𝐻(𝑥)𝝃 = 𝑁1𝒖1 + 𝑁2𝒖2 + (𝐻(𝑥) − 𝑁2)𝝃, (4) 

 

where 𝑁1 = 1 − 𝑥/𝐿 and 𝑁2 = 𝑥/𝐿 are linear shape functions and 𝐻(𝑥) = {
0; 𝑥 ≤ 𝑥𝑑

1; 𝑥 > 𝑥𝑑
 is the 

Heaviside step function. We impose the boundary conditions 𝒖1 = 𝒖𝑠1 and 𝒖2 = 𝒖𝑠2 + 𝝃 to 

obtain the final result in (4). 
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From (4), we obtain the enhanced strain field 

 
𝜺 = 𝑩𝒅 + 𝑮𝝃 + 𝛿𝑥𝑑

𝝃, (5) 

 

where 𝑮 = diag[−1/𝐿,−1/𝐿,−1/𝐿,−1/𝐿,−1/𝐿,−1/𝐿] is a constant interpolation of the 

jump 𝝃, 𝑩 is the strain-displacement matrix 

 

𝑩 =

[
 
 
 
 
 
𝐵1 0 0 0 0 0 𝐵2 0 0 0 0 0
0 𝐵1 0 0 0 −𝑁1 0 𝐵2 0 0 0 −𝑁2

0 0 𝐵1 0 𝑁1 0 0 0 𝐵2 0 𝑁2 0
0 0 0 𝐵1 0 0 0 0 0 𝐵2 0 0
0 0 0 0 𝐵1 0 0 0 0 0 𝐵2 0
0 0 0 0 0 𝐵1 0 0 0 0 0 𝐵2 ]

 
 
 
 
 

, (6) 

 

𝐵1 = 𝜕𝑥𝑁1 = −1/𝐿, 𝐵2 = 𝜕𝑥𝑁2 = 1/𝐿, 𝒅 = [𝒖1 𝒖2]
𝑇 is the nodal displacement vector, and 

𝛿𝑥𝑑
 is the Dirac delta function accounting for the deformation at the mid-point 𝑥𝑑. 

 

Given the admissible variations of the displacement 𝛿𝒅 and the jump 𝛿𝝃, the internal virtual 

work of the enhanced beam takes the form 

 

𝛿𝑤𝑖𝑛𝑡(𝛿𝒅, 𝛿𝝃) = ∫𝛿𝜺𝑇𝝈
𝐿

𝑑𝑥 = 𝛿𝒅𝑇 ∫𝑩𝑇𝝈
𝐿

𝑑𝑥 + 𝛿𝝃𝑇 [∫𝑮𝝈
𝐿

𝑑𝑥 + ∫𝛿𝑥𝑑
𝝈

𝐿

𝑑𝑥] . (7) 

 

From the independence of the admissible variations 𝛿𝒅 and 𝛿𝝃, we obtain 

 

∫𝑮𝝈
𝐿

𝑑𝑥 + ∫𝛿𝑥𝑑
𝝈

𝐿

𝑑𝑥 = 𝟎, (8) 

 

ensuring equilibrium between the traction 𝒕 = ∫ 𝛿𝑥𝑑
𝝈

𝐿
𝑑𝑥 acting on the discontinuity at 𝑥 = 𝑥𝑑 

and the stress resultant vector 𝝈 = [𝑁𝑥 𝑁𝑦 𝑁𝑧 𝑀𝑥 𝑀𝑦 𝑀𝑧]
𝑇
, 𝑁 for force and 𝑀 for moment w.r.t. 

𝑥, 𝑦, 𝑧, in the bulk material at 𝑥 ≠ 𝑥𝑑, i.e., 𝒕 = 𝝈. 

 

From the internal virtual work (7), we obtain the internal force 

 

𝒇𝑖𝑛𝑡 = ∫𝑩𝑇𝝈
𝐿

𝑑𝑥, (9) 

 

and a linearization with respect to the nodal displacement 𝒅 yields the finite element stiffness 

matrix  

 

𝑲𝑢𝑢 = ∫𝑩𝑇𝑪𝑩
𝐿

𝑑𝑥 (10) 
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of the bulk material in (3). The constitutive model for the bulk material is 

 

𝝈 = 𝑪[𝑩𝒅 + 𝑮𝝃], (11) 

 

where 𝑪 = diag[𝐸𝐴, 𝑘𝐺𝐴, 𝑘𝐺𝐴, 𝐸𝐼𝑥, 𝐸𝐼𝑦, 𝐸𝐼𝑧] (see Table 1) is the structural elastic stiffness 

matrix of the bulk material. We use the simplest set of uncoupled linear elastic constitutive 

equations, which is based on the assumption that the beam cross-section possesses appropriate 

symmetries, e.g., see [14,15]. 

 

To evaluate the jump 𝝃, we introduce the failure criteria 

 

Φ𝑖
𝐹 = |𝜎𝑖| − [𝜎𝑖

𝐹 + 𝐻𝑖𝑖𝛽𝑖]   ;    𝑖 = 1, … ,6 (no summation) (12) 

 

for each degree of freedom, where 𝜎𝑖
𝐹 > 0 is the failure limit (force or moment), 𝐻𝑖𝑖 < 0 is the 

structural softening modulus and 𝛽𝑖 > 0 is an internal softening variable. The jump 𝜉𝑖 is treated 

as the plastic strain in the standard implementation of elastoplasticity [16]. The structural 

softening modulus is then the structural tangent stiffness of the discontinuity, i.e., 

 

𝑡̇𝑖 = 𝐻𝑖𝑖𝜉̇𝑖 = 𝐻𝑖𝑖𝜉̇𝑖   ;    𝑖 = 1,… ,6 (no summation), (13) 

 

and the algorithm is summarized in Table 1.  

 

The fracture energy required to break the beam is the area of the triangle below the softening 

part of the material response, starting at the peak value 𝜎𝑖
𝐹  and ending at zero force/moment, 

i.e., 

 

𝐺𝑓
𝑖 =

1

2

(𝜎𝑖
𝐹)2

|𝐻𝑖𝑖|
   ;    𝑖 = 1,… ,6 (no summation). (14) 

 

Table 1: Return mapping algorithm for strain-softening. Quantities without indices are taken at the 

current time point 𝑛 + 1, 𝑖 = 1,… ,6, and Einstein’s summation convention does not apply. Here, 𝛾𝑖 is 

the consistency parameter. 

1. Load 𝜉𝑖 𝑛, 𝛽𝑖 𝑛 

2. Compute trial force/moment and test for failure 

𝜺 = 𝑩𝒅 

𝜎𝑖
𝑡𝑟𝑖𝑎𝑙 = 𝐶𝑖𝑖[𝜀𝑖 + 𝐺𝑖𝑖𝜉𝑖 𝑛] 

Φ𝑖
𝐹 𝑡𝑟𝑖𝑎𝑙 = |𝜎𝑖

𝑡𝑟𝑖𝑎𝑙| − [𝜎𝑖
𝐹 + 𝐻𝑖𝑖𝛽𝑖 𝑛] 

IF Φ𝑖
𝐹 𝑡𝑟𝑖𝑎𝑙 ≤ 0 THEN 

NO FAILURE 𝜎𝑖 = 𝜎𝑖
𝑡𝑟𝑖𝑎𝑙 , 𝜉𝑖 = 𝜉𝑖 𝑛, 𝛽𝑖 = 𝛽𝑖 𝑛 

ELSE 
3. Return mapping 

WHILE Φ𝑖
𝐹 𝑡𝑟𝑖𝑎𝑙 > THRESHOLD 
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Δγ𝑖 =
Φ𝑖

𝐹 𝑡𝑟𝑖𝑎𝑙

𝐻𝑖𝑖 − 𝐶𝑖𝑖𝐺𝑖𝑖
> 0 (denominator > 0) 

𝜎𝑖 = 𝜎𝑖
𝑡𝑟𝑖𝑎𝑙 + 𝐶𝑖𝑖𝐺𝑖𝑖Δγ𝑖sign(𝜎𝑖) 

𝜉𝑖 = 𝜉𝑖 𝑛 + Δγ𝑖sign(𝜎𝑖
𝑡𝑟𝑖𝑎𝑙) 

𝛽𝑖 = 𝛽𝑖 𝑛 + Δγ𝑖 

END 

ENDIF 

 

For a more comprehensive description of the formulation and a coupling with plasticity, we 

refer to our recently accepted paper [1]. 

 

3 CASE STUDY 

We consider a 18𝑥18 𝑚𝑚2 random fiber network with the fiber properties listed in Table 2. 

Figure 1 shows the mechanical response of a random fiber network with the sheet density 𝜌𝑠 =
1450 𝑘𝑔/𝑚3 and 𝜌𝑠 = 450 𝑘𝑔/𝑚3, 𝜌𝑓 = 1500 𝑘𝑔/𝑚3 is the fiber density. Figures 2-3 show 

the evolution of the norm of the jump, |𝝃|, at the points A-D and E-F in Fig. 1. In the selected 

tensile load case, only mode I fiber fractures appear, i.e., 𝜉𝑖 = 0 for 𝜉𝑖≠1. We use one element 

between two fiber-to-fiber intersections.  

 
Table 2: Fiber properties. 

Young’s modulus, 𝐸 [𝑀𝑃𝑎] 6500 
Shear modulus, 𝐺 [𝑀𝑃𝑎] 𝐸/2 
Shear correction factor, 𝑘 0.84 
Tensile strength, 𝜎𝐹  [𝑀𝑃𝑎] 840 
Fracture energy, 𝐺𝑓 [𝑁𝑚𝑚] 0.4 

Cross-section area, 𝐴 [𝑚𝑚2] 3.63e − 04 
Shear correction factor, 𝑘 0.84 
Polar moment of inertia, 𝐼𝑥 [𝑚𝑚4] 3.66e − 08 

Area moment of inertia, 𝐼𝑦 [𝑚𝑚4] 3.29e − 08 

Area moment of inertia, 𝐼𝑧 [𝑚𝑚4]  3.66e − 09 

Failure limit, 𝜎𝑖
𝐹; 𝑖 = 1,… ,6 𝐴𝜎𝐹  

Fiber length, 𝐿𝑓  [𝑚𝑚] 2.5 
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Fig. 1: Mechanical response of a random fiber network loaded in tension. The sheet density is 𝜌𝑠 =
1450 𝑘𝑔/𝑚3 (green) and 𝜌𝑠 = 450 𝑘𝑔/𝑚3 (blue), respectively, 𝜌𝑓 = 1500 𝑘𝑔/𝑚3 is the fiber density. 

 
Fig. 2: Norm of crack opening displacement |𝝃| at points A-D in Fig. 1, showing multi-fracturing fibers 

in a random fiber network loaded in tension. The minimum value is zero and colored blue, while the 

maximum value is colored red and evolves from A to D as 0.18; 0.31; 0.98; 2.15 [𝑚𝑚], respectively. 

  

 D
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Fig. 3: Norm of crack opening displacement |𝝃| at points E-H in Fig. 1, showing multi-fracturing fibers 

in a random fiber network loaded in tension. The minimum value is zero and colored blue, while the 

maximum value is colored red and evolves from E to H as 0.14; 0.26; 1.27; 2.62 [𝑚𝑚], respectively. 

4 CONCLUSIONS 

• We propose a staggered solution scheme for the embedded strong discontinuity finite element 

method applied to fracture of beam structures, e.g., see our recently accepted paper [1]. 

• We demonstrate the robustness of our implementation for modeling multi-fracturing fibers in 

random fiber networks loaded in tension.  

• Our implementation enables a user-friendly integration into commercial finite element software 

(in the present study ANSYS). 

• The FORTRAN source code is freely available to benchmark our implementation. 
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