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INTRODUCTION

MOTIVATION

A nnber of industrial problems in manulacturing, most notably sheet
stamping problems, vehicle and crash worthiness, requive a lot. of ¢computational
effort for their numerical simulations, The main interest of an analyst is to try
to reduce this computational effort to a practically affordable level, Different
possibilities can be explored for this purpose. The most obvious possibility
11 Lo use more powerful computing devices (L.  vector computers, patallel
computers, ete.). However, there are other possible avenues to be explored in
order to veduce the computational ¢ffort in which the computational mechanics
specialist has even wore to offer. More precisely, just by choosing the models
whicli are appropiiate [or the majority of applications, such as the maodels of
stractural elements, beams, plates and shells, one can significantly reduce the
amoutt of computational effort with respect to use the fully 3D solid models.
Morveover, these structural models can be vecast in o new way which does not
allow explicitly the rotational degrees of freedom, Hence, oue obtains so ealled
"rotation-free” models for beams, plates and shells, These models lead to the
beam, plate and shell elements with translational degrees of freedom ouly in the
finite element. implementation,

This idea has fivst been used by Nay and Utlu for plate analysis IN-1],
who used a least square quadratic approximation to describe the deflection field
within the pateh surrounding a vode in terms of the deflections of the pateh
nodes. A similar idea was proposed by Barnes [B-4] who used an approximation
for the curvabures at the mid side points determined from the nodal deflections
of the adjacent plate clements. Later on, this method was also exploited by
Hampshive ¢l al. [H-1], who assumed that the elements were hinged together at
their common boundaries and that the bending stiffiess was represented by the
torsionial springs resisting the rotations about the hinge lines, A similar class of
rotation-free triangles for plate and shell analysis was proposed by Phaal and
Calladine [P-2}, [P-3], Yang et al. [Y-1] derived o funily of elanents based
on bending energy augment. membrane approach which veproduces the hinge
bending stiffness procedure developed by Hatnpshire ef al. Bruuet and Sabourin
[B+6], proposed a different approach to compute the constant curvature field
within each element in terms of the six node displacements of a macroelement.
The element was duccessfully applied to nonlinear shell analysis using an explicit
dynamic approach, Rio el al. [R-1], nsed the concept of side hinge bending




2 Thtpedisetion

atiffuess to derive a thin shell triangle of translational kind for explicit dynamic
analysis of slieet stamping problems.

However, it was only Onate and Cervera [O-2], who clearly demonstrated
that the systematic development ol rotation-lvee stractural Ainite elements conld
be carried out relying on the combined Finite Element (FE)/Finite Volume
(FV) approach, Following these idens, Onate and Cervera (1993), developed a
simple rotation-free three node thin plate element. This work was expanded by
Zurate [Z-1], who developed new rotationslree plate and shell three node triangle
elemaonts for linear elastic analysis based on combining Cell Centered and Cell
Vertex Fiuite Volume schemes with huear Finite Element approximations. The
Cell Centerad based shell trianglo clement was extended by Condoya [C-1] for
nonlinear dynamic analysis of shells and sheet metal forming process,

I this research work, the studies of the previous authors have been applied
and expanded to other types of structural problems: Euler-Bernoulli heams,
axisynunetric shells and arbitrary shape shells.  The main novelty of the
particular interest in this work is recasting the mentioned developments in the
fraumework of the mixed Hu-Washizu type vaviational formlation.  Different
.I.PT.'*}/EV approximations have been accomniodated owing to such a variational
formulation, in particular Cell Centered and Cell Vertex FV schemes combined
witl sitnple linear finite element interpolation have been studied.

The study of the simpler linear beam and axisyineteic problems has shown
clearly that the Cell Vertex scheme is more accurate than the Cell Centered
one, On the basis of this experience, new nonlinear axisymmetric and arbitrary
shape shell elements have been developed i the frnmework of the Updated
Lagrangian fornmlation ad an explicit dynanie formulation, These elemenits
are shown to be useful for the analysis of complex sheet stamping problems
involving large strains, plasticity and frictional contact situations. Such an
approuch has resulted n enhanced computational efficiency to Lhe extent Lhal
the analyses of complex industrial problems can be carried oul on o personal
cotpiker,
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OBJECTIVES

The main goal of this work is twofold: Lo develop the theoretical basis of
the FE/FV technique in the framework of the mixed Hu-Washizu variational
formulation and to construct eflicient rolation-free finite elements for beam,
plate and shell analyses. The study has been carried out in two subsequent
phases dealing with linear and nonlinear problems, respectively, The facts
obtained in each phase of the study have mfluenced and guided the development
for each subsequent phase. Inn particular, the following principal objectives have
been addressed:

e Lo construct the theoretical basis for the FE/FV approximations starting
with the mixed Hu-Washizu Lype of variational prineiple.

e to develop rotation-free FE/FV approximations for beam, axisymmetrie
and arbitrary shape shell elements,  The first developments have been
carried oul Iin simple oue dimension problems of beams, showing that the
results obtained by the developed FE/FV technique are the same as those
obtained by more standard Finite Difference (FD) techniques. However, the
development, of more general problems as axisymmetric shells and arbitrary
shape shells have clearly demonstrated the superiority of the presented
FE/FV technigue versus FD methods.

= o develop and compare two types of FE/FV approximations: Cell Vertex
and Cell Centered approaches. The main difference between the two
methods is bagsed on the construction of the weighting fnetion. With the
Cell Centered scheme the support for the chosen weighting function is half of
the element domains linked to a node, whereas the weighting function for the
Cell Vertex scheme spans throughout the whole element. The Cell Centered
scheme has given superior results in the most of the linear problems solved
in the thesis and it has been used as only one for Lhe nonlinear analysis,

e Lo extend the theoretical formulation of the rotation-free FE/FV methodol-
ogy in the framewo; k of the mixed Hu-Wash zu variational principle to large
displacements problems by using the Updated Lagrangian formulation and
an explicit dynamie approach.

s Lo tluw:lup the FEKFV approximations tor the axisymmetric and arbitrary
shape shell elements for large displacement problems, For the reasons stated
above, this has been accomplished only with rotation-free shell elements
based on the Cell Centered scheme.

s to show the applications of the proposal rotation-free formulation for non-
linear dynamic analysis of shells ag well as for the analysis of practical sheet
stamping problems,
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SUMMARY

The outline of this study i85 as follows:

Chapter 1 gives a briel iutroduction containing strong and weak foris of
the elassical Huear elasticity in standavd displacement-type. followed by more
geners] Hu-Washizu wixed-type formulation of the same probleni. Some basic
properties of the diserete approximation are reviewed,

Chapter 2 addresses the discrete approximation of the beam hending
praoblem. The basic equations of the strong and weak forms are first presented.
The Finite Volume technigne is then applied i order to coustruet the discrete
approximations of Cell Centered and Cell Vertex FV schemes, Finally, it is
also shown that the presented formulation is a particular case of a ore general
approach based on the combined FE/FV approximation starting with the mixe
Hu-Washizu type of vaviational principle, The saime discrete approximation can
be recovered by applying Finite Diference method. A wiinber of simple linear
examples are presented in order to illustrate the perlormance of the rotation-free
beam elements developed,

Chapter 3 deals with the same kind of consideration for axisymmietric shell
problems, It is shown that the combined FE/FV technique leads to discrete
approximation of high performance with the Cell Vertex version being somewha
superior Lo the Cell Centered one, This fact hay been verified by an extensive
sel of numerical simulations of linewr axisynuneteie shell problems taken from
the literature,

Chapter 4 focuses upon t-xl.t.‘utliug Lhie Cell Vertex version of a linear
rotation-free axisymetrie shell approximation to the nonlinear dynamie regime
as this superiority has been established. This has been accomplished within the
framework of the Updated Lagranginn formulation which allows to bhenefit di-
rectly from the expressions obtained in the previous chapter. The developed
clement is integrated within an explicit dynmunde formulation and some bheneli-
mark sheet stamping problems are solved.

Chapter 5 proposes how to handle more general problems of the partienlar
interest, o rotation-free 3D thin shell element also based on Cell Vertex :-u:]imu:_-
ns well ag its application to nonlinear analysis. The performance of the new
element is compared with that of the BST element developed by Zarate [Z-1]
and Cendaoya [Ul] for the analysis of nonlinear shell pt'uhlmnﬁ nsing an explicit
dynamie approach. Some of these problems lnclude the well known benchmark
tests for the dyuaimic analysis of shells inchuling frictional contact situations as
well as some vather complex sheet stamping problems,

Ul’mptm' 6 cives the conclusions nnd the luture ontlook of the current
problems of the study.



CHAPTER 1

GENERAL CASE

1.1 STRONG FORM OF LINEAR ELASTICITY

[11 this section the basic equations necessary for t,lum:l‘ihing Lhe classical linear
elasticity are reviewed, The reason for this is twolold. FFirst of all, all of the model
problems to be studied in the following chapters ave dervived consisiently from
this fundamental squations simply by nsing approximate kinematic assumptions.
Second. this gives an opportunity to describe the difficulties in constructing
diserete approximations in the presence of constraints.

The strong form of the boundary value problem in linear elasticity can be
described by three groups of equations concerning kinematics. constitutive and
equilibrivin equations which ave applied to each point of the domain nnder
consideration, as well as the corvesponding bhoundary conditions which are
applied over the domain boundary.

The kinematic considerations in infinitesimal elasticity give rise to the
definition of the deformation tensor £ us the synunetric part of the displacement
gradient as

« 9
c .oy [0 0]
t_‘l: () ;; ]
¥ { t
- L 0 : '
g={ 52 1= ) &é v p & e= Lu (1.1)
el BREE AR A
Tz 0 A 2
LAY
"B# A

whore w is the displacernent vector,

The key ingredient defining linear elasticity is Hook's law describing the
constitutive equation as

o= De (1.2)
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where D is the elasticity tensor, which can be written explicitly in terins of Lamé
paramnchers [Z-4].

The equilibrinn equations in lnear elasticity ean be weitten in terms of the
Canchy (true) stress tensor o as follows
L'e+f=0 (1.3)
where £ is the body force, whereas the stress o is
T : .
o = [".-hﬂ'ypf"z-”'.tya-”‘g-‘.-”z.-nl

[n order to complete the description of the strong form of linear elasticity,
it is necessary to specify the boundary couditions. Without loss of generality
it is assumed that the total boundary is split into Lwo parts, I'y where the
displacements are prescribed and T'p wherve the traction vector is prescribed, Le,

u=1a on [y {1.de)
t=Tlo=% on Iy (1,46)

where the matrix T contains the components of the unit normal vector to the
houndary Iy

T
0 ny 0
( The
T — [ (1.5)
'”.'” oy U 5
0 ne ny
A H: U '."-'-I;f' _'

and @ and £ arve the prescribed displacenients and tractions, respectively.

The boundary couditions concerning the imposed displacements are referved
as essential, wherens the boundarvy condition on imposed traction are referred
as natural [H-5],

By combining the kinematic and constitutive squatious (1.1) and (1.2), and
replacing them into the equilibrivm equations (1.3) the strong form of linear
alasticity can be simplified to a set of the second order differential equations in
terms of the displacement vector components only. The exact solution of these
equations is not easy to obtain for the most general case, and in most problems
it is unavoidable to search for an approximate solution. In order to [acilitate the
construction of such approximate solution, the described strong form of linear
elasticity is abandoned in favour of the weak form of the same problem.
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1.2 WEAK FORM OF LINEAR ELASTICITY

The basic difference of the weak forin withi respect to the previously
deseribed strong form of linear elasticity concerns the nanner in which the
equilibrium equations are interpreted in the integral sense o the former and in
the loeal sense (point wise) in the latter. Moreover, in the weak form it is not
required for the natural boundary conditions to be imiposed, they are simply
mehided Trom the vaviational form.

The weak form of linear elasticity can be formulated in two ways: by
0 wg:'lgl]i.q_-:{l residual method or as the mtegral equation corresponding to the
winituin of the potential energy.

In the weighted residual approach, the sel of weighting functions is chosen
(virtual displacements) which shares the sane regulavity property as the real
displacement field except that there is a sel equal to zero on the boundary Ty

du=0 on I (1.6)

The strong forim of equilibrivm equations in (1.3) is then replaced by the
following integral form

js'! sul (LWl g+ 5 =0 (1.7)

By using the standard integration by pavts and the divergence theorem [H-5],
the last equation can be rewritien in the following way

j;l[{Lc}'u]Ta' — 6117}'1:4!52 - jl sultdl' =0 (1.8)
Lt

In the case of linear elasticity the same equation can be recovered as the
condition for the minimum of potential energy II, which can be writlen as

_1"_ T _T!_...'. {
[I—/Hl;z(Lu) D(Lu) — uT £]dS2 ~ min (1.9)

It is easy Lo verily that the fivat variation of the potential energy above,
AT = 0, leads exactly to the weak form of the equilibritm equations presented
in (1.8), By replacing the kinematic equations (1.1) and constitutive equations
(1.2) into equation (1.3) the weak form of the equilibrinm equations is recovered
in terms of digplacement. vector conponents only.

1t is unportant to note that iu the weak form of linear elasticity, only the
first, order derivatives appear. I the solution for the displacements field is
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sufficiently regular, the weak and the strong form give, nonetheless, the sune
results. Moreover, the reduced order of the displacements derivatives helps o
construet the diserete approximation of the solution more easily and Lhis is
diseussed i the following section,

1.3 DISCRETE APPROXIMATION

I the discrate approximation of the weak form, the approximate solution of
the displacement field is constructed as

u= Na (1.10)

where N are so called ahape funetions and a are the displacement interpolation
parameters [Z-4].

IF standard Galerkin approximation is used, the same shape functions are
chosen in order to construct the virtual ::li.‘-s;.nli\(:(‘.llmul. lield,

du = Noa (L.11)

where da are the virtual displacement interpolation parameters.

[n the Finite Element (FE) method [Z-4], the shape functions N arve defined
locally on every element so that they take a unit value al a node and zero in all
other nodes in the mesh, The a parameters coineide with the nodal displacement
vilues in this case.

The present displacement type formulation is the wost appropriate way to
obtain au approximate solution Lo the linear elasticity problem, It cau be shown
[H-5], that the ervor of such an approximate displacement field is orthogonal-
in-energy to any weighting function (virtual displacement) and moreover, that
the energy norm of such wi evvor is minimized, This is referved to as the best
approximation property [H-5
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1.4 FINITE VOLUME METHOD - DERIVATION OF DIS-
CRETIZED EQUATIONS VIA MINIMUM POTENTIAL EN-
ERGY

In Finite Volume (V) methods, the same displacement type variational
forimmlation is kept and the manuer for constructing the diserete approximation
i also inchanged. However, a particular class of weighting funetions is chosen
whicli allows to replace the domain integrals by boundary intograls [0-1] over
specilic control domains or voluimes,

The FV method can be congidered as o particular case of FE method with a
non Galerkin weighting [O-1], [Z-4]. Starting from the sane strong form of the
kinematic equations (1.1), constitutive equations (1.2), equilibrinm eeitations
(1.3) and the bounduary conditions (1,44) and (1.4b). the welghted residual form
of the equilibrinm equations can be written us

/ﬂ WL DLu + bja + 7[r W, Fudl" + ]f W, [ TDLu - tJdr' =0 (1.12)
I i t

By using the assumption that the weighting functions W, = 0 on ', the
aatisfaction of the kinematic I.:m.llulm'y conditions is enforeed, Iutegrating by
parts the first integral of (1.12) aud choosing Wy = —W. the last equation can
be rewritten in the following way

= /“ (LW DLud + /5 Wb J‘i W TDLudl + j(r W bdl = 0 (1.13)
; . i /T
The independent unknowns in both, FE and FV methods are approximated
ng

u=n=Ni (1.14)

where @ is the nodal displacement vector and N is the shapoe funetion matrix
for the displacement approximation. Substituting equation (1.14) into (1.13),
Lhe following set of algebraic equations is obtained

- I i T o T T' L _'F il i1 | I ‘T b =
‘/”[LW,I DL rfnw,, IodlS2 4 -7€u W, TDLadl F-ﬁ'; W, t-r.ﬂ.( o)
1.15

where Wi = 1.2, ...n) are the appropriately selected weighting functions,



10 Cliaptir |

Eepuation (1.15) can be written in matrix form after the substitutions of the
interpolation ('l : l*‘-l) s

Kiu=f (1.16)
where K s the stiflness matrix
K, = [c (LW 'DLN; a0 - )é W, T TDLN a1 (1.17)
and £ is the equivalent nodal foree vector

= [ wrl od T'yar .
£ jﬂi W, bl fr”w, i (1.18)

In above, €, is the control domain associated with node ¢, ['; is the boundary
of the control domain excluding the part which may coincide with the external
boundary of the total domain where tractions are prescribed and [y is the
boundary part which coincides with the external boundary of the total domain
where Lractions ave prescribed,

1.4.1 Finite Element and Finite Volume method
[n the I'E moethod, the Galerkin appronch is typically used with the assuin-
tion that

W, =N, (1.19)

[n other words, the chosen weighting function inplies the same approxina-
tion for the virtual digplacements as for the actual ones, The weighting functions
for the FE approximation is presented in Figure 1.1, 1t is essential that the syim-
metry of the stiffness matrix K is preserved and the surface integral in (1.17)
vanishes asg N; Is zero at the control domain boundary., So. the stiffuess matrix
is expressed as

Kij = js . [LN;|"DLN 0 (1.20)

and the equivalent nodal forees are expressed s

v [ N T ¢ NTedr 2
[ _‘/mml belS) ?‘n N bl (1.21)
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Figure 1.1 Weighting funclion for Finite Elament approxination.
In the FV method, the following assumption is used
Wi=1 wm @ and W;=0 elsewhere (1.22)

where T is the unity matrix. The weighting Tunetion for FV approximation is
presented in Figure 1,23,

Wy=1

7

Figure 1.2 Weighting luction for Finite Volume approximation.

Equation (1.15) can be interpreted as applylug unit virtual displacements
over ¢ach control domain [O-1]. Substituting (1.22) into (1.15) gives

/ b2+ ¢ tdl’ + jé TDLadl" = 0 (1.23)
‘h lI“ [I."

Substituting equation (1.14) into (1.23), the same can be rewritten in matrix
form (1.16); where the stiffness matrix is expressed as

K= .7(1‘, TDLN;dl (1.24)

and the equivalent nodal forees are
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= [ BdO+ 4 dr 25
f; jﬂiwzr ot (1.25)

AT

The definition of €2, 'y and [y ave the same ag for equation (1.18). 1t shoulkd
e noted that the symmetry of the K matrix is not presorved and the volume
ntegral in stiffuess matrix K;; vanishes,

Two different schemes can be used in FV method: Cell Centered schemie and
Clall Vertex seheme which are similar hut not identical. The mnin diflerences
hotween both schiemes are presented bhelow,

1.4.2 Cell Centered scheme

[ the Cell Centered schenie presented in Figure 1.3 weighting areas and
control domaius coincide with the elements, thus the difficulty of discontinuity
of normal derivatives along boundaries appears.  Figure 1.3 vepresents the
field of arbitrary three node teinngles with linear interpolations. Applying the
same assumption (1.22) used for the FV method, all volume integrals involving
derivatives of the constant welghting function disappear, as it is shown in
equation (1.24) and only the boundary integrals in the stiffness matrix Ky
appear.,

Figure 1.3 Cell Centered pateh and control domain,

The displacement gradients involved in equation (1.23) are nol continuous
ab the interfaces between the elements, and this makes some dilliculties. The
discontinuity in the normal divection 7 between two adjacent elements jumps
from a value ﬁ.l'l Lo ?-:1'? as shown in Figure L4, wheve bl and h2 ave the heighty
of adjacent triangles.
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Boundary

Figure 1.4 Finite element mesh of linear triangles and discontinuity of
graddient at boundaries of control domain in Cell Centered
scheme,

Using the theory of distributions, the juimp in %:—: across the honndary should
be given as an average value, supposing that the mid value is optimal

i 1o il s
o = = (| ) (1.26)
dn 2Von!l - Onl2
whore 24| and 22| are the values of gﬁ? over the elements | and 2, respectively
Y {'JT; l il ?m 2 2 BHE Y - I - A1 2L i g lrespecth Y-

The last equation repregents the jump in gﬁ across the boundaries, which

leads to the discontinuity of tractions along the common boundary between
two adjacent elements.

It can be shown [O-3], [I-1], that the stilfness term in the Cell Centered
Finite Voluwne method has a wider bandwideh than the corvesponding one in
Finite Blement method due to the contributions from the interface derivatives
g% as the external nodes of the adjacent elements are involved. Ofiate, Cervera
and Zienkiewics [0-3] and Idelson and Onate [I-1], have shown that the stiffness
equations obtained with the Cell Vertex scheme coincide with those obtained
with standard FEM for the case of stenctured friangular meshes of equal gize
elenents.
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1.4.3 Cell Vertex scheme

The Cell Vertex scheme is defined by assigning the control domain to each
node without overlapping of the weighted wrea (ie. an cloment shares several
control domaing), as pregented in Figure 1.5,

Figure 1.5 Cell Vertex pateh and control domain.

Using Lhe Cell Vertex scheme, the above mentioned gradient discoutinuity
difficulties are avoided as the displacement derivatives are constant within each
element. containiug now part of the control domain boundary. Conversely, a
more complicated element subdivision is involved, ag shown in Figure 1.5,

1.5 MIXED FORMULATION. HU-WASHIZU PRINCIPLE

The second possibility to Landle the elasticity problem with constraints is to
abandon the displacerent type variational formulation in favour of a mixed type
approach in which not only displacements but also strains and stresses neod to
be interpolated. This type of formulation 1s obtained by defining separately the
weighted redidual form of the three fundainental groups of equations expressed in
(L.1), (1.2) and (1.3), This leads to the weighted residual form of the kinematic
equations

/i'! 5o (L = £)df2 = 0 (1.27)

where do s the virtual stress, The analogous tutegral form of the constitutive
equations 18
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]s'k sel (De — o)) = 0 (1.28)

where de s the virtual strain.  Finally, the weighted residual forin of the
eqiuilibrivm equations is

A (Lou) a2 - /s : sul b - /Ir sul tdl' = 0 (1.29)

It can bo shown that these integral forms ean be recovered as the variational
equations of Lhe so called Hu-Washizo variational prineiple [W-1], requiring the
stationarity of

Uy = A ;jersrfs 4 /“a"(Lu— £)il( — /Hu*’-b.fm-- /I altdl  (1,30)

{

where u = @ on Iy, is enforeed,

It 15 important to note that in this case, it s necessary to choose not only
the displaceimnent approximations, but also the appropriate approximations for
the straing and stresses, in other words to dofine

U= Nwﬂ
£ = N:g
o= Nyi (1.31)

where @1, & and & are the nodal displacement, deformation and stress interpo-
lation parateters respectively and Ny, No and N, denote the corresponding
shape [unetions.

Replacing the approximations lor the stresses, straing and displacements
(1.31) into the weak form of the kinewmtie equations (1.27), constitutive
equations (1.28) and equilibvimm equations (1.29) respectively, the same can
e rewritten ag

/"l NI[LN, i — N.&ds2 = 0 (1.32)

]ﬂ'} N![DN.& - N,a/d = 0 (1.33)
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' vIngy =060 _ | salvoiey _ o wseTear n;
‘AZ(LN”) N adf) ‘/ﬁNubzm ./;--,,Nu“‘“ 0 (1.34)

The systemn can be rewritten o omalrix form as

K?-_- K.- 0 £ 0
Ki” Q‘ K;,;,r_\' & = 0 ( l.dﬁ)
o KI o |l f
wlhiere
Ktm = /ﬂ (LNH)TNad”
Koo = 1 NIDNd2
; _ | wT
K.ﬂ;r; — /ﬂ Nﬂ- N,gti”
[ NTvao — [ wT a0
f e /QN“ bl$) ./1'. NTgar (1.36)

The eriterion of necessary stability lor any element assembly and houndary
conditions 15 that [l?-l'l]

e *+ Ty = tiy (1.37)
R = My (1.38)

where ny,, ne and ng are respectively the numbers of parmneters defining the
11]1]1-1‘(‘.\xi111;.|l.inmi ol e.e and u defined in the equation (131 )

The reduced forim of the mixed equations (1.35) can be derived and written

ns
K. e+ Ky-a=0 (1.39a)
KlLée+Kya=0 (1.390)
KLa=t (1.30c)

From equation (1.39a) tollows
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E=-K 'K, (1.40)
and replacing € into equation (1.30h) gives
Kot — [KLKZ KaJa=0 (1.41)
The stregzes & can be obtained as

—= l{(;r}l'KHﬂ'ﬁ (1-f12)

where Koy = KDL K2 K.

Substituting equation (1.42) inte (1.3%¢) gives the reduced matrix form

[K ey meN-‘I]u = f (1.43)
i.e.
Ki—f (1.44)

with K = K K K,

I construeting the displacemen approximation, the sume shape lunetions
as in equation (1.10) can be used, The shape functions for the strain and stress
up]numu-‘-mbum N; and Ny can possess imove reduced vegularity than Ny (i.e.
&l ), 15 1o derivatives affect the stress and strain felds,

In other words, there 18 more Hexibility in selecting these shape functions
which conld accommodate constraints and thus o better way to find an ap-
proximate solution, Towever, the choice of the approxiinations for £ and & is
not entirely arbitrary and it should be made in such a way that the so called
Babuska-Brezzi (or LBB) conditions {1.37) and (1.38) arve satislied, which guar-
antees the necessary stability of the diserete solntion,

1.5.1 Finite Volume scheme

The constant stress and strain fields are chosen within each control domain
80 Lhat

N:=Ng=1Iy (|"m)

e, a=a, E=E¢
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e =ty (1.406)

where I, is the unit mateiz and (+); detotes constant values over each control
domain.  Substituting equation (1.46) iuto (1.37) the first stability condition
]H."{'.UIIH':.‘!‘

Ne Mgy = by = Ty =0 (1.47)
which is always satished. The only stability condition is
Ty 2 My (1.48)

It can be easily shown that this condition is satisfied for any Cell Centered
and Cell Vertex pateh using a linear approximation for u. Taking into account
the asswmption (L.45) for the constant stress and strain felds leads to the
following expressions

/g‘} (L) ad2 = 5] /!',Z (Liu)! 1,d5a; = E% (Tou)/ Tpdlla;  (1.49a)
» ..J; " ‘. - ;'
fyo"Ludst = Y6l | Tobud2 = 5 o] f 1 Tuar (1.495)
’ i i i Ll |

where the sum extends over the (non=overlapping) control domain covering the
whole mesh, It should be noted that the right Lhand side of the above expresdions
hus been obtained after integrating by purts the correspouding domain integrals,

Fquation (1.49) is the basis for deriving Finite Volume schemes, Applying
(1.49), the matrices in aquation (1.36) become

Koo = ?ér TN, [T 1l (1.50a)
Ko = /{'l 17 D10 = DO (1.500)
_ [ 1T _ L
Kje = /s THTad = <1, (1.50¢)

and the expression for Ky 18 as follows

Koo = -0100 D7 — 01, = 0D (L.51)
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Replacing (1.60a) and (1.51) into equation (1.44) gives

IiK':',;g-l-i DK, it = (1.52)
L.,
Ki=f (1.53a)
with .
K = [f TN’ Lol 3D TN, 15ar] (1.53b)

The global stiffness matrix K can be constructed by assembliug the contribution
of the different control domaing in the standard manner. It should be noted
again that if the Cell Centered schemne is used, the gradient terms TNy ave
diseontinuons at the element boundaries and some smoothing procedure is
required as explained in Section 1,4.2. This problem disappenrs in the Cell
Vertex scheme (see Section 1.4.3). The given ideas will be used to derive
rolation-free beam and shell elements using Cell Centered and Cell Vertex
schemes in the next chapters.



CHAPTER 2

ROTATION-FREE EULER-
BERNOULLI BEAM ELEMENTS

2.1 INTRODUCTION

Classical Fuler-Bernonlli beam theory is probably one of the simplest model
problems of the constrained formulation of linear elasticity, The constraint in
this case i8 in kinematic standard BEuler-Bernoulli hypothesis restricting the
crogs section ol the beam to remain plain and orthogonal to the neutral axis of
the beam. This introduces the vequirement of €' confimity of Finite Element
iterpolations. The classical choice of shape functions are Hermitian polyioniials
[()- L], lt-:}ttlil:g Lo the coupling of the displacements and rotational degrees of
frecdonm.

The main novelty in this study 4 to abandon this concept and to develop
ather types of discrete approximations for Euler-Bernonlli beans in the frame-
work of the mixed Hu-Washizo formulation, nsing the councepts based on the
rotation-free coupled FE/FV technique explained in the previons chapter. More
precisely, two beam elements without rotational degrees of freedom are devel-
oped in this thesis, They arve based on Cell Centered and Cell Vertex schemes
by making nse of the BEuler-Bernoulli kinematic hypothesis and transferring the
domain integral into a boundarvy integral. The corresponding beam elements ave
termed CCB and CVDB elements. respectively,

L is alzo shown that the sanie discrete approximations cai be recovered by
applymg the Finite Dillerence method, but the previous approach is much more
general and easily extendable to other types of probleimns, as presented in the
next chapter,

The outline of the chapter is as follows., First, the basic theory for Euler-
Bernonlli beams is reviewed and then the sot ufg,'uvm“ning equations 14 developed
in integral forim from the standard Hu-Washizu huetional. This set ol equations
represents the basis of the coupled FE/FV discretization, discussed in detail
further. The resnlts obtained by the FE/FV technique are the same us those
obtained by the Finite Difference method. The compitation of the control
domain curvature matvix 8 presented for bhoth elements separately inclading
the imposition of boundary conditions and the evaluation of stress resultants.

21
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The extensive validation of the new developed rotation-free beam elements is
carried out on simple linear pruhlumh‘, nging uniform as well ag nonnniform
meshes, Finally, some conclusions are given,

2.2 BASIC THEORY

The governing equations of the Euler-Bernoulli bean problem presented in
Figure 2.1, may be sunnnarized as follows,

= Lrangverae sedclior
b =
A | S
ﬂ_-‘-'_‘—'\—-..___.,..""% X, L : F"’""
t‘ ;

Aren: A
Inartia: |

Figure 2.1 The Euler-Bernoulli hemn problens,

The kinewalic equation is

m
x=_(ﬂ—_:",3-=~;t'=£,w (2.1)

92 : y ; ;
where [ = [(-ﬁ—il. y 18 the beam curvalure and w s the vertical defleetion.

The constitutive aguation is
m= Dy (2.2)

where m i the bending woment, 2 = [E1], ¥ is the Young's modulus and [ is
Lhe moment of inertin of the transverse section,

The equilibrinm equation of the beam is
22
e m
—sdg=0=1 = 2.0
T2 d+yg=0=Lm+y=10 (2.3)
where ¢ is the distributed loading,

Substituting the constitutive equation (2,2) into the equilibrinm equation
(2.3) gives
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.)2 .
Dfi}'-ij"i" Fg=0 (2.4)

Finally, substituting the kinewmatic equation (2.1) into (2.4), the well known
equilibrinm equation for Euler-Bernoulli beam is obtained

il
ATl : p
= f)?j:!"'_] + =10 lor Vi & [U, l] (3.5)

The set of the poverning equabions in witegral form can be obtained from
the standard Hu-Washizu functional

1T = i/t_?(ﬂ,\rl.r.+/}-n.t(f“ﬂt X )da ~ -/! tigela (2.6)

where ¢ is the distributed loading,

Variation of Il leads to the following set of kinematic, constitutive and
equilibrinm integral equations, respectively

Jb‘m(l;'m — ¥)de =10 (2.7a)
ﬁcﬁx(.ﬂ}; — )y =10 (2.7h)
[‘ (Lﬁ'ﬂ’)-[".'ﬂ-ffu‘ = /’ﬁwqdw =} (‘2,7(_:)

The set of equations (2.7) is the hasiy for the rotation-free conpled FE/FV
diseretization, It should be noted that as the victual varinbles dndy and Sw
are arbitrary, the strong form of the kinematic, constitutive and equilibrium
equations can be recovered from (2.7).
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2.3 FINITE ELEMENT - FINITE VOLUME DISCRETIZATION

The discretization of the beam into standard fwo node elements is first
considered. The envvature y and the bending moment mare assumed to be
constant within the specilic control domaiu to be defined later. Therelore

Ty 10 = 1y, G20 (2.8a)
Xi0x = Xps Oxp (2.80)
where (1)) denotes constant values over the control domain p. Using these

asstimptions, the kinematic, constitutive and equilibrinm equations (2.7) are
expregsed as follows

> dmy| /{ Lwda — xp /; da] = () (2.9a)
'y il i

Erfxy(ﬂx_,, ~ 1y) A il = 1) (2.96)
I Ay
> ﬁ (Ld*m)?'m.pu.’:r; =3 /{ dugde =0 (2.9¢)
7y 7 Ay

where the sutnantion is extended over the ninnber of control domaiis.

Integrating by parts eqiation (2.9a) in order to reduce the order of deriva-
tives on o and taking iuto accoundt that the victual morments and eurvabures are
arbitrary, allows to obtain the pateh curvature after some small algela as

I 0 Lot 100, g — O, - \
v (i = e [ = phery 2,14
B lp /3;, D2 Lo f,uli);a.‘ ]"ﬂ f.t i 2L dw ) K

The last equation allows to compute he curvabire over a control rlmmun as the
difference of the slopes at the domain ends. Tn the above equation 1" and [~
denote the right and left ends of the domain of length (. respectively.

Replacing equation (2.10) into (2.90) leads (o the diserete approxiniation lor
the bending momeint

1w dw :
my = Dxp = D; FID";.'( D) = )] (2.11)

From equation (2.9¢), using again the same procedure gives
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r) i iJu-Z du e, .
E/ 5 s dhiy, = Z[ ..m.p }:[ *Jv -5 (L )y (2.12)

where the sum extends over the mumber of the coutrol domaing. Substituting
equations (2.11) and (2.12) into (2.9¢), the following expression for the equilib-
riun equation is found

Sl 56 ~ BT DEBEGH - FHG)) = Sy fy dwade | (243)

The deflection lield is now interpolated within each element using standard
linear shape functions N; [O-1]

4
= Z Nijw; = N°w" (2.14)

§=

where w; are the nodal deflection values, N® = [Ny, No| and w* = [w. '.'H-g]r

Substituting equation (2.14) iuto (2.13) gives the final system of diseretized
seuations

K =f (2.15)

where K is the stifiess matriz, W is the vector econtaining the nodal deflections
and £ is the nodal fores vector,

The global stiffuess matrix can be obtained by the element contributions in
the standard manner. Alternalively, il can also bhe obtained by assembling the
contributions from the different contral domaing, The domain stiffness matrix
K,, for the p-th contrel domain can be expressed as

K, = [B,|" DB, (2.16)

where By, is the control domain enrvature matrix and D = [E7]. The details of
the computation of this matrix are given in the next section. The components
of the nodal foree veetor £ for a uniformly distributed load are obtained as

,-’l“—} i
fi= ‘!‘E"“"k'"‘— (2.17)
i
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where the sum extends over the number of elements sharving the -th node and
A g the area of the element e,

2.4 COMPUTATION OF THE DOMAIN CURVATURE MATRIX

The computation of the control domain curvature imatrix B is dilferent for
the Cell Centered and Cell Vertex schemes. The practical application of the
new rotation-free beam element, requires the consideration of the varions types
of boundary conditions: free edges, shply supported edges and clanped edges,
For each of them, the correspouding By, matrix is caleulated.

2.4.1 Cell Centered scheme - CCB element

Fepnation (2,13) requires the coniputation of the deflection gradient along the
domain edges, This leads to difficulties in Cell Centeved scheme, as the deflection
is discontinuous at the eloment ends. The way to overcome this problem is to
compute the dellection ;;,'1'ml'lt!nl, ab the element ends as the average vitlue of the
gradients contributed by the two elements sharing the end node,

The linear interpolation for diaplacements and the constant value for tlie
curvature and bending moment within the control domain (i.e. the element) are
assnmed, as shown in l“jgnrt: 25

N, Ng x" m*
w., wz [
I i T ;
) bp | I by
£ # #

Figure 2.2 Interpolation fnctions for displacement, cuvvature and
bending fields in Cell Centered domains,

2.4.1.1 General case

The elements adjocent to the chosen element [© are connected together
forming oue patel, as presonted in Figure 2.3, The boundary conditions are
not applied.

The enrvature over the control domain is obtained from equation (2.10) as

1, dw w 3
Xp = F[(Wh“ = (W)s} (2:18)
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O O}
1* i1 il it 2

j‘ LI

Figure 2.3 General element pateh for the Cell Centered seheme.

i-1 hgas!

[t should be noted that in this ease [ = [, Using the theory of distributions,
the values (%‘3:—;').;_,_1 and [%:i')& across Lhe element boundaries are computed as
an average vilne

O | ¢ chw Jw Wip] — Wy Wy — wy
i Y7 — i [ e Y5 :+I i i+2 i+1 :
(H:i:)PH 3[( il i {:9 ) ] h 5.'.[ jetl (2:19)
é)m dw ‘_| r)ur CLpwp = wiey | Wiy — wy ,
) 2[ F fl= Q[ iy i | (2.20)
Substituting the last two equations iuto (2.18), yields
Wi |
: I e+l _getl _ge—1 je=1 i -
= ape—1jeje¥l W2, =T =L wigy [ Bywp (2.21)
it2
where the domain carvature matrix BJ,, 15
1 ek e =1 je=1 P
B;.: — Wl! " —’ ¥ —1 l I (.32:3)

The vector wy, containing the nodal deflections of thie element pateh contributing
to the p-th domain ia

wy, = [y gy, wigg, u.r.,'_f,z]f' (2.23)

Substituting equation (2.22) into (2.16) gives the domain stiffness matrix. [t
should be noted that the control domain coincides with an eleinent in this case.
Therefore, K, = K(e),

Feuation (2.16) can be expanded as



28 Chapter 2

(I'-') N ﬂif—‘s
Jer—l =

Ky=KW%=——
P ,w-”f:-ﬂ )

“r.H)? (_ir-l-l):z (_(_'r'+l.-.|“r—|) “r-‘-l-ljut'-l}

(_f#:f'l]-‘a “r:+|)"" {_{r'-li-l)(_lq—l.J (_Jl.+l)l.£ir—l.} (2.95)
(_;n+1)uu—1) (‘_ﬂr-:-l-l](_iﬂ—l'] Ugc:—'l)2 (-I*"‘I)z -
Ul.'ﬂ-l)”.{e—l_} (_Ji*-l-l)(‘f-‘—l) (_tl"—])"! Uf— |)2

2.4.1a Imposition of the boundary conditions

Special cave has to be taken when considering a coutrol domain with
boundary nodes. In this case, the diserete curvature approximation must be
constructed in accordance with the particular boundary coudifions.

2.4.0.2 Free or simply supported edge on the left end

The coutrol domain coutaing an clement with a free or simply supported
node on the left end, as presented in Figure 2.4.

|
%i I i+ 1 Lo

ﬂ|, bp J,

Figure 2.4 Control domain with free or simply supported node on Lhe
ledt end,

o
i+ 2

By the same theoretical consideration as for the general ease, the constant
curvature over the domain is

| ¢, dh i o
Xp = t‘}'-‘|(5;)i+t - (}E)-a:] (2.26)

where the slopes (%%];_” and (‘;'Bi}i)g are. respectively
the g dw o op1y  bpwpag =y wige — Wiy P
(Fphi+ = QL(H”'*’ T m] = E[_t'-’ TS (2:27)
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Ow. — wpgp) = w A
( !I.:}.'l.' )f e ﬂ't' (2..&8)

Replacing equations (2.27) and (2.28) into equation (2.26), the domain
curvature yj, is obtained as

-1
1 . ' : tw;
= : 10 ‘!r+|b 0 L L E i == 9.
= el G =By (229
Wiy
where the domain enrvature matrix By is
T —— LS E N (2.30)
p W . ‘ , ik )

Finally, the domain stiffness matrix K, is

\ El
K, = Kl = e
! "*(!"]“U"“)'
0 B . 0 0
0 (et () 1011y ety .
(0 (—I"+1J(£f' | l"""l] Uu"-l-!“'l'ljz (1 4 ”-“"1] (2. 1)
0 tt=(£r+t) ~1*(1* 4 lt'-l-].) ue-}'l

2.4.1.4 Free or simply supported edge on the vight end

The control domaiin coutaing an elament with a free or simply supported
node on the vight end, as shown in Figure 2.5,

s, )
i1 L i ° -L-;-?JT

Figure 2.5 Control domain with free or simply supported node o the
right end.
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The domain curvature for this case is given as

ihi i i
xi= |G- = (0] (2:52)
where the values (%‘f);_n anic (‘%%); are computed by
i Wi = W -
(:‘)—_]#1'] - \H L (J..:’u”
ﬂ:_: 1 E)_Jﬂ 4 t.?.‘r je= i “:H Wy |t = i .
(f".?u!"1 = .2[ rh rh‘ i ] [ : = J (2.34)

Replacing equations (2.33) and (2.34) into (2.32), the domain curvature g, is
given as

Wy—1
= 1 @ gy je=1y je=l iy = M ki
_x” —_ W“ ' _u' + l )r’ B {}] '{{_J"_LI = B},W?, (gdd)
Wi
where the domain curvature matrix By, is
| . : X
= ———— (I =1+ (=Y, 700 2.36

Finally, the domain stiffuess matrix K is given as

ol
Kp=K@=_—+—
? A(le) 3 e=n
(if)? (I 4 127y ety o
R G I (R ol N L (SR S Y 2.47
=3 3 ) L (2.37)
Ll I Sl il (AR el (k=) 0

(0 0 ) 0
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2.4.1.4 Clamped edge on the lefl end

i i [ . ! 4
The control domain includes an element with o clamped node on the left
end, as shown in Figure 2.6,

AR

X
7

i,

A4 i i1 o i+ 2

S S

Figure 2.8 Conirol domain with elamped node o the lebt end,

The ctrvature of the coutrol domain is divided into two parts, each of them
caleulated separately. The domain curvature yp, is obtained as

L rwgeg —wyy 2 1w, } .~ 978
Xp = %_?7[__'{!_] - ‘r?-‘ﬂ_ L I]{ w1 = B”wﬂ (2:38)
where the curvature matrix By s
2 5 39
Bp = ',']_.‘Q[_ L, I-] (2.3 )
mld the stiflness matrix K;, is
0 o 0 0

i AET |0 1 —~1 0

| _mlinp. b — 2.
K, =B, DB, 2 -W-_‘); 0 -1 1 0 (2.40)
(Y o n
The curvature xp is computed as
Wiq| — w, iyg — iy | f”;+1 = Wiy _
Xp= {f [2[ I Je+1 ] ] -
|

el el ey e uy — T 2 41

Wi.+-2
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where the curvature matrix By is

By = oy 0F BLL=EE S0 (2.42)

and the stiffness matrix K) is

! El
=BIDB,- = ———,
Pa 2 Q(gn)ﬂ(;cn-pl))
0 () 2 () )
0 (zr-}-l) ur'-r-l)(_[t- #1 _ 1) r-ua-i 1] b
0 {{r'+l}(_£r.‘+| - 1) [~ Jr'-!-.l ﬂu".}"’ i (- t\*‘- $1 (d“} Ad)
0 ety 10 el 1" “t-)ﬂ
The total stiffuess matrix for the control domain is computed as
K, =K"Y =K} + K} (2.44)

2.4 1.5 Clamped edge on the vight end

Tlie control domain includes an element with a clamped node on the right
end, as shown in Figure 2.7,

Figure 2.7 Control domain with clamped node on the right end.
The eurvature of the control domain is divided into two parts, eacli of them
ealenlated sapavately as follows.

The curvature x is

| riieg — w 2 ) | o 4w
Ap = g[ !H—L] = ",-'.i' -1 -"]{ : ':-? } = Bpwy (2.45)
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where the curvature watrix By, is
2
B, = F'f[ 1 1]
and the stiffness matrix Ki, 15

A AEF 101 =1 0

2 9030 -1 1 0
0 0 0 0

| T
K]IJ = B}J DBP

The curvature \p 18

%, = _l._ { l [-w;-_H —Wj W= W) Wi — W
e Lo
?-’ -

grr lf_ll.'—] ?‘."
Wi
I S Lt w1 b . D)
E;E?‘?——I[_!' AU el wigt [ Bywis
Wi+2
where the curvature msbrix Ep in
B, = - IL—[ 1,05 4 1%y, —e=1, 0]
P Eﬁ-ﬁzr-—l' =i ¥ n 3 '
and the stiffness matrix K:ﬁ I
: . K El
K= ETDB-,‘--- s
PP ey (ge-1y?
(1) = ) () 0
—Z'"(I""' I e fr.!) (ac'—l + xr:)"a _gr:-luc'. -1 + J:r*) 0
dvut.‘—l, _ugf-—luﬂ-l + 1% “w—ljz 0
0 () 0 0
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(2.46)

(2.47)

(2.48)

(2.49)

Again, the total stitffness matrix K, for the control domain is compnted as

the sum of K,’f, and K'f,.
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2.4.2 Cell Vertex scheme - CVEB element

The deflection gradient in the Cell Vertex scheme is continuous across the
control domain ends, 1t should be noted that a control domain is formed now by
the two elements shaving a node. The interpolation lunetions for displacement
field are shown in Figure 2,8,

N Ny

i~1 =1 i IC i1 1o+ 2
L Z’i J‘ Li-ﬁ-? J"

Figure 2.8 Interpolation funetions for displacement field over Cell
Vertex domain,

The curvature and bending moment are assumed to be constant over the control
domain, as shown in Figure 2.9,

Xigd My g
Xi Mg /
o 4 7 0
i-1 L i R i1 ot 2
&ﬂ_f EE

J‘_ o ﬂL biv 1 Jf

Figure 2.9 Interpolation ftunctions for curvature and bending moment
fleld over Cell Vertex domain,

The curvature associated to the contral domain is obtained from equation
(2.10) as

duy 10 -
= ,eLH}]uT] R [ﬁ]{] (2.51)
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2420 General ease

A general control domain i presenied in Figure 2,10,

o1 t'ikmw?y/w/r////%“ it
A

Figure 2.10 General control domain for the Cell Vertex scheme.

The constant curvature x; assigned to the control domain linked to nede @
15 given as

s=aduauil =

2 [I'w\l:'t'l - 'H.'f 'I'Hf == I!Pf_l
[ o le=

X.'ﬂ = H}_I ‘f'-l{'ﬂ l (2.52)

which ean be rewritten in the following [orm

Wiy
2 ; PR % aty v
| = e e U TR0 =Bjw; (253
%= Tl IR g =B (288)
Wy 2
where Lhe domain curvature matriz B; s
B - 1, =(1° 4 =1y, 1571, 0] (2.54)

T EETE=T )

It should be noted that as in the Cell Centered case, vector w; containg
contributions from the nodes linked to the -th control demain. The eurvature
vit1 linked to node i+ 1 13

p Wige — Wi Wy — iy "
Xi4l = [é':ﬁiﬂ[ je+1 u [e ] (2.55)

From equation (2.55)
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W |
B 2 . bl R I T uy _n. . s
Xitl = lele e + ﬁ:-l-!)[U‘! d Uk sl B wivi [ Bigywi  (2:60)
Wiy
where the domain curvature matrix By is
2 i1 i ey g i
Bi-].l — {"Jf"'l'ltf" + df+£)ll]‘|{ + (‘ I' z _)\4 | (‘-2"5?}

The internal virtual work over an element can be obtained by sumiming Lhe
conbributions from the two coutrol domaing involved, e,

§ul€) = /% Sxi B xida + jf_}L OXip 1T X g1l (2.58)

Substituting equations (2.53) aud (2.56) into equation (2.58) gives the element
stiffness matrix

K¢ = K} + K3 (2.59)
wliere
B 251
P jee=TyR e 4 1o-1)?
(12 Lt 4 1) et o
i # i1 P f.'l_ 2 - P -
[-"(.‘!"*1) _‘:r.'—lui‘:' _‘_'f#—l} ”n—l) 0
0 { 0 0
and
. 2FE]
2 _ :
K” a lere |.'J§“‘r + t;ni-l)‘z
0 0 5 ] i)
0 (11--1--1} _ el Ur + IH-I) ‘u'ur'ﬂi-l) (2 a1)
u _tu-*alur' il ‘(1:-1-1) (‘!“ + '{L‘-l-l)-la __!ﬂ(.!lt.' _}_ l(lf'.'|"|.) R

Jf:(£n+1) _!l"(‘t‘ + jet l) {le:'J.?

=



Rotation-tree Buler-Bernaulll Deani alemenits 37

The stilfuess matriz tor the beam is obtained by assembling the contributions
from the element stiffness matrvices K in the atandard manner. [t is important
Lo point oul again that in the Coll Centered gehemie the control domains coineide
with elements, Lo, Ky = K, However, this is not the ease in the Cell Verbex
scheme, The approach shown above is based on the computation of the element
stiffness matrix. A similar procedure could be followed to obtain the domain
stiffuess matrix i the Cell Vertex scheme. In both cases the global stiffness
makrix is obviously the same, The element formulation deseribed above allows
to perform easily the element stilfness matrvices in any finite element program.

2.4.2a Imposition of the boundary conditions

The hmposition of the boundary conditions are simplor than the ones for the
CUB element. Vanishing edge bending moments at free and siniply supported
edges arve mposed “a priori’ by waking zero of the corresponding terns of the
coustitutive matrix at the boundary nodes where the bending moments are
onskrained,

2.4.2.2 Free or simply supported edge on the left end

The control domain contains an element with a free or simply supported
node on Lhe left end, as shown in Figure 2,11,

%1‘ z:y/:////%}/://///é“ 2
R

Figure 2,11 Control domain with free or simply supported node on
Lthe left end.

The curvature feld at the node ¢ 08 zero hecause of Lhe end boundary
condition and thus the stiflness matrix of element ¢ has ouly the contribtion

g i
from I{ﬁ. I other words

K'* = K2 (2.62)

wliere Kf, is expressed by v:(]lml.iml (2.61).
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4.4.2.4 Free or simply supported edge on the right end

The control domain contains an element with a free or simply supported
node on the right end, as shown in Figure 2,12,

Xq
.
-1 1 i £ 41
LA "

Figure 2.12 Control domain with free or simply supported node on
the right end.

The curvature feld for the wode ¢ + 1 s zero becanse of the end boundary
condition on the vight hand end, Thus the stiffness matrix of the houndary
clement e has only the contribution from K;,, i.e.

K9 =K, (2.63)

wlhore I{", s expressed by equation (2.60).

2.4.2.4 Clamped edge on the left end

The control domain includes an element with a clamped node ou the left
end, as shown in Figure 2.13.

Xi+1

3
i1 1ot i+ 2
big g 'L

Figure 2.13 Control domain with elaunped node on tlie left end.
i |

Addopting the theory developed for the general case and applying the
clamped boundary condition, the curvature assigned to node ¢ can be writhen
a8
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'H')" = l
2w w2 wp | . o )
X= f': S aemhe Fflu‘ 1, lfl)] e = B;w; (3.6*1)
4.2
where the domain curvature matrix B; is
2 i e
B, = I,_—.zlll. -1,1,0] (2.65)

and the stiffness matrix I{}, expressed by equation (2.60) is modified as

O 0 0 0
10 1 —1 0 |
l == swaanaymr L)
K”_'ﬁﬁ 0 -1 1 0 (2.66)
0 0 0 0
Finally. the stiffuess matrix of element ¢ is given as
K =Kl + K3 (2.67)

wliere K?, is oxpressed by eguation (2.61).

2.4.2.5 Clamped edge on the vight. end

The control domain includes an element with a clamped node on the right
cuel, as shown in Figure 2,14,

i-1 g i
S A

Figure 2.14 Coitrol domain with clunped node on the vight end.

Applying the same procedure nnd taking into account the clamped boundary
condition. the curvature of the domain ¢ + 1 is
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i1
2 (e | =ty — 2 . {TLF B .
Njd] = E-(: il i lJ_'t"._ — le{L —]. 1-()] 'H,l‘;,\*_l = B'..‘.lwﬂrl (‘!(.}H}
W2
where the domain enrvature matrix By, is
2 , o
B',_’_: = P'-E [”. —]. |1 U] (.2,‘}‘..]')

and the stiffiess matrix I{ﬁ expressed by equation (2.61) is modified s

0 0 0 0
g 2EL'N10 L =1 0
Kp=T 1o -1 1 o @
o 0 0o
Fiually, the stiffuess matrix of element e is given as
y 2
Kh} = K;lp Ak KP (2’7”

where I{}? i expressed by equation (2.60),
2.5 EQUIVALENCE WITH A FINITE DIFFERENCE SCHEME

The coupled Finite Element - Finite Volume approach presented in the pre-
viots sections can be formed to be equivalent to a standard central Finite Dif-
forence scheme applied to the fourth order governing differential equations. This
analogy is not surprising as it is well kuown that Galerkin finite elemoents yield
the same equation system ag the central finite differences for oue dimensional
problems. This analogy does not hold exactly for axisynunetric shell problem
andl indesd for the arbitrary shell case, The combined FE/FV wmethod proposed
in the thesis ean be therefore viewed as a more general procedure for deriving
rotation-free bending elements for a wide range of prableus,

It is however instructing to present in some detail the analogy between the
combined FIE/FV method previously presented and the central FD schenie for
the siimple bending ease cousidered in this chapter. The analogy is shown for the
Cell Vertex FV scheme. A similar analogy can be found for the Cell Centered
selierme,
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Substituting the kinematic equation (2.1) into (2.4), the fourth order gov-
arning equation of & beam is obtained

d"w -
HIWT £q¢g=10 (2.72)

The central Finite Difference scheme is ﬂ,pp“m‘l to the irrugll]m' gridd of Ave
nodes shown in Figure 2,15,

aontrol damain

O 5]

i—=2 i=7 i1 it 2
L L"_"‘? L t‘_ i L #ﬂ' ‘L I’ﬂ"‘l" i ‘L
# . L - M

Figure 2.15 Five nodes grid for application of central finite difference
scheimne.

Satisfaction of Lhe governing equation al oo inplies
[Bl=g] % 4 =0 (2.73)

whiore ()..‘. denote vilues at node i In the following the geometrical and mnterial
propertics will be assumed to be constant over the grid, This allows to rewrite
equation (2.73) as

1
d'w
B e} 4 1 = 2.74
' (rl.'r:"l )f. Gy et )
The value of ¢; ean be simply estimated (assuming g 10 be coustant) as
= Y a0 215)

The fourth derivative of the deflection is approximated using the central
Finite Difference scheme as follows.

1 . -"J‘.’ - y
oy -Gy 1t b
dat e ' 2 2

(2.76)



The lnal diseretized equation al node 4, can be written as follows

dhw
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whore
3 (f_f""“-'). _ (if.ﬂ-')
d*w . ta? T | dr?
ded ' B iy
a s
1£3w] . (:ﬁg), = (f;g];'é{);_ll
m— _.‘ o Al'—.'l.
el
(dz“i) _ Wi Wi Wik gy [ L&
da? i1 Iz 2 2
2w iy = 2w + Wi »— [ N o=
ded’i I , T2 2
dad /i1 1 E 2

] '|
((h'“‘ Jp = gpa Wiz = dwjeg -+ by = Ay g 4 wiga)

and equation (2.74) in rewritten form is

EI"%[ (g — dw; 1 + Gwy — 4wy g+ wipg) £q =0

(2.7Tu)

(2.77h)

(2.73:.5)

(2.780)

(2.78¢)

(2.79)

(2.80)

 Equation (2.80) coincides precisely with the assumed equilibrium equation
for node ¢ obtained using the Cell Vertex FE/FV method presented in Section
2.4.2. The analogy between this procedure and the central Difference Scheme is

therefore proved,
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[

2.6 NUMERICAL EXAMPLES

Several numerical examples of simple beain problems |O-1],|Z-4] are pre-
sented w1 order to demonsteate the acenracy of the CVE and CCRB nimnentﬂ.l
The vate of convergence for the deflections as well as for the bending moments,
with the uniforin and nowuniform meshes of 816,32 and 64 elements are pre-
sented, The uniforim and nonuniform meshes for simply supported and clamped
boundary conditions are presented in Figures 2.16 and 2,17, tespectively. The
uniform and nonunilorm meshes for cantilever houndary condition are presented
in Figures 2,18 and 2,19, respectively,

E 1 1] '
7 o -5 s 0 ST R A Eda.ﬂmun‘a_unifunﬁn _|_I ............. -
APelaments_uniform —--x---
B e “ iBaelaments_uniform ——-%-— o o
Balamamls_unltnrm ------ o R
5 |- 4 f ]
il | |
‘gd b T BT (¢ e I .q] = T [ m_ it A
E :3 ?__,ml-llﬂr"m" B = hl e = - M = W 'm s B = bl w22
0 bt b g b I 3 5 e B M A e B S T M
1 --H-p-a-{-n-q-n-n--n-.n..n..u»'l-l Jl
0 ' ' i
0 5 10 15 20
Langth

Figure 2.16 Simply supported nnd clunped end. Uniform meshes of
8.16,32 and 64 clements,
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%4_ —rrrr—rre—— m_ e 11 [ U 1| Bt PO ) B ,m_ ___________ S |
= B B T S SRR 00 0 ] O T T
2 fen --J-c---m-#-:t»t:--w&mwwn—k--ﬁ-—ﬂ---qu
1 bttt T T e e e e e B
0 I i i
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Figure 2,17 Simply supported and clamped end, Nampiniforn meshes
of B 006,32 and G eleinents.
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Figure 2.18 Cantilever beam.  Uniform meshes of 8,16,32 and 64
alemienls,
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Figure 2.19 Cantilever bewm Nonuniforim meshes of 8,16,32 and 64
aloinents,
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Rotation-free Eilor-Bernoulli beam elenients

2.6.1 Simply supported beam under point load

The beam is simply supported and subjected to a point load P acting at
the center, as shown in Fignre 2.20. The uniform and sonuniforn meshes nsed
in the analyses are presented in Figures 2.16 and 2,17, The geometrical and
imaterial properties are { = 200 and T = 100000,

. = v

Figure 2.20 Simply supported beam anider poinl loud.

The numerical solution obtained for different number of elements is comni-
pared with the exact analytic solution tor the deflection wey at the center point,
The comparison is porformed for the unilorm as well as for the nonuniform
meshes. The vesults ave shown in Table 2.1 and Table 2.2, reapectively.

The exact expression for the deflection is

oy PP (&3 7.2 1,2z A o
w(¥) = oFT {’g [; - ‘f) ]+ b } (2.81)

andd the exact deflection at the center point is

P
e = m (2.82)
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MESH ceB CVER
Clentral deflection error Contral deflection ervor

8 elowents 12,5000 3.1250

1G elements 3.1250 0,7814

342 olements 0.7814 0.1952

G4 eletnents 0,1962 0,0488

Table 2.1 Sunply supported besun nnder point load, Exact ad tiu-
merieal solution for the central deflection - uniform meshos.

MESH CCB VI3
Central dellection error Central deflection ervor
8 eloments 046806 T.22660
16 elements 7.2260 1.806G8
32 elements |.BOGH 0.4514
64 elements 0. 4-166 0.1130

Table 2.2 Simply supported beam under point load.  Exact and
numerical solution for the central delleetion - nomuniforin
mishies.

The rate of the convergence for the central deflection for the CCB and CVB
elements for the uniforin and nonuniform meshes of 816,32 and 64 elements is
presented in Figures 2.21 and 2.22, vespectively, The CVB element presents
a superior performance versus the CCB eleinent for the mniform meshes. The
results are less conclusive for the nonunilorm meshes,

The ratoof the convergence for the wotent for botl elements for the uniform
as well ag for the nonuniform meshes is presented in Figures 2.23, 2.24, 2.25 and
2,26, rvespectively. It should be noted that both, the CCB and CVB elements
give the exact solution independently of the number of elements,
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Figure 2.21 Rate of convergence lor central deflection - wniform
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Figure 2.22 Rate of convergence lor central deflection = nonuniform
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Figure 2.23 Rate of convergence of moment distribution for uniform
meshes - CCB element.
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Figure 2.24 Rate of convergence of moment distribution for nonuni-
fori meshies - CCR eloment.
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Figure 2.25 Rate of convergence of moment distribution for wniform
meshes - CVE eloment,
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Figure 2.26 Rate of convergenoe of moment distribution for nontini-
form meshes - CVB elemenl.
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2.6.2 Simply supported beam under distributed load

The selected test problem of the beam simply supported and subjected
Lo a uniformly disteibited load ¢, is shown i Figure 2.27. The uniform and
nonmiforin meshes used in the analyses ave presented in Figures 2.16 and 2.17.
The geometrical and material properties are [ = 20m and 7 = 100000,

q

| L ||
7 e
j z L

-l =|

Figure 2.27 Simply supported beam under distributed load.

The numerical solution obtained for different number of elements, 1s com-
pared with the exact analytic solution for the deflection we, at the center point.
The comparison g performed for the uniform as well as for the nonuniform
meshes. The results are shown in Table 2.3 and Table 2.1, respectively.

The exact expression for the deflection is

gl re ol
W) = —— 2= 4 = 2.83
@) =gl =% *7) (2.88)
and the exact deflection at the center point s
5 o
ey — f{'{" - (2‘8'1)

38481
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MESH COB VI3
Clentral dellection error Clonbral deflection error
2 elements 5.0000 1.2502
LG elements 12498 0.3123
32 elements (0.3123 0.0781
64 elements 0.078]1 0.0195
Table 2.3 Simply supported beam under distributed load.  Exact
aned nmerical solution for the central deflection - uniform
mieslios,
MESH (G ] CVB

Central deflection error

Clentral dellection error

8 elements 14845 (52302
16 elements 530138 1.5574
42 eloments 1.3381 0.3890
G elements 0.3310 00873

Table 2.4 Siuply supported bean under distributed load. Exact and

numerienl solution for the central deflection - nounniform
eglies.

The rate of the convergence for the central deflection for CCB and CVB
clements for wmiform and nonuniform meshes of 8,16,32 and G4 elements is
presented in Figures 2,28 and 2.29, respectively, The CVB element presents
a superior performance versus the COB element specially for uniform meshes.

The rate of the convergence for the moment for both elementy for the iniform
as well as for the nonuniform meshes is presented in Figures 2,30, 2,31, 2.32 and
2.33, respectively. The CCB element gives the exacl solution independently of
the nutuber of elements for the uniform and nonuniform meshes. The exact
solution using the CVB element is achieved by mesh refinement, particularly
notable for the nonuniforin meshes.
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2.6.3 Simply supported beam under distributed triangular load

The beam is simply supported and subjected 1o a distributed trisngular
load, as shown in Figure 2,34, The uniform and nonuniforn meshes used in the
analyses are prosented in Figures 2,16 and 2.17. The geometrical and material
properties arve [ = 20m and £1 = 100000,

—_—

P W

) R

# il

Figure 2.34 Simply supported beamn under distributed  trinngulae
Joadl.

The exact analytic solution for the deflection we, at the corresponding po
int i compared with the numerical solution obtained for different mumber of
elements, The vesults of the comparison performed for the uniform as well as
for the nonuniform meshes ave given in Table 2.5 and Table 2.6, respectively.

The exact expression for the deflection is

. qut 7%y - A i a it
w() = fsmu'f[’ =10 ) +3(7) } (2.85)
and the exact deflection at the center point is

;s Gl -
e = 0.01304 ‘i-fff (.&.8(5)
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MESH

acn
Clentral deflection crror

CVB
Clontral dellection error

& elements
LG elements
42 elements
Gd elements

——

23,2503
10.5914
3.8018
2.1482

18,5755
0.7718
3.6349
2.08068

Tf.\hle 2.5 mmply ,\,;111‘;1};‘;1'(.(:1] huh.]ljl lmlil!l' I;l"ll-.l.tlp_,'llllll' lliﬁt.l‘il}lllul:li |t'J=J|(|-
Exact and numerical solution for the central deflection -
uiiiform meshes,

MESH

CCB
Clentral deflection ervor

Vi3
Cleritial dellection error

& elements
16 elements
42 elements
64 elements

28,2409
20,8263
11.4858
5.5036

43.51561
16,1743
10.4198
5.3154

Table 2.6 Simply supported beam nuder trinngular distributed load.
Fxact and numerical solution for the central deflection -

nniform meshes,

The rate of the convergence for the deflection for CCB and CVB elements
for uniforn and nonuniform meshes of 8.16,32 and 64 elements is presented
in Figures 2,35 and 2.36, respectively. The CVB element presents the slightly
superior performance versus the CCB element, for the uniform meshes, In the
nonuniforn meshies the vesults are less conclusive,

The rate of the convergence tor the moment for both elements for the unitorm
as well for the nonuniform meshes is presented in Figures 2,37, 2.38, 2.39 aud
2.40, respectively. Both, the CCB and CVB elements show some discrepancy
of the exact solution for the uniform as well as for the nonuniform meshes,
advancing to the exact solution with the wesh refinement.



i
o

Normalized deflection W/Wex
(]
o "

0

Rotation-free Enler-Bernoulli benm eloments

| 1

| ! ; 'C:Cé!_,element —
CVB_element -~

axact__solutiqn eazias

0

10 20 30 40 50
Number of elements

60

Figure 2.35 Rate of convergence for central deflection - uniforin

1.5

Normalized deflection W/\Wex

0

mesliad,
| I T 1
. CCé_Lalemant —_—
i CVB_element -~~~
j exact_solution -~
aﬁ_'b'""‘“ —
- L ! _h& ‘ X P e g
l i | i | )
0 10 20 30 40 50 60

Number of elaments

Figure 2.36 Rate of convergence for contral deflection - nonuniform

pnealiod,

o7



Moments M
N i o \
o n = n ]

=
]

Figure 2.37 Rute of convergenee of moment digeribution for vuform

Moments M
Mo
(=]

Figure 2.38 Rate of convergence of moment distribution lor

Cliapter 2

. Moment_&4elements
*, Moment_32elements
it Moment_16elements
N Moment_8elaments

20 e A

‘mxact_solution_triang_load - - - -

% i
& ;. ,'
"-E Lirissishamt T
i ¥ i
i m |
5 10 15
L.ength

mcalies - CCR element,

b i i
b Moment_64elements  +
“ Moment_32elements  x
W Moment_16elements  *
P Moment_Belaments O
exact_solution_triang_load ----

'S

H.H'H., g - .-.'i-'-
TR
" '5
. G i
i | i
5 10 15
Length

forim meshes - CCR element.,




Rotution-free Edler-Bernoulll benm eloments

0 '\.\ T T ! ;
5 \'“-\ Moment_64elements I /'
S, Moment_32elements  x !
N Moment_16elements ® /
< -10 I % Moment_8elements O S T
" axact_solution_triang_load -~ 7
5 -15 | ke | o=
E W "-\.\1 .f."
-20 7 h"‘-';;,“ : -,-""f =
T _— _,_."'flﬁ
25 |- et -
-30 : ;i |
0 5 10 15 20
Length

Figure 2,39 Rate of convergence of moment distribution for unitorm
meshes - CVB element.

0 ! ! ? i
b = | /
N Moment_64elements  + 7
™ Moment_32elements :
40 k % Moment_16elements  * /[
T Moment_8elements O /
- exact_solution_triang_load - -~
@ -16 | T R 8 SR e
é :H'\. £
g '20 [~ tx_‘\ I,,'f -
"25 = 5"';"-.:.'; ..'.'F--'P-‘ qa v
*
.30 | e -
s
.35 i I |
0 5 10 15 20
Length

Figure 2,40 Rute of convergence of mowent distribution for nomimi-
form meshes - CVB element.



GO Chapter 2

2.6.4 Clamped beam under point load

The bean s elamped and subjected to a point load P ab the center, as shown
in Figure 2,41, The uniform and nommiform meshes used iu the analyses are
presented in Flgures 2,16 and 2.17. The geometrical and material properties are
the same ag in the previous examples.

T

S

Lo

Figure 2,41 Clamped bemn under point load.

The exact analytic golution for the dellection e, at the corresponding
point is compared with the mumerical solution obtained for different nuimber
of elements. The vesults of the comparison performed for the uniform as well as
for the nonuniformi meshes are given in Table 2.7 and Table 2.8, respectively.

The exact expression for the deflection is

3 g2
i B L Ky (2.47)

W) = mEn's T

and the exanet deflection at the center poink i

I?l i+

6811 (2.88)

ey =
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MESH

CCR
Clentral deflection error

A elements
16 elements
32 elements
G elements

- —_— =

CVB

Clentbral dellection ervor

50.0000
12.5000
3.1249
0.75813

12.5000
3.1251
(0.7813
0.1952

Table 2.7 Clamped beam under pomt load.
solution lor the central deflection -

Faxact and muuerical
iiforin meshos,

MESH

4 elements
LG elements
32 elemoents
64 elements

coB CVB
Clentral defleetion error Central defleetion errvor
H8.2032 28,9062
28.9062 7.2265
T.2265 | 80606
17850 04518

Table 2.8 Clamped bean under point load,
solution for the central deflection - nounniform meshes,

Exgnet and smmerieal

The rate of the convergence for the dellection for COB and CVI elements
for uniform and nonuniform meshes of 816,32 and 64 elements is presented
in Figures 242 and 2,43 respectively, The CVB elenient presents a superior
performance versus the CCB elewent, for both wuniforin and nonuniforn meshes.
The more pronouneed difference is the convergence rate of CVB element due to
the better approximation of the elamped boundary condition,

The rate of the convergence for the woment for botl elements for the uniform
as well as for the nonunifori meshes is presonted in Figures 2.44, 2.45, 2.46 and
2.47, respectively. The CVI element gives the exact solution independently of
the munber of elements for both, uniform and nonuniforim meshes while the
CCB element gives some diserepaucy of the exact solution for the nonuniform

meshes,




62 Chapter 2

I 1
GCé_elemant —t
CVB_element - -
axact_solution -----<-

1.6

Normalized deflection W/Wex
|

0 ‘ i I i\ | :
0 10 20 30 40 50 60
Number of elements

Figure 2,42 Rate of convergence for central deflection - unilorm

ines ey,
2 , . . : '
CCé_alement ——
& CVB_element ---—
% exact_solution -+
=15 i J
% -Imh“?i—-;__,___ R |
m B O ety et ateriiarie s ST RIS e
3 ; : :: : | ; -T
B
e
"Ea 0.5 - )
= | |
0 i i | , , ;
0 10 20 30 40 50 60

Number of elements

Figure 2,43 Rate of convergenca for central defloection = nonuniforin
meshes,



Rotation-lree Euler-Boernoulli beam elemients

I

20 —\"\, Mc:mant_,snialernantﬁ + -
" Moment_3Z2elements %
% Moment_16elements .
10 N Moment_8elements & | -
- “.exact_solution_point_load - -~ -~
LS . =
L ! 4
2 or ", w E
a3 I \'-.\ -,d,f
5 p
:E '-IO - s .-"_r'--- P
LS .
., i
\_k‘ "
20 |= '\.\I ; .""' -
‘-\.\a.
_3[} | i 1
0 5 10 15 20
Length

Figure 2.44 Rute of convergence of imoment distribution for uniform

meshes - COB elemeit.

20 Moment_&4elements + i
bR Momant_32elements =
LY Moment_16elements *
10 5, o Moment_8elements @ -
= *exact_solution_point_load -~
L2 i : g -
g 0 M‘ . f}-i
= .10 " . o
-20 |- H\"i.: j.-’f -
_30 I | I}
0 5 10 15 20
Length

Figure 2.45 Rate of convergence of moment distribution for nomumj-

form meshes - COB element,



G4

Clingser 2

N .
20 |- Moment_64elements  + -
Moment_32elements =
LY Moment_16elements %
10 B Moment_Belements O B
- “.exacl_solution_point_load -
I‘I“. N
0 0+ i : ) m.. |
5 Eﬂ““. _.r'
S ) : i
= -0 | R i -
q .
" A
s, ]
=20 |- '\-..\ r,."' =
\q.’ |
#30 | 1 |
0 5 10 15
Length

Figure 2.46 Rate of convergence of moment distribution for muiform

ineshos - OV elemoit,

20

g | | | 4
20 o Moment_64elements  + -
% Moment_32elements x
N, Moment_16elements #
10 | X, Moment_B8elements O -
“.axact_solution_point_load ===
= N K b
B g o= e
= s s
[ b /
= -10 |= "-‘_ J_""' =
-20 o -"v“ J"Ir‘ v
W’
'ED | | |
0 5 10 18
Length

FiEUI‘(’-‘ 2.47 HH-“' of CONVErEEIee ol ol tllml'.l‘itnlﬂt‘m for nonin i

form meshies = CVIE element.

20



Rotation-free Eolos-Bernoulli beam elements G5

2.6.5 Clamped beam under distributed load

The beam is clamped and subjected Lo a uniforinly distributed load g, as
shown in Figure 2,48, The uniform and vonuniforin meshes used in the analyses
are presented in Figures 2,16 and 2.17. The geometrical and material properties
are the same as in the previous exanples,

) : 4

Figure 2.48 Clamped beam under distributed load.

T

The nuinerical solution obtained o different miauber ol elements s coni-
paved with the exact analytic solution for the deflection wey at the center point.
The comparison is performed for the uniform as well for the nominiform mieslies,
The results are given in Table 2.9 Aud Table 2,10, respectively.

The exact expression for deflection is

| qfr'e 2 gl o4 q 4 .
; ) = smmsf— ll'ld'v.u:.' i. T A ) 2.89
=R R R 359
and the exact deflection at the center point i
q.{’l :
Wy = (2.90)

184 0]
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MESH

CCB
Center deflection errov

& elements
16 elenients
32 elements
G4 elements

312500
7.8120
1,9532
(). 4852

CVI
Clenter deflection errvor

[ 2.5000
3.12561
0.7813
0.1952

Table 2.9 Clamped beamn under distributed load, Exact and numneri-

eal solution lor the central deflection = unilorm meshes.

MESH

8 elenients
16 elements
32 elements
G4 elements

O
Clentral dellection erior

28.05666
42,4219
8.1054
2.0177

VB
Central deflection error

45,6054
L1013
2.8503
0.7126

Table 2.10 Clamped beam under distributed load, Exact and numeri-

eal solution for the central defleetion - nonnniform meshes.

The ate of the convergence for the deflection for CCB and CVE eleinents
for uniform and nonuniform meshes of 8,16,32 and 64 elements is presented in
Figures 2.49 and 2.50, respectively, The CVI element presents again a superior
performance versus the CCB element for the uniforim meshes, The same can be
found for the nounniform meshes ouly when the mesh is refined,

The rate of the convergence for the moment for both elenents for the
uniforin as well as for the nonuuifori meshes is presented in Figures 2.51, 2.52,
2,53 and 2.54, respectively. Botl, the CCB and CVB elements show a good
performance for the uniform meshes, while the CVI element. shows a bettar
performance versus the CCB element for the nonuniform meshes due to the
better approximation of the clamped boundary conditions,
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2.6.6 Cantilever beam under point load

The beam iy clamped at the left side and subjected 1o a point load I* acting
at the right end, us shown in Figure 2,55, The uniform and nonunifori meslies
used in the analyses are presented in Figures 2.8 and 2,19, The geometrical
and waterial properties are the same as in the previous examples,

v : !

Figure 2.56 Cantilever boam under point load.
B I

The nunerical solution obtained for different number of elements is con-
pared with the exact analytic solution for the deflection we, af the end point.
The computation is performed for the uniform as well as for the nonuniform
meshes, The results are given in Table 2,11 and Table 212, respectively,

The exact expression for deflection is

FJB - i
wix) = {i—E!(;) (3 - r_) (2.91)

and the exact deflection at the end polint is

P
3EI

Wy =

(2.92)
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MESH

& elemernts
16 elements
32 elements
G4 alenieinls

o Cvi

Fitdd dellection error Fael dellection error
|. T804 0.7812
(). 4685 0.1955
(0.1198 0.0489
0.0301 00121

Table 2.11 Cautilever beam under point load. Exact and numerieal
solution for the central deflection = uniform meslies,

MIEST

con

Ene dellection ervor

8 alemeits
16 elements
32 elements
4 clemneiits

VR
e deflection ervor

G053
1.6280
().1080
0.1025

12065
04516
0.1130
0.0283

Table 2.12 Cantilever beam under point load. Exuct and mumerical
solution for the central deflection - nonuniform meshes,

The rate of the convergence for the deflection for CCH and CVE elements
for unifortn and nonuniform meshes of 816,32 and 64 elements is presented
in Figures 2.56 and 2.57, respectively. The CVB element presents a superior

performance versus the CCB element, for hoth uniform and nonuniforn meshes,

The rate of the convergence for the moement for both elements for the uniform
ag well as for the nonuniform meshes is presented in Figures 2.58, 2.59, 2.60
aned 2,61, respectively, The CCB and CVEB elements give the exact solution
independently of the number of elements.
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2.6.7 Cantilever beam under distributed load

The beui s clumped at the left side and subjected to distributed load g, as
shiown in Figure 2.62. The uniforin and nonnniforn meshes used in the analyses
are presented in Flgures 2,18 and 2.19. The material and peometrical properties
are the same ag o Le previons exaniples,

(T iity
| T

Figure 2.62 Cantilever beam nnder distributed load.

The exact analytic golution for the deflection we, at the corresponding po
iut is compared with the numerical solution obtained for different nuuber of
elemoents, The results of the comparison performed for the uniform as well as
for the nonuuiform meshes ave given in Table 2,13 and Table 2.14, respectively.

The exact expression for deflection is

oy = B gy Ly '
() = 5 () 6 )+ () ] (2.93)

and the exact deflection at the end point is

gl

. - AT
R (2:94)

ey =
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MESH (B E] cve
End deflection error Fnd deflection error

8 elements 2.0020 1.560625

16 elamernts 0.7550 0.3905

32 ploments (. 1020 00974

G4 elewents (.0485 0.0245

Tahle 2,13 Caitilever hoam under distributed load. Bxnet and numer
ieal salution lor the central dellection - imiform meshes.

MESH CCB CVID
End deflection error End deflection ervor
2 elemonts | 1.G535 5.0050)
16 elements 22,9900 1.2510
32 elements 1.7560 0.3130
G4 eloments 0. 1900 (L0750

Table 2.14 Cantilever beam under distributed load. Exact and muomer-
ieal solution for the central deflection - nonuniforn meshes.

The rate of the convergence for Lthe deflection for CCB and CVEB eleients
for uniform and nonuniforimn meshes of £,16,32 and G4 elements is presentoed
in Figures 2,68 and 2,64, respectively, The CVE element presonts a superior
performanice versus the CCB elonient, for both uniform and nonuniform meshes.

The rate of the convergence for the moment for both elements for the nuiform
as well as for the nonuniform meshes is presented in Figures 2,65, 2,66, 2.67 and
2.68, respectively, The CCB element gives the exact solution independently of
the number of elementg for both, uniform and nonuniform meshes. The CVI3
clement gives the exact solution for the uniform meshes, while the same can be
[ound for the nonuniform meshes only when the mesh s vefined.
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2.6.8 Cantilever beam under distributed triangular load

The beam is clamped at the left side and subjected to trismgular distributed
load g. as shown in Figure 2,69, The uniform and nonuniforny meshes used in the
analyses are presented in Figures 2,18 and 2,19, The geometrical and material
properties are the smme as in the previons examples.

T

t —

Figure 2.69 Cantilever beam under distributed triangular loacd.

s

The exnct analytic solution for the deflection wyy at the corvesponding
point is compared with the numerical solution obtained for different munber
of elements, The results of the comparison performed for the uniform as well as
for the nonuniform meshes ave given in Table 2,15 and Table 216, vespectively.

The exact expression for deflection is

F 13 42 x x2 o
difla) = —def o 1 FPr e\ Iy LB o i
w(z) = gl () 1001 )+ 5(7) (;,)] (2.95)
and the exact deflection al the center point is
E, L3 ,
W = =l (2.96)

IGET
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MIEESH CCB VB
Clentral deflection error Central dellection ervor
& elaments 00,6337 -().G237
16 elements 0.7937 -0,7901
32 elements 00,8583 -0.8477
G4 elements -0.9432 -0.9430

Table 2.15 Cuantilever beam under distributed triangular load. Exact

and nomierieal golition for the cenbral doflection - aniforin

mieslios,
MIZsH ceB CVEH
Clentral deflleetion error fenbral dellection error
% elements .57T0HE r‘.‘l-rl-'.lil,’-.b
16 elements .7341 0.7191
42 elements -(1.848 L8437
(4 elements -(0L0182 0,9169

Table 2.16 Cantilover beam under distributed triangular load. Exact,

and numerical solution for the central deflection - nonuni-
form meshes,

The rate of the convergence for the deflection for CCB and CVB eloments
for uniform and nommiforns meshes of 816,32 and 64 clements is presented
in Figures 2.70 and 2,71, vespectively. The CVE element presents a superior
performance versus the COB elemoent.,

The rate of the couvergenee for the moment for both eleents for the uniform
as well as for the nonaniform meshes is presented in Fignres 2.72, 2,73, 2.74 and
2,75, respectively. Both, the CCB and CVB elements give some discrepancy of
the exact solution, which cau be achieved by the mesh vefinement.
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CHAPTER 3

AXISYMMETRIC SHELLS

3.1 INTRODUCTION

A problem which is still 1D in wature but is wore complicated than Euler-
Bernoulli beam is the aisymmetric thin shell case where the Fuler-Bernonlli
orthogonality kinematic assumption is vetained. This assumption is based on
the principle that the normals to the shell middle surface remain normal to
the given surface durving the deformation. The main difference from the Euler
RBernoulli benim, which has to be treated with care, is the demand to account
for eircumlerential direetion and the use of polar coordinates.

I the analyses of thin ghells il is of interest to reduce the nmuber of degrees
of freedom per node thus achieving reduction on the computational effort, This
is accomplished by making explicit use of the Kirchhoff-Love hypothesis of shell
fibres remaining straight and perpendicular to the midsurface of the shell.

The potential energy functional containg second derivatives ol the lateral
deflection, This s characteristic of a large class of physical problems associ-
ated with the fourth order differential equations; so € continuily of the corrve-
sponding shape function is necessary [Z-4]. The difficulty to impose €'y conti-
nuity on the shape functions results in seavching for some alternative approach.
The framowork of the mixed Hu-Washizu formulation. using the concepts based
on the coupled FE/I'V technigue is used in this thesis to develop two robust
rotation-free axisyrmetric shell elements for linear analysis, denoted ACC and
ACY elements, respectively.

The outline of the chapter is as follows. First, the basic theory for
agisymmetric shell is reviewed. Then, the set of the governing equations is
developed in integral form from the standard Hu-Washizu functional. This set
of equations represents the basis for the subsequent FIE/FV discretization, which
is discussed in detail in this chapter. Several numerical examples are presented in
otder to show the accuracy of the two rotationsfree axisymimetric shell elements
developed in this study.
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3.2 BASIC THEORY

Taking into consideration that the axisymmetrie thin shell problem, pre-
sented in Figure 3.1, is mathematically one-dimensional, that Euler-Bernoulli
kinematic hypothesis is retained and imtroducing a polar coordinate system, the
strong form of the basic governing equations can be written as follows,

Figure 3.1 The axisymmetric shell problem.

The kinematic equation relating generalized strains and displacements is
£=Lu (4.1)

where u = |1, -un]r . with w and w being the radial and vertical displacements of
a shell point, 1'12:.';.1t-3!!l,'1w*1y. The four peneralized strain components are given by
the following expression

X [ R 155 Y & o °
& A L rl’ 0 !
ﬂ.f — — [ i1 3w b — . A - { “: } -
2 I"I : - & ﬁ - fl"‘l'l'h'"j ; '13'.! Hl"
E f X= B 8] ~ha2
r\\‘&. [ - ’1?;:_‘;’ G?ﬁf ! | “ . -l'.'ﬂ;i'_l'ﬂ ﬂi |

_'{ 11”:} { ::*} (3.2)

where A, and Ay are the axial and eireumterential elongations and y, and yp are
the radial and cireumferential curvatures, respectively, In the above equation
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o and @’ are the loeal displacement. components in the tangential and norvmal
directions, respectively,

The matrix L is divided into membrane Ly, and bending Ly, parts, where

] ik
0 0 —#y b
Lm — [SE‘ ] Lh - [{) _ﬂj_‘i% g'] (d'd)
T N

The constitutive equations relating generalized strains and resulting strosses
can be written as

r‘r"={ “} — D¢ (3.4)
m
where a = [Ny, Np]” and m = [My, Mp]?, with Ny and Ny being the axial
and civenmferential forees and My and Mg being the radial and eireumlerential
moments, respectively,

The elagticity matrix D is defined as

_[Dm 0 i
D [ 0 Db] (3.5)
where the appropriate matrices Dy, and Dy, are, respectively
Et (1 w ol | v |
Dy = . Dy = s 3.6
Rm=1 [w IJ PR lu 1] 9:9)

In further CXPIUSSIONs 8§ = ! will be taken, as the element is straight.

The set ol the governing equations can be obtained in integral form, starting
from the standard Hu-Washizu functional given by

Lt T P .
m=s [ [ eedas [ [ @M -~ [ [ oulqar @
or in expanded form
| "
I = ;,'//Alx'[ Dyx A Al D AldA+

[ [ 7 Ly’ = x) + T (L = A)]dA~
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- j / l[:i-u.l’rj’ + ou't'|dA (3.8)
where the elongations and curvatures ave respectively
A=A rolT aud  x =[x xol” (3.9)
with A beiug the area of the shell and g being the distributed loamding,
Variation of IT exprossed by equation (3.8) gives the integral form of the set
of equilibrinim, kinematic and constitutive equations. Thus

Al = 0 (3.11)

leads to the set of equilibrium equations, where the bending and membrane
contributions are

/I ./‘l (Lg,(ﬁm’)TmTrM - / f{ Sw'gldA =0 (3.12a)
f [ ‘ (Lundu')" addA — f f‘ Sult'dA = 0 (3.120)

The zet of kinematic equations for the curvature and elongation parts are
respectively

[ [, om” (L’ = x)da =0 (3.134)
/. /l ‘SuT(LH?'W" A)(.!.tl =} (:L I.:.”l)

The sel of constitutive equations, moment-curvature and elongation-axial
foree relationships are respectively
I I :

v/I /ll :5'x1'(D;,x -m)dA =0 (3.14a)
f /‘1L SAT (DA = a)dA = 0 (3.14b)

Boguations (3.12), (3,18) and (3.14) are the basis for the coupled FE/FV
digeretization, preseuted in more detail in the next section.
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3.3 FINITE ELEMENT - FINITE VOLUME DISCRETIZATION

A diseretization of the shell into standard linear troncoconical elements is
cousidered. The curvature and the bending moments, as well as the elongations
and normal forces are assumed to be constant within each eontrol domain, i.e.

dm,m = dmy, my  da,a = day, ap (3.150)
X =0xpxy  OAA=0Ap A (3.15b)

where (1), denotes constant values over the control domain p, Uding tliese as-
sumptions, the equilibrium, kinematic and constitutive equations are expressed
as [ollows,

The set of equilibrivin equations, respecting the assumptions given by
equation (4.15) 1s

— t)g s’ cosh O(dw ’} P g _
ép_/ /"p —Q—MH fif S —-—m-— MpyldA - Z[ ‘/ﬂ dw'gdA =0 (3.16a)

‘i”’.””m_]. 24 — [ ot ..
}_;_‘f f,, SNpldA - >F/-‘-" ffﬂmmf..a =0 (3.16h)

Integrating the terms involving the deflection derivatives give

9% (8w J(d:n) it .
f.p;'ﬂ' »/.u ';2 .) o/ ] ' (3‘17)

Xy

Thus, equations (3,16a) and (3.16Db) can be rewritten as

i an! -
2m Z“ 5“: :" My -+ r:u.‘.'r,iaﬂ--%-ﬁflgfﬂ] - 'B*J'rz‘/ sw'grde’ =0 (3.18a)
i hu: = dly

2 E[——M -Nyrly + wNply)] - 3#2] ou't'rda’ = 0 (3.180)

where r is the radial distance of the mid point of the p-th control domain and
Ly 15 the length of the control domain.
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The set of kinematic equations, respecting the assumptions given by equation
(3.18) and taking into account that the virtual magnitudes are arbitrary, can be
expressed [ov each control donain s

S S £
jzw /{.,, [r;,,'lf 1A - / _/” XallA =0 (3.20a)
[ / g mu f X 1A =0 3.201
Jom Jl r 2n ,/),, Xpta = (3.200)
' du’
/2::- v/f,. i A — ematlp = 0 (3.20¢)
/;ﬂ /;y “M = 2mAgrlpy =0 (3.204)

[ order to express the radial eurvature v, in terms of nodal deflections ouly
some additional operations have to be done as follows. The expanded form of
eqiition (3.20a) is

'H
f 2nr 1-—:.1(1: = lm!lﬂﬁ (3.21)

fntegrating by parts the Arst integral in (3.21) gives

' f)g'{u’ J i Hu ! O’ at
T = --—. - o s L L
A,r Dmr:';d.;, fh’ 5l B =’ A [r il ],; (3.22)

i

Replacing equation (3.22) into (3.21) the lollowing expression is obtained

u’ dr ow' : 30
_I 011}\,” (.h"l }""‘d‘ = rlpXs (3.23)

The previous equation (3.23) yvields

' oo /* ar o' /ﬂ-';I or du'’ e = e (324
pXs (3.2
i i

it G g i gty oy 0w 0 ™Y )y B B

where
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i Op dul ! = l;, th!
— 205
0.!"‘ 0‘ '{f -2 ( r_h" rﬂ‘p (J.ﬂdﬂ)
W duw' oy Tay TNl Ouf g
i sapadd = T oa e (3:200)
Introducing equations (3.25) into (3.24) gives
' du’ T = V= |, Ow' Tod —Ti Ly Huf
o { e e ” - ?L-_...H fryirnd g
?*J( da! )-"-'rt (é.h’ ).w,, ?&a_ 2 ( ! )-h: T Ef 2 d; f."') = ripX
(3.26)
what finally gives
dw'
l' l L= rlpXs (3.27)
and the radial curvature vy 8 expressed as
1 0w ot :
_ .3”. i (32&)

! i du! Ep

The corresponding values for the .L;, and &y Are different for the Call
Centered and Cell Vertex scheines, as shown in Figure 3.2.

| e
T e

=]

Figure 3.2 (1) Cell Contered and () Cell Vertex schemes,
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From equation (3.20b) the eirenmferential curvature is expressed as

cosd D’
Xp=— %d: c;T (3.29)

From equations (3.20¢) and (3.20d) the axial and cireumferential elongations
are expressed respectively as

B i’ (3.30)
R T "
it
Alq = F (3:“)
Replacing equations (3.28). (3.29), (3.30) and (3.31) o (3.2) gives
i Y sf 5
" G
s (i
Em )\H L .
= op =0 =y an b =B (3.32)
£y Xs =5 [%-’F]m".
Ad _ coseh P!
. vl
where the matrix B'p i%
i i iy fy g
B, =By, By, B'y.s By (3.33)
el
é’ - BJI];LP“ - B’J;u (3.34)

with n' = Lju.

The discretization of the deflection field is done as lollows. The simplest
option is to interpolate linearly the deflection within each troncoconical element,
in terms of the nodal deflections in the standard finite element manner [Z-"I] i

i
w' = Z Nyw; = N wl) (3.35)
=1

where N = [Ny, Na| and w'9 = [u, wgg]J with N being the standard linear
shape functions and w; being the nodal deflection values.
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A4 it i shown, the use of assuniptions (3.15) is essential to express kinematic
aiidl constitutive equations for ench patch. Thus, substituting equations (3.15)
and (3.35) into governing set of equilibrivim (3.12), kinematic (3.13) and con-
gtitutive equations (3.14) alter sowe algebra pives the final system of algebraic
equalions

Kw = f (3.36)

where the voetor w contains the nodal deflections. The stilfness matrix K is
obtained by agsembling the contributions from the different control volimes

K=AKy (3.37)
i
where
K, = 2rBI DBy, (3.38)

The matrix By is different for the Cell Centered and Cell Vertex schemes and it
is defined in the next section.

The nodal foree vector £ is obtained also by assembling the contributions
from the different patches

n

where [; for a constant distributed foree is ealenlated as

Ji = i { E} (3.40)
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3.4 COMPUTATION OF THE Bp MATRIX

The matrix B P is the curvature matvix velating the constant curvature fie ]L[
within a control dummu and the nodal dellections associated 1o the patel, The
computation of the matrix By, is different for the Cell Centered and Cell Vertex
schemes, The practical application of the axisymmetric shell element requires
the consideration of the varions types of boundary conditions: free edges, simply
supported edges and clamped edges. The corresponding By, matrices can be then
eagily evaluited for ench condition separately, In these situations, the adjacent
element is missing one in the corvesponding patch. Details are given below.

3.4.1 Cell Centered scheme - ACC axisymmetric shell element

The imtegrals i equations (3.12), (3.13) and (3:14) are expressed as the sum
of contributions over the different palches by equations (3.16), (3.18) aud (3.20},
respectively, The vadial and eireuimferentinl curvatuves y, and Xy :md the axial
and cireumferential elongations Ay and Ay expressed by equations (3.28), (3.29),
(3.30) and (3.31) respectively, within sach element pateh are expressed in terms
of the local deflection gradients at the pateh edges and in terms of the valies at
the adjacent elements shaviug each side. A transformation of the local matrices
B', with the corresponding matrices of transformation T is then performed for
asseibly.

4.4.1.1 General case

The left and right side adjacent elements with respect to the element under
the consideration 17 are connected together forining one pateh presented in
Figure 3.3, The boundary conditions are not applied. Bach of the pateh elements
has two local corresponding displacements o’ aud w/,

Figure 3.3 General patch for the Cell Centered scheme.
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The loeal displacements o and w' ave transformed to global displacements
w and w by the corresponding matrices of transformations. The loeal and global
systems ave presented in Figuve 3.4,

" i
wWR g

| L
-'u,.
,—"’_'f."T;’
24
Figure 3.4 The local and global systen..

The racdial curvature is expressed as the difference of the first derivative
s . ! !
displacements of the element nodes {%{f} Jig1 and [fgﬁ,],

; '’ ou'! :
xhls = ( Jv+1 (W)a; (3.41)
Using the theory of distributions, the values (H" Jig1 and (%ﬁy] across the

boundary should be given as an average value as lnllnw~.

(M) 1 M / + E’ﬂ 2 _ _["”I;‘H = w'§ + '”"'Er-:ﬁi ‘”’viil 3.42)
O T g lgaT lie1 T Pl likd) T 3L o+
O’ Lebw'ji-1 . dwly 1w/ =S wlSey - w't
s MY o) I (BN R & WL S (R
adi! 2Lt li ddat 2 [e=1 {t
Substituting the last two equations into (3.41}, yields
m”;__l
el
: | sl ekl et o<1t ) WE T R
Xa = 2!"—”*-’{!’.111”“ i LY A ] , ekl [ = Bluaw (3-44)
Wil
m"E"_]'_'-%

where the curvature matrix By is

i & i p— E—1! ’ r
= = (T T (3.45)
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The global curvature matrix Byy is expressed as
i o
B:\ﬁ = B \.ﬁTxﬂ [J.'”J)
where the matrix Ty, is the transformation matrix.

For clarity, in order to evaluate the transformation matrices the following
expressions are given

m":':_' E = el | B b eS| (3.-’17(&)
'm"?-'l = ey 8N W COSD | (3.47h)
w' : = —Ui 8Ny + Wicosdy (3.48a)
w’fﬂ = =i |8l + Wiy |COSPe (3.480)
.,u’fr"_"l_'ll = g 8P b Wi 108D (3.49a)
w' ff;} = —Uj28i0es] + Wipac08hes {(3.490)

W 11,(!1.'!-!

w1 { — STy ] } nt ={ ‘-Hi'-*-"cbr-} nitl o { ""-"'i”*"‘bf"i'-l} (3.50)

CO8 - ] cogdy COS D4

Thus, the transformation matrix Ty, is

me=t 0 o 0
=11 g 0
T,=| © BT T (3.51)
0 0 [n¢+ 0
0 0 0 In"‘"']]'l
The circumferential curvature xp is expressed as
—cosp '
(g = —— 3.52
X9 roode! (8.52)

] ; .
where %ﬁ:’r can be evaluated as
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' i ) 'm’?_l_| - 'm";" N } l. |
Al i1 G et

Substituting equation (3.53) into (3.62), yields

—oag 1 . ]
Xo = i ;';:I‘L 1] { Trr

atid the curvature matrix Bfw is expressed as

—cosg |
= —— i~k

The global curvature matrix B, g is expressed as

By = By Ty

”{ H’I

where the corresponding transformation matrix T\ g is

0o " o

T -— <4
““lo o [t

The membrane strain Ay is expressed as

!

i = e
S

i/
whiere %ﬁk, can be evaluated as

o' 'i:-*l_'_w':‘, = 1 l{
! I e -
where the curvature matvix BYy, is
1
o=
By = pl-1 L

The global curvature matrix B’y is expressed as

By, = BJ.\ST.\-‘J

0
0

L3

i}

!

o
it+1

}

a7

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
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The global matrix Ty, is evaluated in the same manner, considering that

H i
Wi = TR Wi 8

i ;
i = Wi COo8¢e + iy H'.*-'H-f./!,

where

(0 = { cos }
Y sing,

Thus, the transforimation matrix Ty, 15 expressed as

o [t]" o 0]

Ty, = . .
. [o o [t" o

The membrane strain Ag is expressed as

1 ['u.,+| T u.,]
I’l’ o T'

wliere p. = ﬁéi-l—‘ wilhiout necessity for transformation, where

By = =[0,0.1.0,1,0,0,0]
2re

3.4.1a Imposition of the boundary conditions

The various types of boundary conditions are considered:

(3.62a)

(3.0620)

(:3.63)

(3.64)

(3.65)

(3.66)

free and simply

qupported cdges as well as clamped edges, taking into account the side of the
imposed boundary condition. The only change, for each case is the curvature
matrix By, being developed from the curvature corvesponding to each case

separately,
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3.4.1.2 Free or simply supported edge on the left end

The control domain conbaing an element with a free or sitmply supported
node on the left end, as presented in Figure 3.5,

Figure 3.5 Control dommin with free or simply supported node on the
left end,

The radial curvature is expressed As the difference of the first derivative

digplacements of the element nodes (y" Jig g and (?}nr)g

A D du i
b ("’ Jisr = (57 (3.67)

1340af iyl
Using the theory of distributions, the values (5% )ip1 and (’f ) across the
b - dal /it T
boundary should be given as an average value as [ollows

Lﬁi“i] = E[ﬂ”ﬁ ; + fﬁ{liﬂ. = E['“’”f'::--r~i —uf el 1”’:':'-1'-2] - ”’;E:-ll-'ljl (3.G8)
D LT S Uga it T et lil T 2 I [T :
! O’ r—l ow'in 1w — w'y
bl ) ] i, = ) WSS 1 1.G9
(x’}: )i = |~r)i t"?:.':’ f] : l ; 2] (2:69)
Substituting the last two equations into (3.67), yields
w's
1 w,,,«_' 1
; tafe 1 soj ] a1 ? 3 ! :
R’?: = EEW”{ 3 —IF t - —Fr, ‘tj ;;’-‘ilj - B \aﬁw (1}-70)
+1
w5z
wlhere the eurvature matrix BYy, is
Br.ft-“' = iq_ [ "H- Jff+l‘ —Ir'.fﬂ (3‘71)

T



100 Cliiptir 3

The global eurvature matrix By, is expressed as
B 4 = BJ \'MFI.‘\'}J, l:i"?g)

where the ransformation matrix Ty 15

0 [ 0 0

0 0 [.uf*r' 0 .
Tys = o o [n"“] 0 (3.73)

0 0 0 ["-:'-Hl"

The corresponding expressions for the matvices By, By, and By, are the
same as for the general case, expressed by equations (3.56), (3.61) and (3.66),
respectively,

3.4.1.9 Free or simply supported edge on the vight end

The control domain containg an elemeut with a free or simply supported
node on the vight end, as presented in Figurve 3.0.

Figure 3.6 Conirol domain for witli or simply supported node on the
righit ond.,

The radial curvature is ﬂ}f]n‘tbﬂt‘d A the difference of the first derivative
displacements of the element nodes (3;;},1.1 sl (45';)

it o' '
— i 3.74
= 3 = (= Ol AR Ot N (3.74)

Using the theory of distributions, the values (m*r)u-; and (‘,%",r)g across the

boundary should be given as an average value as Fl\‘lll"lWh
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(ﬁ) __l[i}d_:)'s . du' \HE _ [ ”i]l_’“e]
Dz T T algad lie1 T gl e
Dur _ [f)w U“’ ] = .Iq[f."_”v - ’ir;.ll 4 T Lf}’:]
U'..l ~ 2l 2 = {°
Substituting the last two equations into (3.74). yields
w'$ '1:
| . fe
oo oo _gqe _gr=1 qe=1 i —nf !
Xz = F‘F” N mm = Byaw
oo
where the curvature malrix B,.\-‘* 18
1 . of i 1. e
I “l —F'. 'l{l. llzf.—l]

X4 = je2le—11 7
The global curvature matrix By, is expressed as
!
By = B yaTys

where the transformation matrix Ty is

[0 “‘]-T 0 0 0
BT
Py=| 9 [ Jl) 0 0
0 [nf] 0 0
0 o [ o

101

(3.75)

(3.76)

(3.77)

(3.79)

(:3.80)

The corresponding expressions for the matriees By, By and By, ave the
same as for the general ease, expressed by equations (3. 66), (3.61) Illh.l (3.66).

respectively.
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3.4.1.4 Clumped edge on the left end

The coutrol domain ineludes an element with a clamped node on the left
etl, as presented in Figure 3.7,

},,J—ij--L' tre

Figure 3.7 Control domain with elamped nodie on the loft end.

A .
The radial curvature vh i3 expressed as follows

X = YET—[M—J’}.,_—“)::] - ’,f;gl Ll'J{ mﬂ'il} =B aw' (3.81)
where the curvature matrix E’,\-n is
By = %{—l.l] (3.82)
e
The global curvature mabrix By, is expressed as
By =B \WTu (3.83)

where the transformation matrix Ty, is

0 [u"]T 0 0] (3.84)

Tx= sl
X lo 0o [n" 0

. i B
The radial curvature ¥ is expressed as

? e e 1 (e i [
[ﬂ”-‘m -~y | wily - 'U"Hlj _wli —w

1 o e

= 17l
Xk = };[E
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£
I'.U'If.j
I el gedl oo Wil = Uy
... skl _jedl e =Bl w 3.85
!‘J;!t‘..+..| ['! " f J J “iﬂ;-ifl..l y & ( "‘)
/i
wliere the curvature matrix E’U_, is

i . I r--+l zw.‘.‘ r Fl ‘5 B"
o = el =P (3.80)

The global curvature matrix B\H 15 exprossed ng

E.\H = E;“T\H (3.87)

where the transformation matrix Ty, is

o Y 0 0
= o o  [n9" 0 o
Py = ' 3.88
¥ 0 0 [|nf! ]1 0 (3:88)
0 0 0 [u"-“]Jf

The corvesponding expressions lor the matrices By, By atidd B_,\a are the
sane as for the general case, expressed by equations (3.56), (3.61) and (3.66),
respectively.

B.4.0.5 Clamped edge on the vight end

The control domain includes an element with a claimped node on the right
end, as presented in Figure 3.8.

Figure 3.8 Control domain with ¢lamped node on the rght end.
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Nl x F
Phe vadial curvature & is expressed s

1 W'y

1Sy —w' 2 [ ow't Pz
Xl = —g[L—‘] = ~l-L, 1J{ i } = B\

where the curvature matrix B/, is
2
; o o P
By:= F‘ . l]
The global curvature matrix Byg is expressed as
B‘\@ —_ BIxHTl\Lﬂ
where the transformation matrix Ty is

Tys = [g En;;]T [u?]rr g]

" : =i
The radial curvature ¥4 is expressed as

IS

aW

/

o dpdpwli — Wi - m/:::ll] _wliy —w
X = 13[2[ Tl I
11.:’5’:11
| : : e T 1e=
= e --:'-'-I"UE, -F 1 —[t l, F l] w iﬁ-‘ —_ EJ\
je<le= w;

wlisy
where the curvabure miatrix ﬂfw is
E’\# - _21_“14| _qe _‘t'-l.‘ftfrll
; [edje—1
The global curvature matrix By, is expressed as
By =BT\

where the transformation matrix T\:-“ is

£]=

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

(.95)
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|'.n{a | IT 0 ﬂ u
v
v 0 [n¢1 0 0 -
s ) (3.96)
e 0 (n} U
0 o " o

The corresponding expressions for the matvices By, By and By, are the
same as for the general case. expressed by equations (3.56), (3.61) aud (3.66),
respectively,

3.4.2 Cell Vertex scheme - ACV axisymmetric shell element

The corvesponding matrices B’:,, for radial and clremmferential curvatures
ag well as for the axial and circumferential elongations are defined in the loeal
nodal axes. A transformation from the nodal to global axes is performed with
the corresponding matrices of trausformation T for assembly,

d.4.2.0 General case

The control domain for the ACY element is presented in Figure 3.9, The
bowndary conditions are nol applied. Each of the pateh elements has two local
corresponding displacements o' and w’,

Figure 3.9 The patch for general case.

The curvature is expressed in each elewent node, thus the stiffness matrix
K, is expressed as
I |

[! 5 . .
Kp=2n 'é![Bi!(;D;JBI;:J'l + Bi{!pD??Eh‘-ﬂ"E} (3.97)

The radial curvature of the node ¢ is
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2 ! u’
X = T a8 ™ )

or m rewritten Torm is

; : 1 i
-t wi = w5

2 1
Xi = m [‘—‘_ﬂfe-_ o je=1

jo=1
2 s
o=
- : ﬂt'? _¢¢r1 L _I.f,w_l wy = B; i w;
an-—l(gr—l + 1) [ ’ ?ﬁi‘: el
i !J"|'|.
where the curvature matrix B"«-‘* | 18
0 :
/ = P e e =1 ge—1
Byn = dezc—l(ge—l + 11’}“ U J

The global curvature matrix By, is expressed as
/
B:ILH.I. =B \nLT\-nl

where the trausformation matrix Ty is

i 0 0

. T
0 [nf=4 0 0

T- — 41
vl 0 [n"'l} 0 0
0 o " o

The radial curvature of the node ¢ +1 15

| - 4 - Em’ - M
Nitl = el [JF o B]

or i rewritten form is

7 ol jet+1 (o I
2 wWipp —wWiyy Wi — Wy

It

Xi4l = I¢ e+ gc.:_ﬂ_

(3.98)

(3.99)

(3.100)

(3.101)

(3.102)

(3.103)
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1€
w'

_ a1 ) Wi
[!H-'l‘ (et g 'ZL] fw"fh-ll‘-l = BJ'(.‘I:EWI
il i "
set
Wiy

- 2
= ,g::g:-+1(,gr¢"_4.. RS

where the curvature matrix B-'\,yg 15

i
ﬂ*;tr-l-l([r' o+ et

Bf.\'ﬂﬂ = )[FJ-FI! _ﬁr+1'_£r-.'!!u]

The global curvature matrix By 15 expressed as
By = B’ ys2 P ya2
where the transforination matrix T,\,Hg i
o a7 o 0
0o o [ 0
0 0 [net 0
0 0 0 [uetl)

Tys =

The cirenmferential curvatuve yy is expressed as

—ensh O’
Xp= — B
v da!

¥
wlhiere %"—ﬁ can be evaluated as

Quiif _wip —wi 1 g{

dal ikl le [e W'y

Substituting equation (3.109) iuto (3.108), yields

—cosgh | w'
et )

| I L4
I W'l

where the envvature B"w | 18 expressed as

f I !
gy = ==
B vl ""I"ﬂ[ l ‘

107

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)
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The global ¢urvature matrix Bygy 8 exprossed as

_ f I &l
Bt =B i T\m

where the corresponding transforination miatrix Ty is

0 e’ 0
T*“‘“"L [n]

and

—cos 1 [
PR .. o) (B |
Xﬁ?l '!"‘2 'Unl 1 |

. U]
o o " o

i
w’ }
e
Wil

where the curvature matrix BY yo2 I8 expressed as

L
B’y = —z(~1:1]

ralf

The global cirvature matrix B, gy is expressed as

Bigz =B p2T o2

where the corresponding transformation matrix Tyy is

o ! o0
Tyg2 = ]

The membrane strain Ay is expressed as

5 thi!

e !
!

where g?@; can be evaluated as

ol Lien ok, ]
Ot e e le

where the curvature matrix B’M is

[ [
By=Br=Brz= i

F}
o g t
== [ l, H { “I.l'?lll

0

o o )" oo

|

EE[“ L 1]

)

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)
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Thus, the transformation matrix Ty, is expressed as

Tre =Trst =Tr2= 0

The global matrix By, and By, are expressed as
o I
Bys = By T

=/
Byo=B Ty

The membrane strain Ag 18 expressed as

i
Ay = —
f1 "
t
Mg = =
73
where
3 |
thy = ;l"l'-‘r;j -+ —l
I 1
Uz = 1 + Mhicas

thus the corvesponding matrices Bygy and Bygs are

3

|
By = [0,0, —,0, —

dry

|
5 = (0,0, ~—,0,
By = (0,0, 1=

3.4.2a Imposition of the boundary conditions

0 ItniT

109

(3.121)

(1.122)

(1.123)

(3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

The same types of boundary conditious are considered: free nnd simply
supported edges ag well as clamped edges, taking into acconunt Fhe side of the

niposed boundary conditions.
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J4.2.2 Free or stply supported edge on the left end

The control domain contains an element. with a free or simply supported
node on the lefl end, as presented o Figure 3.10.

Figure 3.10 Control domain with free or simply supported node on
the left end.

Because ol the boundary conditions, the radial curvatre for the node ¢ is
zero. Therefore the stiffness matrix expressed by equation (3.100) has only the
second part; e

Kj = 2rB}, DBy (3.130)

The corresponding I.‘.}cl[ll'(*.!:il.-li'(.)lm' for the matrices Be\‘-!"?‘ BMQ, Bas Baos
By mud Byge arve the same as for the general case oxpressed by equations
(3.106), (3.116), (3.122), (3.123), (3.128) and (3.129), respectively.

$.4.2.8 Free or simply supported edge on the vight end

The control domaiu containg an clement with o free or simply supported
node on the vight end, as presented in Figure 3,11,

Figure 3.11 Control domain with free or siiply supported node on
the right end.
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Because of the boundary conditions, the radial enrvature for the node i 4 1
is zero, Therefore the stilfness matrix expressed by equation (3.97) has only the

livst part, i.e

Kﬂ = QNEP{;‘}DHB 1}1"'1

(3.131)

The corvesponding {-!}{p],‘ﬁ.‘ﬁHilt,ll'lH for the matrices B.\.'f‘l= BU“‘ By B_As’.z-
By and Bygs are the same s for the general case expressed by equations

(3.101), (8.112), (3.122), (3.123), (3.128) and (3.129), vespectively.

3.4.2.4 Clamped edge on the left end

The control domain includes an element with clinniped node on the left end,

ag presented in Figure 3.12.

Figure 3.12 Control domain for clamped node on the left end.

The radial curvature of the node 7 is

el

Wiy w2 w=
O LS Wl A w'y _nl !
%= [~ = [0 -1 e =Baw

]

w4

where the curvature matrix B’,\.“ o
2
AR \
By = 12 [l-h -1, .l,U}

The global curvature matrix By, is expressed as

¢
Bxsl =B xsiTxnl

(3.132)

(3.133)

(3.134)
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where the transformation matrix Ty is

0 0 i 0 0
0 [n 0 0
Py == 4
W7o 0 ' e
0 0 0 0
The radial curvature of the node ¢ + 1 is
L2 [Trf"ﬂ'-} - 14)‘:{';"]1 whiy —w'§
AL T =3 ST
w'y
1t
2 w'
e 41 TEN| B i+1 ! ;
— {:”b._l_'l (I‘: re F: |1) [d . "I! . l 1‘ 'I'H’Fi-]l - E 5 a2 W
gl
W42

where the curvabure mabrix B!.\'ﬂ is

2
B’.\:#E e

- el a1 e git
gvp.-HUr _Hr--r-l) [j‘ y =T =15 ]

The global curvature matrix By,s is expressed as
_ 1l
B;\_'H:.Z =5 _\'.~:‘3T.\-33

where the transformation matrix T, is

0o " o0 0
0 0o  [nf 0
T a7y = Ll
\a2 0 0 Inrﬁ-l—ljf 0
0 0 0 [1'1"'"'1]}

(3.135)

(3.156)

(3.137)

(3.138)

(3.139)

The c'.c)rresl:)cm(:ling exprossions for the Bygy, Bga, By, By, Bygg and
B gz are the samne as for the general ease expressed by equations (3.112),(3.116),

(3.122), (3.123), (3.128) and (3.129), respectively.
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3.4.2.5 Clamped edge on the right end

The control domain ineludes an element with a clauped node on the right
end. as presented in Figure 3,13

Figure 3.13 Control domain for clamped edge on the right end.

The radia) curvature of the node ¢ is

N R e 5
x;l -— !"_l .ll t“[ .“‘._'_ =r o1 —{f.‘.': = --l —
-w’i':li
- 2 o ¢ e=1 ju—1 w't ™ ) ! ;
o Fte—]“;Pi _1_3,-)'[1 s o ] 'u_:‘*il = B.tsl“" (,},Lrl(j)
Wi
where the curvatuve matrix B,y is
B’ = san— 2 B [rﬂ _!" _{f."_.l i!“_l] (.3 141)
(8l = ﬁﬂ&l’*—l“T:}:f-) ’ ' i 4.
The global curvature matrix Byy i expressed as
B:\’HI = BJ\anwl (3.142)

where the transformation matrix Ty, 18

mey" o (1
e=1yT
Ta=| 0 I ) o 0 (3.143)
| o " o o
0

0 0 [n'"']T
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The radial enrvature of the node ¢ + 1 is

'I_H‘:;
2 pw'fyy —w'j 2 ' - ) _
Xikl = 72 [.___T... 1] = o (0,1, 1,0] Wit (= B ow  (3.144)
u'ifs
where the covvature matrix B’,{Hg i
Bl = 2 [0,-1,1.0] (3.145)
&2 ?:{_:z al T T
The global curvature matrix By, is expressed as
By =BT (3.146)

where the transformation matrix Ty is

0 0 0 0
o " o0 o
0o 0 ) o
0 0 0 0

Tyag = (3.147)

The corresponding expressions for the Bygr: Bypa: Bag. By, ].3;““ and
B ygg wre the same as for the gnuul'ul CREEe vxpruasud by equations (3.1 12},(3.116).
(3.122), (3.123), (3.128) and (3.129). respectively.

3.5, NUMERICAL EXAMPLES

Several mumerical examples ave presented dealing with the linear analvsis of
axisynumetric shells.
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3.5.1 Bending of circular plate under uniform load

The first test is a circular clamped plate under uniform load p = HJ/?:'HQ.
ghown in Figure 3,14, The material model is linear elastic, with the Young
modulis B = 1.0 = lljﬁfh/vﬁn12 and Lhe Polsson's ratio # = 0,3, The analysis 15
performed using the different uniform meshes of 10, 20 and 40 eloments, The
obtained results are compared with theoretical results [Z--J], for the vertical
displacements and radial bending moments,

(p=1.0 lb/in’

I

"’i’l" 10

E=1.0%10" 1b/in”
1v=0.3

Figure 3.14 Circular plate under uniforin load.

The numerical results for the center displacement obtained with the ACC
and ACV elements arve presented in Figures 3.15 and 3,16, vespectively, The Cell
Vertex scheme based element ACYV demonstrates somewhat faster convergence
‘ate.

The same kind of observation, concerning the advantageous convergence
rate, can also be observed in Figures 3.17 and 3,18, where the bending moment
My 14 presented.
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Figure 3.15 Displacenient diagram for difforent meshes - ACC ele-
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Figure 3.16 Displacement diagram for diffevent meshes -
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20 ‘
10_elements |

15 |- 20_elements -——-----
40_elements -+

10 F exact_saolution +

0 5 10
Distance
Figure 3.17 Radial moment dingram for different meshes - ACC
element.
20 T
10_elements |
15 |- 20_elements ------- : —
40_elements - -- B

; p
10 + axact_solution

(4] 5 10
Distance

Figure 3.18 Radial moment diagram for different meshes < ACY
elemoent.
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3.5.2 Spherical dome under uniform pressure

Figure 3:19 shows a spherical dome with clamped edges, under the uniform
prossure of p = Lb/in*. The dome radius is © = D0ums and the thickness is
| = Bins. The Young modulus is B = 2 x 1090 /in® and the Poisson's ratio
g o= é The analysis is earried out with the uniform meshes of 10, 20 and
40 elements. The obtained results are compared with theoretical Thnoshenko
results [Z-4], for the radial moments and eirenmferential normal forees,

p=1.0 ib/ms

B=2 x 10° 1b/in"
v=1/8

Figure 3,19 Spherical dome under uniforim pressure.

The civeumferential normal force diagrams obtained by the ACC and AGV
elements are presented in Figures 3.20 and 3.21, respectively. It is clear that the
ACY element leads to the superior result, yielding a much better representation
of the analytic solution. The same accuracy i obtained with the ACC element
only when the mesh is refined.

The same kind of abservation can be made for the accuracy of bending
moments M. where the significant better results are obtained with the ACY
element. as shown in Figures 3.22 and 3.23, respectively,
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|
10_elements
20_slements -——---- -
40_elements - Gr
exact_solution  +

40 = e -
+4. '||;-_;f.""' > T —— +rL—'F'F:F
50 F = L Rvihn et i) e fEis i g v
60 ' ' ;
30 20 10 0
Grids

Figure 3.20 Civcumferential uormal forces diagram for different
meshes = ACC element.

!
10_elemeants -
20_elements -—-—-----
40_elements - g

exact_solution  +

‘60 | | I
30 20 10 0
Grids

Figure 3.21 Circumlerential noriial forces dingram  for ditferent
meshes - ACV element.
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|
B ' | 10_elements ———
50 - - . 20_elements -~
40_elements -
40 exact_solution

Figure 3.22 Radial moment dingram for different meshes - ACC
vlement,

1
10_elements
20 _elements ----———- =
40_elements --—------

exacl_solution v e

.20 i i |
30 20 10 0
Grids

Figure 3.23 Radinl moment diggram for different meshes - ACY
element.,
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3.5.3 Toroidal shell under internal pressure

Figure 3.24 presents o toroidal shell under internal pressurve of p = l.l.ln’.h/'f.ﬂz.
The rading has the value » = Wing and the thickness ¢+ = 0.56ns, The Young
modulus 18 £ = 107/ in? and the Poisson’s ratio is ¥ = 0.3, The analysis is
performed with the meshes of 10; 20 and 40 elements and the obtained results
for the radial displacements; axinl and cireunferentinl forees are uuru]n-u't-.'d with
the theoretical results.

E=1.0" /it
v=0.3 "
p=1.0 b in

Figure 3.24 Toroidal shell nuder internal pressure.

The diagrams of the vertical displacament. shown in Figures 3.25 and
4.26, demonstrate that the ACV element leads to the excellent result acouracy,
whereas the ACC clement i8 significantly less aceurate.

The same tendency is demonstrated in Figures 3.27, 3.28, 3.29 and 3.30,
where the normal axial and circumferential forees component dingrms are
presented.  The coarse mesh leads to the oscillatory result at ¢ = 907, with
digsapearing of the mesh vefinement,
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Figure 3,25 Radial displacement dingram for differant meshes - AGC
clement,
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Figure 3.26 Radial displacement dingram for different meshes - ACY
element,
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8 .
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Figure 3.27 Ciremmferential pormal forees diagram for dillerent
meshes = ACC elenent.
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Figure 3.28 Circumlerential pormal forees disgram  for different
nieslies = ACV elament.
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Figure 3,29 Axial normal torces diagram for different meshes - ACC

eleinent.
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Figure 3.30 Axial novmal forces diagram for different meshes - ACV
element.
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3.05.4 Hemispherical shell

Figure 3.31 prosents a bemispherieal shell with the uuit moment at the free
ol M = ],'.in,£b4m2. The radinsg has the value ¢ = 100ins, the Young modulus
g = 1.0x% 10 HJf'.".n:‘! aned the Poisson's coeflicient is ¢ = 0,33, The analysis is
performed with the uniform meshes of 10, 20 and 40 elemonts and the obtained
resulis for the horizontal displacements ad the radial moment are compared
with the reference solution obtained with two node linear axisyimmetrie shell
element based on Reissner-Mindlin theory with reduced integration.

M=1in tb/in"

|
E=10" Ib/in"
v=0.33

Figure 3.31 Hemisphorical shell.

The disgraimns of vertical displaceients, sliown in Figures 3.32 and 3.33,
demonstrate again that the ACV element leads to the excellent result accuracy,
whereas the ACC element is significantly less aceurate.

The same tendency is demonstrated in Figuves 3.34 and 3.35, where the
bending moment M, component dingram is presented for both elements. The
coarse mesh leads to some discrepancy of the exact solution for the ACC element
specially al the free end, while the ACV element shows the excellent result
avcurney.
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CHAPTER 4

NON-LINEAR AXISYMMETRIC SHELL

4.1 INTRODUCTION

[ an actual engineering analysis, it ig a good practice that n nonlinear
analysis of a problem is always preceded by a linear analysis, in other words, the
nonlinear analysis is considered as an extention of the complete analysis process
baged on the assumptions of linear analysis.

The nonlinear extension of the axisyiumetric shell element is presented in
this chapter. This has been accomplished only for the ASV axisymmetric shell
element. based on Cell Vertex scheme, since it was proved that it is superior to
the ASC Cell Centored scheme based element,

The establishment of an appropriste fiuite element model for the nonlinear
analysis is based on the sufficient anderstanding of the problem under consider-
ation as guite a few solution variables have to be judiciously solected - nonlinear
kinematic formulation, material inodel and iterative solution strategy. By the
basic hypothesis of the Updated Lagrangian formulation and explicit dynamic
formulation this element is extended to the domain of nonlinear analysis, both
materially and geometrically and provide the very powerful method for the prac-
tical applications, most notably sheet metal forming analysis,

The outline of the chapter s as followd. First, the basic expressions of
nonlinear solid mechanies theory are reviewed, supported by Appendix 4.1,
Then, the particulavization of voulinear theory for the axisynunetric shell
element ASV is presented with the basic assumptions of the shell model ndopted.
The explicit dynamic formmlation is described with the dynamic equilibritim
equations written in ters of the principle of virtual work using the Updated
Lagrangian formulation, A short overview on the time integration of the
equations of motion and the stabilivy of explicii time integration is also given,
Some remarks about the treatment of frictional contact and a short view on
sheet metal forming analysis for better understanding of examples ave given,

Finally, the ASV element has been implemented in a nonlinear explicit
dynamio code available at CIMNI. The extensive et of numerical simulations
ling been earvied out in order to corroborale a very satisfying performance of
the developed ASY shell element.

129
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4.2 BASIC EXPRESSIONS OF NON-LINEAR SOLID MECHAN-
1CS THEORY

This section gives a brief introduction of expressions of nonlinear solid
mechanies Lheory, what is presented more extensively in the Appendix 4.1
dealing with the details of nonlincar solid mechanies theory. The review of the
expressions imporiant for description and deformation of a solid body na well as
the main stress measures ave given, The equations of motion ave presented in
thie spatial and material conligurations and the weak form of equation ol motion
is deseribed.

4.2.1 Description of motion and deformation of a solid body with the
main stress measures

Two different descriptions ol motion of a continunum medium are used in
mechanies [B-1], [C-2], [H-4], namely Eulerian and Lagrangian deseriptions,

o [nn the Lagrangian or material desceription the behaviour is deseribod in terms
of material coordinates X

x = x(X,1) (1)

o 1n the Eulerian or spatial description the behaviour is deseribed i terms of
the spatial coordinates x

X = X(x, 1) (4:2)

e The deformation gradient tensor F is defined as the dervivative of the spatial
coordinates with respect to the material coordinates

B = (-‘l-.ﬂ}

& Using the expression for the gepuared length in the deformed configuration
rowritten in terms of the vector dX in the reference configuration the right
and lelt Cauchy-Green tensors are delined ns

c=¢l.F, b=F ¥ (4.4)

s Usitg the expression for the squared length in the veference confignralion
written in terms of the vector dx in the deformed configuration, the Cauchy’s
deformation tensor or Finger deformation tensor is
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e=FYH . Fl=p (4.5)

The difference between the squared longths for the two neighbouring parti-
cles (used as a measure of deforinntion) expressed in tevius of the veetor dX
i the reference configuration leads to the Green-Lagrange slrain fensor

E=gchn (4.6)

The difference between the squared lengths for the two nelghbouring parti-

cles oxpressed in terms of the vector dx in the deformed configuration leads
to the Almansi strain tensor

-

1-¢) (4.7)

e =

The velation between the Green-Lagrange strain tensor and (he Almansi
atrain Lensor 15

E=F.e F (4.8)

The spatial velocity gradient L with the respect to deforied position is
expressed as

x

L d+w (4.9)

where the rate of the deformation tensor d is

d=%m+L% (4.10)
and the spin tensor w is
u;%m—L% (4.11)

The relation between the Green-Lagrange strain rate E and the rate of the
deformation d is

g=F".d.F. d=FT.8.F"! (4.12)



132

Chapater

The force vector dP acts on the elemental surface dI' and it is expressed by
dP = tdl’ = n - adl’ (4.13)
where € is the surface traction. n ig the unit normal vector and & is the

Canchy gtress tensor.

The force dP expressod in term of the initial nndeformed aren dly, gives
the frst Piola-Kirchhoff stress tensor T

dP =T - NdI'y {4.14)

The force dP expressed by application of the trapsformation F I ta the
force vector dP, gives the second Piola-Kirchihoff stress tensor S

AP = PP = P77 Nal'y = N - 8dI'y (4.15)
The relation between the first and second Piola-Kirelihoff stress tengors is
r

s=TF Y, T=8F' (4.16)

The relations between the true’ Cauchy stress and the Hist and second
Piola-Kirchholf stresses are

a’=]TF'T. T=JF .o (4.17a)

o ir 8. F, §=yr .0 ¥ (4.17h)
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4.2.2 BEquations of motion

4.2.2.1 Equations of motion an the spatial configurateon

The eguations of motion in the spatial configuration are deseribed in the
strong form [M-2], by the following set of equations

s Cauchy equation of motion

Vo +pb=pa xeftl, tel0,7] (4.18)

e Dhoundary conditions

traction:

no=t xekl. 1el0,T] (4.19)
displacement:
u=a xell. 1€[07] (4.20)
initial:
u=u; xe =0 (4.21a)
v=vyg xe@f t=0 (4.21b)

where b is the body force vector, I, and T are the parts of the boundary
on which displacement and traction are specified.

4.2.2.2 Equations of motion in the material configuration

The equations of motion in the material configuration arve deseribed in the
strong form [M-2], by the following set of equations

e Clauchy's equation of motion
VT + ppby = pA. X € O, teloT (4.22a)
Vx(8:F1) + mby=pA, X&' te(07] (4.22)
e boundary conditions

traction:
N.-T=T XelY, telo,T

(4.23)
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digplacement:

u=0a Xell, 1el0,1 (4.24)
initinl:

u=uy Xe 1el0,7) (4.250)

v=vy. Xe@' telo.T] (4.250)

where by is the body foree veetor, T is the livst Piola- Kirchhioff stress tensor
and 8 is the second Piola-Kirelihoft stress Lensor,

4.2.3 Weak form of equation of motion

By employing a standard variational procedure fo the Cauchy's equations
of motion in the spatinl conliguration [S-4}; its weak torm is

/sla*-a : Vx(ou)d§) = j{ry pll = a) - dud(2 + /I"f L dudfl (4.26)

where w is the arbitrary kinematically adimissible displacement field andl du is the
virtual displacement field. The above equation physically expresses the principle
of virtunl work that establishes the coudition of a dynamic equilibrium equality
of the internal and external virtual work.

[n the same fashion, the variational procedure applied to the equations of
motion in the material configuration in terms of the fivst Piola-Kirchhoff stress
tensor and the second Piola-Kirehhoff stress tensor, leads to

/“cl T : Vx(du)df) = _/“Il pol(by — A) + duedfd + ~/19. T dud? (4.27)
' Sl Y N T %
J o8 ET) : Vg (puyast = [ potbo = A) - SudS2+ [ T-oudsd (428)

The same seb of equations in rewritten forni by introducing the corresponding
energy conjugate deformation measures is the base to formulate finite element
equations

I ) — - ' i 1 . 4.2t
»/Q‘ o Sedsl .ﬂ!f p(b—a) - ouds? + jl—L { - dudfl (4.29)
‘/ﬂu T : 6Flil = ‘/“U by — A) - duad(2 + fl‘ﬂ T - Sud (4.30)

_/m S : SEdS) = /ﬁu po(bg — A) - ud€ + ./rg T Sud2 (4.31)
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4.3 PARTICULARIZATION OF NON-LINEAR THEORY FOR AX-
ISYMMETRIC SHELLS

4.3.1 General expressions

In the development of a nonlinear finite clement model for axigymmetric
shells, the Updated Lagrangian formulation is nsed. The Updated Lagrangian
formulation is devived from the Total Lagrangian formulation with the reference
configuration updated as the body deforms instead of keepuig it fixed as the
original undeformed coufiguration [F1-4}.

The loeal updated Green-Lagrange strain vector ab any puint. within the
ahell with respeet to the reference confignration for axisymmetric shell element
1 piven as

) duy , 1p8uiy? o 1o0ugy®
' { !} _ | aralen) +ala) (4.32)
Eg B+ &(F;LTE |

where 1y and g are the local digplacements from the current reference conlig-
uration (and not total displacements), as shown in Figure 4.1,

»
reference
configuration

current
configuration

=

Figure 4.1 Updated Lagrangian formulation.

The global radial displacement from the reference configuration is given in
torms of the local displacements as
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] = Wcosty = ussing, (4.33)

where w) and ug are the local displacements from the current reference con-
figuration and ¢, is the inclination in the reference configuration of the local
coordinate gystem to the global coordinate system. The derivatives with re-
spect Lo the local coordinate system s, wiidl z, are performed with respeet Lo
the reference configuration and 7, is the radius in the reference configuration
oxpressed as

I?.“ = Jr;'.t“'\,' - Enyi'ﬂfﬁ’” ("‘l.:i‘:tJ

with I np being the radiug of the nodal plane in the reference configuration,
The displacement throngh the thickness of the shell is given by

Wy = th— 2810 (4.35a)

g = W — Zy + zeosd (1.350)

where w amnd w are the nodal plane displacements from the reference conligura-
tion. The distance from the nodal plane to the poiut considered in the current
configuration is denoted by =z and depends ou the thickness strain which is not
lknown a priori. Thus, the approximation has to be done, where

R ]
Il
:{:1

(1.36)

what substituting in equation (4.35a) and (1.35D) gives the local displacements
ab any poiut within the shell

Uy = 1t — zpathid (4.37a)

ug = w = zo(l — cosd) (4.370)

The Green-Lagrange strain vector can be expressed as a swin of linear and
nonlinear parts

E=E; +Eyg (4.38)

where
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i Lo Bugy? Lo #
o, o { B g o] HER) G (4:39)

'“,L NL = é(#—)l

The virtual work equation for the Updated Lagrangian formulation involves
the virtual variation of the Green-Lagrange strain. T liis, the expression for the
virtual variation of the Green-Lagrange strain is expressed as asum of the linear
di27 and nonlinear dEy g, parts

dE = dEj, +dEyy, (4.40)

where the expressions for the linear and nonlinear parts are not preseénted in
detail because of their lengths (it ean be found in [H-4]) and as it will be shown
later, the nonlinear part is not necessary in the Updated Lagrangian formulation.

The finite element diseretization requires more amenable expressions, so the
diseratization of the variation of the Green-Lagrange strain vector is done, The
discretized variation of the Groen-Lagrange strain veetor, presented i standard
notation is

2
dE = Y Byda, (4:41)
i=1
where
B = By + By (4.42)

If the reference confignration ¢oineides with the position where the B matrix
is calenlated, By = 0,50 the equation (4.42) s rewritten as

B, = By, (4.43)

and as it s evaluated with the current configuration as the reference configu-
ration, it coitbains none of the l[-\,}",_]:(-] rotation terms that appear in the Total
Lagrangian formulation.

Having updated the coordinates, the updated stresses with respect to the
current configuration are required. The yelevant stresses with respect to the
current confisuration arve ‘true’ or Cavchy stresses. Thus, the previous second
Piola-Kirchhoff stresses must be modified from the previous configuration into
the Cauchy stresses.
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4.8.2 Particularization for axisymmetric Cell Vertex ASV clement

The element extended 1o the nonlineny analysis is the ASY axisymmetrie
aliell element. 1t is an elasto-plastic two node axisymmetric shell element which
allows for membrane and beuding defornitions. Each node Las two degrees
of freedom, namely radial and axial displacements,  The axigynuuetric shell
model adopted s suitable for the aualysis of axisymmoetrie shells allowing for
large displacements, large votations and small strains, The Updated Lagrangian
formulation is used for the description of the nonlinear kinematics. The
axpression for the matrix B given by equation (4.43) from the previons section
can be rewritben as

B; =By (h.44)

The matrix By, for the ASY element, for the general case a8 well as for the
imposed boundary couditions is developed in detail in the previous chapter.

The element is formulated using the layered approach where each layer is
assumed to be in the state of the plane siress, This lnyering allows for the
gradual spread of plasticity through the thickness, as shown in Figure 4.2,

it % e =
= e = L_]f —
— A ) = .
] | | 1 ] 1 ]
) ! ! Ik
a) b) a) d)

Figure 4.2 Yielding of layered element.

The stress through each layer thickness is assumed to be constant. The
consequence of this assumption i« that there are no mowments acting on a single
layer, while menibrane stress oxisty, As the plastification adyances, more layers
become plagtic, until eventually the whole eross section becomes plastic.

Material nomlinearities are congidered by means of the Lypoelastic model of
clastoplasticity. To describe the elasto-plastic material behaviour, in addition
to the elastic stress-strain relation. the following properties are necessary:
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® o yield criterion which specifies the state of multiaxinl stress corresponding
to the start of plastic flow. For the given element, the von Mises yield
eriterion is adopted; detalls are given in Appendix 4.1,

= & flow rule which relates the plastic steain fnerements to the currenl siresses
i the stress inerements subsequent 1o yielding. The agsociated How ritle
is adopted,

= & hardening rule which specifies how the yield condition is modified during
plastic How. The isotropic work hardening is adopted.

I ovder to develop plastic flow, the stress must remain ofi the yield surface,
If the stress is outside the yield surlace, it should be returned to the yield surface,
The stress-stain malrix is dependent on the qurrent conditions of the sLresses,
straing and other state vaviables plus tlieir history. The aim is to update the
old stresses, straing and equivalent, plastic strains. Thus, to obtain an accurate
response prediction, it is necessary to imply the constitutive equation in an
integration process. There are some alternative procedures for such a process as
the forward Euler scheme, nse of subincrements and use of the chosen form of
the backward Euler scheme,

4.3.2.1 Backward Euler return

For all procedures mentioned above, the first step i to nse an elastic
relationship to update the stresses. I the npdated stresses arve found to lie
within the yield surface, the material is wssumed to be elastic, so thete s no
need (o integrate the rate equations, However, if the elastic stresses are outside
the yield surface, itegration procedure is necessary, The use of the hackward
scheine is performed and it hag turned out to be officient and particularly simple
b form becanse of the von Mises yield eriterion. The yield funetion in sqnared
form s expressed as

f =05 o} (4.45)

The generalized algorithin has the form
o =0+ ClAe - Agy) =ap — CAeg), (4.46)
Agy = AM(1 — n)ay + nag] (4.47)

If the coefficient oy = 1, the backward Enler or closest point algorithun is
implemented. The full backward Euler scheme involves the vector agce that is
normal to the yield surface at the final position €' for which the stress sutisfies
(4.46). Hence, an iterative procedure must be used Lo solve the nonlinear



140 Cliaptis 4

pquations (4.46) and (4.47). Thus. the hackward Euler return is based on the
eeuation

ap = op - ANCag (4.48)

The general and backward Euler refurns are presented in Figure 4.3,

foc
a B s B
\4 /
A Aol c!
d; X
Ty,
0z T

Figure 4.3 General and backward Fuler veturns, a)the [Jow veclors

a, and ac b)backward Euler return form inside the yield
surface,

After some algebra [C-2], the yield funiction expressed by the equation (4.45)
ean be rewritten as follows

i 1S Cy 1

= e ey | — s gt = 0 149
: "‘(U FANpr)* (L Mm.ﬁ) Z (4.49)
where

o ll_{_ 5‘ Ci=(oxtayp Co=Hoat ) (4.50)

The values Cp and Cy in the equation (449) are based on the stresses which
ave estimated at point B. The corrector for the first iteration is found by
caleulating the flow vector at point . current hardening parameter, plastic
multiplier inerement and the current value ol stresses at point ¢ Knowing all
Lhese valies, it is possible to caleulate the equation (4.49).
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The nonlinear equation for the square fovm of the yield function is solved for
AN, The value of the square form of the yield function is calenlated and checked
i the stress point lies on the plasticity surface. If the solution i not converged,
the enrrent value of the flow vector and the plastic multiplier ave calenlated and
roturned again to caleulation of the square form of the yield function, repeating
the process untill the convergence is achieved.

If converged, the actual corrected stresses and fHow vector are caleulated.
Having the last plastic multiplier for the converged state of the stresses the
plastic straing ave ealculated. The stresses are restored on the plasticity surface.

4.8.2.2 Thickness update

The thickness of each layer must be updated as well as the reference
confignration from the lagt converged solution into the current solution [H-4].
The thickness strain for axisymmetric shells is expressed by elastic and plastic
parts as follows

14

Byg = ——— (E{y + By) - BY, EL, (4.51)

=

The elastic part i formed due to the Poisson's ratio effects aud the
plastic part is formed due to the fact that the plastic How in metals ocons
at the constant volume. The thickness update permits a substantial change
of the thickuness of the shell nccompanied by large votations provided that
the incremental quantities are kept small at each update of the relerence
configuration.

4-3.2.3 Compulation of stresses

[ order to establish the reference configuration, the stresses at the curvent
position, which are the updated second Piola-Kirchhoft stresses at the position
of the last converged solution, must be transformed into the Cauchy stresses in
the current confignration.

The stresses afb (he end of the inerement using the small time increments (of
tlie order of 1079), are obtained by

g™ = o' 4 D (4.52)

The stresses o must be transfored to the ¢+ At configuration before the
s (4.52) is performed. The vesultant stresses are computed from the local
stresses by
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a’:{ IZ‘:*;} - /gﬁ{ ‘::,} de’ (1.53)

where o' = [al,, rrf;]{ and b is the shell thickuess,

4,4 EXPLICIT DYNAMIC FORMULATION

The explicit, dyntunie formulation has recenutly become very popular as it
does fiot reguire the solution of a system of equations, The idea is based on
solving the dynamie equilibrinm equations at time ¢ using an explicit integra-
tion scheme with a diagonal matrix, The dynamic equilibrivmn equations are
written in terms of the prineiple of virtual work using the Updated Lagrangian
fortmulation, The Updated Lagrangian formulation includes all kinematic non-
linear effects due to the large displacements, large rotations and large strains
|F1-4].

The discretized form of equilibrinm squations is expressed ns [Z-4]
M+ p=f (4.54)

where M is the wass matrix and p and £ are the vectors of internal and external
forces, respectively. These forces are caleulated by assembling the element
contributions

p =/ BT (4.55)

£ = / L N7 tA (4.56)

where ¢ 15 the vector of surface forces, i.e. contact forces acting on the element,
The strain matrix B and stresses o ave divided into membrane and bending
ks

B=ﬁ;*] i ar’=[””‘] (4.57)
]

with

am = [NuNpg| o= | M, M| (4.58)
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where Ny and Ny are axial and eircumferential forces and My and My are
the radial and eirenmferential moments, respectively. The equation (4.54) is
integrated in time using the standard explicit dynamic selicmie with a diagonal
(lnmped) mass matrix, presented in detail later. The flow chart of the explicit
dynamic solution can be presented as follows;

EXPLICIT DYNAMIC SOLUTION
Discrete dynamic equilibrinm equation
Matp="f

Solution at time (,

1.In order to compute kinematic vaviables, the following steps are under-
biken:

aceelerations:
ﬁu st Mﬁl[t.n - p“} MD — t'l'lilgM

velocitios:

A = a"F At

displaceinents:
L ekl
antl = g 4 ﬂ’»; Al

where A" F = g (A" 4 Atn),

9. Straing and stresses €T ot are computbed.
3, Internal foree veetor p™t is computed.

4. Frictional contact conditions are checked.

5. External force vector £ iy computed.

G. The first step is performed again and the process for the next time step
is repeated,
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4.4.1 Lumping of a mass matrix

The mass matrix m, is called the consistent mass wabrix, The squations
of the motion ave coupled with the consistent nuss matrix because the global
lass malrix is not diagonal what leads to computationally costly solution. To
overcome this problem, the use of diagonal mass matrices witl zero off-dingonal
berms are performed. It grounds the base of the efliciency of the explicit dynamic
code,

A diagonal (lumped) mass matrix is obtained by applying a special lnmping
procedure to o consistent miatrix. The lumped mass matrix can also be obtained
by distributing the element mass equally Lo the nodes,

The diagonal terms for translational degrees of freedom are obtaied as
tI““UWH,'

e the diagoual coefficionts of the consistent mass matrix are couputed
* the total wass of the element 1 is coin pted

e the munber s by adding the disgonal coefficionts g associated with
translation is compnted

¢ the diagonal coefficients My are gealed by multiplying with the ratio /s,

4.4.2 Time integration of equation of motion

The solution of the dynamic problen is performed by integrating egnation
(4.54) with vespect to time, The time integration is a step-by-step procedure in
which the deformed coufigurations are found in the teremental way at the tine
instants 1,49, ...0p—1...T where by = Ak, by = b, + Aty and Aly, vepresent
the length of the time steps eriployed in the intepration of equations of motion
and w is the number of the integration step,

The equation whose solution is known at thne ts used to caleulate the
solution at ¢ + 8¢ time, for the explicit fovinmlation. The solution at time £ + 8t
is obtained using the central difference schemne [B-1].

The finite element model has only the franslational degirees of freedom. The
deformed configuration at a certain tine Ly is defined by the displacement vectors
uy of all nodal points, The ineremental displncements are caleulated at each
bime step and are used to update nodal eartesian coordinates.

The following steps ave performed for the translational equations of a
certain uodal point. First, the vector of (he nodal translational accelerntions
is culeitlated

I . i
tin = ZR(E -~ Fi) (1.59)
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The vector of the nodal translational velocities is caleulated as
. HE p=y 1, ; .
llﬂ-‘f—]- =1 3 El.l“(&f.”_[ -+ &(;”) ("l.f](})

Finally, the vector of the nodal pranslational displacements is
R .
Wyl = Ly + 1 L-J_L&’In {'\':L(.}l)

where M is the mass assipned to the nodal poit.

The time integration algorithm allows the use of a varluble time step. The
condition of stability of the explicit tine integration requires a time step iz
which should not exceed a eritical thme step, and it is computed for each time
step or it determined intervals,

4.4.3 Stability of explicit time integration

I explicit time integration, the selection of an appropriate time step
is crucially important, The central ditference shome Lime of integration is
conditionally stable. The thne step length is limited by the expression

p

Winaa

Ad 'f_: »."-}fem' - (4.62)

where Al is the eritical time step and @i is the highest civcular frequency
of the digerete systen, so equation (4.62) holds for nontlitiear problems.

4.5 TREATMENT OF FRICTIONAL CONTACT

Coutact and friction appears as a consequence of the interaction between
different bodies, Such interactions are typical for metal forming problems where
the metal interacts with the tools, producing a source of complexity to the
mmerical simulation due to the nonlinear nature of the houndary couditions.
The used contact algorithm is based on the penalty method with friction
governed by the Coulomb law,

In 2D contact, the interface suvfaces are diseretized with 2 node straight
line segments. One side of the contact surface i designated as the slave surface
and the other one as the master surface with the nodes defining these surfaces
called slave or master node, respectively. The contact conditions are considerad
nodally. Each slave node is checked for penetration through the master surface.
If o penetration is detected, an interface force is applied between the slave node
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and the appropriate master nodes, The magnitude of this force is proportioual
(0 the amonnt of the penetration and penalty coeflicient.

The contact algovithn performs two tusks: contact search and ealeulation
of contact forces,

4.5.1 Contact search procedure

The searching procedure should be ewmployed at every time step to find
the current contacting area, The contact search procedure (8-1], includes the
following steps:

o Tor ench slwe node, the closest master node is found through checking the
distance between the slave node and all the master nodes,  The search
procedure iy started from the closest master node from the previous thme
step.

o The master segient candidate for contact with the given slave node is
determined and @ simple penetration check is performed.  The segments
connected to the closest master node are only chocked.

8 ”-' hl"-"- [.H‘.'lll’.‘-l'.l'ltt-'lﬂll iH Ifc““__“!‘ tll'u'l ;_.u;_uu], l(.’lﬂ}ll.iﬂ.‘ll ﬂf L!'[i“.‘ f'.”l'lr.l.l('.". ‘)UIUL 1 1'110
master sepment and the amount of the penetration is caleulated.

4.5.2 Calculation of contact force

The searehing procedure is to be employed at every time step to lind the
current contacting avea. The penalty method is used to enforce the normal
contact conditions and Lo compute normal contact forees. The normal contact
force B, applied to the slave node is proportional to the amount of penetration
(¢ < 0) and a penalty coeflicient k"

Pr= My (4.63)

The tangeitial contact forces are caleulated using the loeal rvegularized
Coulomb friction law

F' = u|F"| (4.64)

A cotitact interface is defined by the control parameters for the coutact
algorithm, as the penalty coethicient friction data and topological definition of
contact surfaces. The topology of master and slave surfaces in each contact
surface has to be given by the lists of nodes nsed i the segment definitions as
well as Lhe segment connectivities for the master and slave surfaces.
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4.6 SHEET FORMING PROCESSES

This section gives a short overview of the problems encountered in the conrse
of wodelling sheet forming processes and provides sowme infortation on Lthe data
preparation for these problems. The data required containg all the physical
paranieLers aasociated withi the Ainite element model for the sheet ﬁ)l‘]llil]g process
being considered: the diserete model of the waterial parts including diseretized
geometry, material properties, interaction between the sheet and tools, loading
and time dependent parameters. The diseretized geowetry is given by Lthe list
of nodal points with their coordinates and the lists of linite elements used in the
diseretization,

The modelling of the matevial parts for the simulation of a sheet forming
process consists of modelling a sheet and modelling the tools used, namely the
die, punch and blankholder.

4.6.1 Sheet

The sheet can be discretized with either solid (continuwm) or shell elements.
Using solid elements requires two surface contact conditions Lo be introduced,
bt this allows the change in thickness 10 be treated more precisely. Through the
thickness, stresses can thevefore also be acconnted for. Shell elements nsed in the
diserotization of the sheet vield the possibility to vepresent complex deformations
properly. Problems can be either analyzed using threo dimensional models or
two dimensional models for plane stress, plane strain or axisyuimetric cases,

4.6.2 Die and punch

Sinee the deformation of the die and punch is usually negligible small
compared to the deformation of the sheel, they can be considered rigid. In
the finite eloment model the rigid surfaces of the die and punch can be
approximated with straight line segiments in 2D models and with triangular
ancl /or quadvilateral facets in 3D models. Diseretized tool lines or surfaces are
used in the contact analysis and the algorithing analyze the teraction hetween
the tools and the sheet. For this reason the diseretization of the contact surfaces
should be compatible with the finite element discretization. Visnalization of the
pigid surfaces is obtained by means of an additional description with element
type Dunmy.

[ the model, the die is usually completely restrained by fixing all the die
nodes. The punch usually moves as a vigid body with a prescribed vigid body
velocity,
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4.6.3 Blankholder

The blaskholder can be treated as rigid tool similarly to the die and punel or
it ean be modelled as deformable body, The mesh for a deformable blankholder
i usually very coarse in order 1ot (o increase the size of the model excessively.
[ the vigid model of the blankholder one of the nodes is nsually chosen as
the master one and the other nodes ave treated as slaves by means of kinematic
constraints. The interaction between the blankholder and the sheet is considered
in the analysis and the contact data must be nput for the blankholder sheet
erface s for the other tools, The application of the blaukholding force should
e considered very earefully, Tn the dynanic analysis it is necessary to apply
this force aloug with some damping o ensure the steady value of the pressure
on the sheet.

4.7 NUMERICAL EXAMPLES

Iy order to corroborate o very satisfying performance of the developed ASV
shell element, several numerical simulations have been carried out as follows:
e Stretehing benehmark vest proposed by the Olio Stute University.
e Deep drawing benchmark test proposed by the Ohio State University.
e Deep drawing benchmark test proposed by the Departinent of Structural

Mechanics of the Chalmers University of Techuology.

The obtained numerical results with the solid element, Timoshenko shell
slement and new ASV element are compared with the given experimental vesults.
The problens deseription, huite element model, analysis consideration, results
and discussion as well as conclusions for each of the examples are presented
further.



Non-linear axisvmmetric shell 149

4.7.1 Ohio State University Benchmark - STRETCHING

4.7.1.1 Problem description

The analysis of the stretching process of a thin sheet by a hemispherical
punch is carried out. To demonstrate the performance of developed ASC
element, three different element types were used for this problem: QSOL4AR
quadrilateral axisymmetric solid element, AXIS2K axisymmetric shell element
based on Timoshenko theory and ASC axisymmetric shell element. The final
shape of the sheet is a hemisphere of rading 59.18mm and depth 40 mm.
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Figure 4.4 Geometry of the OSU Benchmark - Stretching,
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4.7.1.2 Finite element model

Geometry

The geometry of the punch, die and sheet arve shown in Figure 4.4. The
punch radius is [, = 50.80mm, the die corner rading is Rp = 6.35man and
Lhe sheel Lhickness 4§ = 100, The initial dimmeter of the gheot rim iy
2, = 59.18mm and the punch travel is 40.00ma0.

Mesh

The sheet was modelled using 29 QSOLAR quadrilateral axisymmetric solid
elements (4 node). 29 AXIS2K axisymmetric shell elements (2 node) and 29 ASV
axisymmetrie shell elements (2 node). The punch and the die were modelled
using 80 DUMQ righd elements (4 node).

Materials

The sheet material was aluminium using o vonlinear isotropic hardening
elasto-plastic model, The following properties were nsed:

Young's modulus: = YOUNG = 696G P
Poisson’s ratior = POISS = (0.3
Mass density: = MASSD = 2700kg/m®
Noulinear hardeuing: = CONSO = HROM Pa
EFREF = 1.0 % 1074
CONSN =0.216
Boundary Conditions

The die was held in place while the punch was moved vertically. Contact
siurfaces between all tools and the sheet (punch - sheet and die - sheet contact
pairg) were modelled using u different friction coefficients ol 0.0, 0.15 and 0.30:
the penalty coefficient for both norimal and tangential contact forces was 0.5,

Loading

The punch was moved vertically tor 40w by applying a sinnsoidal velocity
over the fotal analysis time period,

4.7. 1.3 Analyses considerations

The total response time was obtained nsing automatic time stepping cal-
culation and was terminated when the punch stroke was completed. Material
nou-linearities were considered to be rate independent and the Updated La-
prangian formulation was used to describe geometrical non-linearities,
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4.7.1.4 Results and discussion

Figures 4.5 and 4.6 show the initial geowetry layoul as woll as the final sheet
geometry for the 2D solid axisyminetric mesh, The fitial shape agrees very well
with the solution in [L-3]. The vadial and civeumferential strain distributions
calenlated in nodal points along the upper line for different values of frictional
coellicient: 0.0, 0.15 and 0.30 are presented in Figures 4.7 and 4.8 respectively
and & contour of the final sheet thickness is presented in Figure 1.9, '

4.7.1.5 Conelusions

The raclial strain distributions for the solid and shell elements agree reason-
ably well with the reference solution given in [L-3]. Similar results were obtained
for the cireumferential and thickness distributions for all elements,
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Figure 4.6 Sheet goometry after deformations were complete.
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4.7.2 Ohio State University Benchmark - DEEP DRAWING

4.7.2.1 Problem deseription

The analysis of the deep drawing process of a thin sheet by a hemispherical
punch is carried out. To demonstrate the performance of evaluated ASC
element, three different element types were used for this problem: QSOLAR
axisymmetric quadrilateral solid element, AXIS2K axisymmetric shell element
based on Timoshenko theory and ASC axisymmetric ghell element, The final
shape of the sheet is a hemisphere of radius 59.18mm and depth 40mm.
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Figure 4.10 Geometry of the OSU Benchmark - Deep Drawing,
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4. 7.2.2 Pinite element model

Geomelry

The geometry of the punch, die, blankholder and sheet are shown in Figure
4,10, The punch radius is A, = 50,8000, the die corner radius is L = G.35mmn
and thie sheet thickuess is £ = LO0pun, The initial diameter of the sheet rinn is
Dy = 80,000 and the punch travel is 40,0070,

Maesh

The sheet wag modelled using 49 QSOLR4AR gquadrilateral axisymunetric solid
elements(4 node), 49 AXIS2K axisynunetric shell elements (2 node) aud 49 ASV
axisymmetric shell elements (2 node). The blankholder was modelled using 10
QSOLAR quadrilateral solid elements (4 node) to lacilitate the application ol
the blankholder foree. The puneh and the die were modelled nsing 81 DUMQ
vigid elements (4 node).

Materials

The sheet material was aliminium using a nonlinear isotropic hardening
elagto-plastic wodel, The following properties were nsed:

Young's modolus: = YOUNG = 696G Pa
Poisson's ratior = POISS = 0.3
Mass density: = MASSD = 2700kg/m®
Nonlinear hardening: = CONSO = 589M Pa
EFREF = 1.0 % 107
CONSN = 0,216
The blankholder material was steel using a linear elastic model with the
lollowing properties:
Young's modulus: = YOUNG = 210G a
Poisson's ratio: = POISS = 0.3
Mass density: = MASSD = TEN.JUI-'._r,!/m“
Nonlinear havdening: = CONSO = very high value to prevent yielding
EFREF = value is unimportant
CONSEN = value is unimportant
Boundary Conditions

The die was held in place while the punch was moved vertically. Contact
surfaces between all tools and the sheet (punch - sheet, die - sheet and
blankholder - sheet contnel pairs) were modelled using a different friction
coofficient of 0.0, 0.15 and 0.30; the penalty coefficient for both normal and
tangential contact forces was 0,01,
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Loading

A constant blankholding force of 500N was applied to the surface of Lhie
blarkholder as a surface load ou those elements. The punch was moyed vertically
for 40man by applying a singoidal velocity over ilie total analysis time period,

4.7.2.3 Analysis consi derations

The total response e was abtained using an automatic e slepping
caleulation and was terminated when the punch stroke was completed. Ma-
terinl nou-linearities were considered to be rate independent and the Updated
Lagrangian formulation was used 1o describe geotmetrical non-linearities.

4.7.2.4 Results and discussion

Figires 4.11 and 4.12 show the initial geometry layout as well as the final
sheet geometry for the 2D golic] axisymmetric mesh, The final shape agrees very
wall with the solution in [L-3]. The radial and cirenmferential strain distributions
calenlated at nodal points along the upper surlace for diferent values of frictional
cooflicient: 0.0, 0.15 and 0.30 are presented in Figures 413 and 4.1 respectively
and s coitour of the final sheet thickness is presented in Figure 4.15. Punch
load - puncli die curve is presented in Figure 4.16.

4.7.2.5 Conelusions

The radial strain distributions for the solid and shell elements agree reasorn-
ably well with the referenee solution given in |L=3]. Similar results were obtained
for the civeunnforential and thickness distributions as well as for punch load -
punch force enrves for all elements.
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4.7.3 Chalmers Test

4.7.8.1 Problem description

The analysis of the deep drawing process of a thin sheet by a cylindrical
punch is earried out. The experimental data obtained by the Department of
Structural Mechanics of the Chalmers University of Technology [S-2] is compared
with the numerical result obtained by the code Stampack, with three different
element, types: QSOL4R axisymmetric quadrilateral solid element, AXIS2K
axisymmetric shell element based on Timoshenko theory and ASC axisymmetric
shell element.,

Figure 4.17 Geometry of the Chalmers University Test.
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4.7.3.2 Fintte element maodel

Geometry

The geometry of the punch, die and blankholder is shown in Figure 4.17. The
punch corner radius is fy = 13.00mmm, the die corner racling s Ry = 5.00mm
and the sheet thickness is ¢ = 0.70mm. The diameter of the punch rim is
Dy = 100.0000m and the punch travel is 31.50mimn.

Mesh

The sheot way modelled nsing 100 QSOLAR quadrilateral axisymimetrie solid
alements (4 node), 100 AXIS2ZK axisymmetric shell elements (2 node) and 100
ASV axisymmetrie shell elements (2 node). The Llankholder wag inodelled using
L0 QSOLAR quadrilateral solid elements (4 node) to facilitate the application of
the blankholder force. The punch and the die were modelled nsing 40 DUMQ
vigid elements (2 node). The initial mesh is shown i Figure 4.185.

Materials

The sheet material was steel using u nonlinear isotropic hardening elasto-
plastic model. The following properties wore nsed:

Young's modulus: = YOUNG = 210G Pa
Poisson’s ratio: = POISS = 0.3
Mass density: = MASSD = 7900ky/m®
Nonlinear hardening: = CONSQ = 547.0M Pa
EFREF = 16.15 x 10716
CONSN = 0.18

The blankholder waterinl was steel using a linear elastic model with the
following properties:

Young's modnlus: = YOUNG = 2106 Pa

Poisson’s ratio: = POISS = 0.3

Mass density: = MASSD = 7900ky /m®

Nonlinear hardening: = CONSO = very high value to prevent yielding
EFREF = value is unimportant
TONSN = value s nnimportant

Boundary Conditions

The die and the blankholder were held in place while the punch was moved
vertically. Contact surfaces between all fools and the sheet (punch - sheet, die
- sheet and blankholder - sheet contact pairs) were modelled using a friction
coofficient of 0.05 which corresponds to slightly lubrieated tool surfaces; the
penalty coefficient. for both normal and tangential contact forees was 0.01.
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Loading

A consbant blankholding foree of 80N was applied to the surface of the
blankholder as a surface load ou those elements. The punch was moved vertically
for 31.60mm by applying a siuusoidal velogity over the total anadysis time period.

4.7.3.3 Analysis consude rations

The total response Lime was obtained nsing an aitomatic time stepping cal-
culation and the aualysis was terminatod when the punch stroke was completed.
Material non-linearities wore considered to be rate independent and the Updated
Lagrangian formulation was used to deseribe geometrical nou-linearities,

4.7.3.4 Results and discusston

Figures 4.18 and 4.19 show the jnitial geometry layout as well as the final
sheet geometry for the 2D solid axisymmetyie mesh, The final shape agrees very
well with the solution in [S-2]. The radial and eirenmferential serain distributions
calenlated at nodal points along the upper surface are presented in Fignres 4.20
and 4.21 respectively and are compared with the obtained experimental results
[§-2] and show a good correlation. The contour of the final sheet thickness is
presented in Figure 4.22. The comparison hetween the experimental result [5-2]
and numerical vesult for the curve punch load - punch travel is presented in
Figure 4,23, This comparison is reasonably good with a maximum evror of 40%
when the punch has travelled 15mm.

4.7.48.5 Conclustons

The numerieal results obtained using the ASV eleuent show good correlation
with the experimental results obtained by Chalmers University [55-2]-
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APPENDIX 4.1

DETAILS OF NON-LINEAR
SOLID MECHANICS THEORY

A4.1 BASIC THEORY

The present appendix is aimed to introduce sufficient continuumn mechanics
for the Chapter 4 and Chapter 5 which concentrate on particularization of nou-
linear theory for the axisymmetric ASV shell and thin BSN shell, respectively,
There are reviewed deseriptions of motion and deformation of a solid body as
well as the most important stress and strain tensors and the stress and strain
rate meastres, The equations of motion are presented in the spatial and inaterial
configiirations. The weak form of equations of motion is also given. Finally, the
constitutive equations necessary for the definition of the motion problem of a
deformable body as well as the yield conditions are presented.

A4.1.1 Description of motion

Two different descriptions of the motion of a continuum medimn are used in
mechanics, namely the Eulerian and Lagrangian descriptions. The Eulerian or
spatial description concentrates on Lhe behaviour af the fixed points in the space.
The Lagrangian or material deseription concentrates on the behaviour of a set
of material particles. The consequence of applying the concept of Lagrangian
deseription to the spatial configuration as the reference oue ig the Updated
Lagrangian formulation.

The motion of a body in the time interval 0 to 7" is presented in Figure 4A.1,
where 029 18 the body configuration at time 0 called original or material, 0 is
the body configuration at time 7' called deformied or spatial, IV is the houndary
of the body in material configuration and I is the houndary of the body in
gpatial configuration,

The material coordinates X = {X1. X, Xy}, (X € Q) and the spatial
coordinates x = [, w9.13 }.T,{x € H“) are expressed in bhe same cartesian
coordinate systen.
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Figure 4A.1 Mation of a body.

The particle 2 in the reference configuration 0V has the position vector X
and occupies the location p in the current configuration ! with the position
vector x. Mathematically, the motion is expressed as

x = x(X.1) (Apd.l)
o1
X =X(x.1) (Apd.2)

I & similar faslifon, the displacement field u = {uy,uz, uz}” can be defined
on 20 as material deseription

u(X, 1) =x(X1) - X (Apd.3)
or on 2F as spatial deseription
u(x.1) =x - X(xt) (ApdA)

The equations (Apd.3) and (Apd.d) have ditlerent physical meanings, The
first one express the displacement of the particle with position vector X in the
reference configuration at the current time . The second, s the displacement
of any particle which is currently at position X.
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A4.1.2 Deformation gradient

The deformation gradient tensor F ig defined as the devivative of the spatial
coordinates with respect to the material coordinates

F = L‘% (Apd.5)

This tensor relates the vectors dx and X as
dx = FdX (Apd.6)

The deformation gradient in terms of digplacements s expressed substituting
(Apdd) into (Apd.5) as

Ju

F=1+3x

(Apd.T)

Ad.1.3 Green-Lagrange and Almansi strain tensors

The squares of the lengths of the vectors dX and dx are vespectively
dvd = | dX |? = dxT Apd.8
§=|dX |* = dX"dX (Apd.Ba)
dr? = | dx |* = dx"dx (Apd.8b)

The squared length in the deformed contiguration can be rewritben in terms
of the vector dX m the reference confignration

dr? = dX!FIPdX = dXTcdX (Apd.9)

Using the equation (Apd.9), the vight and lefi Cauchy-Green Lensors are
defined respectively

C=F".F, b=F F' (Apd.10)

Similarly, the squared length in the veference configuration can be written
i terms of the vector dx in the deformed configuration as

drd = ixT(F) Flix = dxTedx (Apd11)
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what gives the Cauchy’s deformation tensor - Finger deformation tensor

e=(FYH Fl=p! (Apd.12)

The difference hetween the squared lengths for two neighbouring particles in a

continunum is used as o measure of deformation,
The difference expressed in terms of the vector dX in the reference configu-

ration leads to the Lagrangian description

dr? — def = dx* - dX? = aX7(C - DX = 2dX" EdX (Apd.13)

what gives the Green-Lagrange sirain tensor

| 1. du du oy du i 42
E=5(C-1 =35+ G+ GF" G (Ap.4)

Ihe difference expressed in terms of the veetor dx in the deformed configu-
ration leads to the Enlervian description

dr? — rlrn = x? — X2 = - dx! (l - ¢)idx = 2! adx (Apd.10)

what gives the Almansi strain Lensor

_ 1. o L du dugp  Odg Ou i
E_E(I_(')_i[(}");)"+'(c‘)x) (é)x) (Hx)] (Apd.16)

The Green Lagrange and Almansi strain tensors

where T s the unit matbrix,
are synunetric and are derived from the difference between the square lengths

f E . ] ) J - - ]
dr® — drf’ which is zero for rigid body motions.
The Green-Lagrange tensor and the Almansi tensor are related as follows

E=F e F (Apd.17)
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A4.1.4 Rate of deformation and spin

lu the Lagrangian description of motion, the material velocity field V(X 1)
and the material aceeleration field A(X. 1) are expressed as

du(X, 1)
ot

V(X,1) = (Apd.18)

IV(X,t) _ *u(X, 1)
a0

A(X. 1) = (Apd.19)

T the Bulerian description of motion, the spatial velocity fekl v(x. 1) and
apatial aceelerntion field a(x. 1) ave expressed as

v(x.t) = V(X.1)| el (Apd.20)

a(x, 1) = A(x,r.)|x=x_"{m (Apd.21)

The spatial acceleration is the material time derivative of the spatial velocity
alx. 1) = ¥(x1) (Apd.22)

where (=) denotes the material derivafive, what can be rewritten ad

a(x.l)= r_v‘(;:_f} + Lev(x.t) (Ap4.23)

where the tensor L is the spatial velocity gradient expressed as

o

b=

(Apd.24)

The spatinl velocity gradient L with respect to deformed position, may be
decomposed into symmetric and antisymmetric parts

L=d+tw (Apd.25)
where the rate of deformation tensor d is the symmetrie part
1

d=5(L+ L7 (Apd.26)
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andd the spin tensor w s the antisymmetric part

=

(L =1L (Apd.27)

b | ==

The relation between the Green-Lagrange strain rate E and the rate of
doeforiuation d is

E=Fl g.F d=FT.8 p (Ap4.28)

If d is equal to zero at o certain point P, then the instantaneous motion in
the neighbowrhood of P is a vigid body motion.

Substituting the equation (Apd.17) into (Apd.28) leads to
=T l:) il ¥ -1 y
d=F {-rj_.rl.P -e:F|} -F (Ap.29)
{2
or in rewritten form as the Lie derivative of e
d = .I'.r\re (.‘i'p-l':l,r“')

The Lie derivative Ly |M-4] of a spatial tensor a with respect to the velocity
field v is

Lya = b5 (0%a) (Apa.31)

where ©, and ¢ denote the pull-back and push-forward operators, respectively.
* 1

A4.1.5 Logarithmic strain

The logarithmic or natural strain is particularly useful in plasticity, The
variation in strain in a fibre de is

e = f;f (Apd.32)

where dl is the vaviation in fibve lengeh and s the curvent fibre length., The
total strain & in a fibre of original length ly, using the oquation (Apd.32) is
exprossed ss
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1l {
_ a4 Apd 33
£ j{ . In (Apd.33)

This sbrain measure g called the logaritlimic stratn.

Thie variation of logarithmic strain Lensor is expressed as
B

| ddi ddu T o
= LR e e Apd. 34
e 2[{ ”x} - i)x) ] (Apd.34)

whiere du i the variation in displacernent what physically means the infinitesimal
change in ],u)‘ﬂti{:“ of one particle but not Lhe difference in displacement hetween
neighbouring particles [H--l|.

The variation of logarithmic strain tensor is related to the rate of deformation
d as

e = ddt (Ap4.35)

whore df is an infinitesimal interval in time. The total logarithmic strain € is
then

of f
= j de= [ dit (Apd.36)
hy ty

representing a material time il'lljt‘.g;rﬂ.i (I.Elt!l‘t: is 1o physical significance to shich an
integration at a point in spm:f:} and is evaluated by following a |!H.1't-IL'lL‘ during,
deformation.

A4.1.6 Relation between Green-Lagrange strain rate and rate of
deformation

The relation between the Green Lagrange strain rate E and the rate of
deformation d is given by

B=F.dF (Ap4.37)
d=F 1. B.F (Apd.38)

The establishment of these relations is important in order to transform
equations from the Lagrangian deseription (where variables arve refered to the
reference confignration) to the Eulerian deseription (where variables are refered
to the deformed configuration) and vice versa.
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A4.1.7 Density ratio
For the same reasons, it 18 necessary to establish the velation between the

ratio of the density in the reference configuration gy to that in the deforimed
configuration p as

e (Apd.30)
&

Ad.1.8B Stress measures

An element of a continuun in the initial 2V and deformed Q7 configuration
is presented in Figure A2,

.;-"""'--EFP

dp

ap

Figure: dA.2 Force vectors for slress tousor definitions,

The force vector dP acts on the elamental surlace ' and it is expressed by
dP = tdl = n - adl’ (Apd.40)

where £ 18 Lhe surface traction, n is the unit norinal vector and o is the Ca uchy
stress Censor. Multiplying the Cauchy stress tensor by the deusity ratio leads to
the Kirchhoff stress tensor 7

T = fi'ig (Apa.a1)

e

The Cauchy and Kirchhoft stress tensors are refered to the spatial configuration,
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The original configuration gives the possibility for deviving diffevent stresses
ns follows. The correspondoice rule is chosen such that dP iy related to dP
in the same manner as the veetor dX in the reference configuration is related
to the veetor dx in the deformed configuration. By expressing the force dP in
terms of the initial undeformed area dUg. the first Piola-Kirchhoff sivess tensor
T is defined [B-2], [H-4] as

dP =T Ndly (Apd.42)

where N s the unit normal vector in the undeformed coufiguration, The first
Piola-IKirchhoff stress tensor is not symietvie. The force dP s evalunted by
application of the transformation F-' to the force vector dP as

dP = F~lap (Apd.43)
and introducing (ApdA2) into (Apd.d3)
dP = 71T Ndly = N - Sdl (Apd.Ad)

where 8 is the second Piola-Kirehhof! stress tensor, The second Piola-Kirchhoff
shress tensor is symmetric.

The relationships between the first and second Plola-Kirchhofl stress tensors
ave expressed [H-4] as

g=mrF", T=sF" (Apd.45)

Finally, the relationships between the true Canchy stresses and the Hrst and
second Piola-Kirvchhoff stresses ave

oo -i,F T, T=JF).0 (Apd.46a)

o= 058, §=/FT0 @) (Apd.A6b)
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Ad.1.9 Stress rales

The coustitutive equation relates stress rale to strain rate sl must be
objective, Lo invariant under the change of frame reference. "T'he requiremnent of
objectivity means that the stress rate must vanish when the body is performing
rigid body motions, what leads to difficulties in definition of a wiique stress vate.
The freedom of a choice of a stress rate that fulfils this requirement gives inany
definitions ol stress rate.

The niost commonly used objective stress rate is the Jaunan-Zavemba rate,
defined as the material tiine derivative of the stress tensor as it would appear to
an observer in a frame of reference attached to the particle and votating with it
at an angular veloeity of the rigid body votation of the particle.

The material derivitive of the Caueliy stress tensor & is not objective, theve-
fore is inappropriate to use in formulating constitutive equations in plasticity
theory. The most commonly used objective stregs rate is the Janman-Zaremba
rate, related to the material devivative of the Canchy stress tensor as

o =d—w-atow (Apd.47)
where o,w and ¢ are the Cauchy stress tensor, spin teusor and the rate of
Cauchy stross, respectively. [t i corouational that it represents a rate relative
to a rotating franse of reference with the rate of rotation given by the spin tensor

w. The Jauman-Zaremba stress rate thus reduces to the material time derivative
for vanishing rigid body rotation.

Ad.2 EQUATIONS OF MOTION

The equations of motion are expressed in the spatial and material configu-
rations.

A4.2.1 Equations of motion in the spatial configuration
The motion of body can be deseribed in the strong (diffevential) form by the
following et of equations [M-2]:
¢ Cauchy equation ol motion
Vo + pb = pa xel te [0,7] (Apd.A8)

e traction boundary conditions

no=rt X € f",f,, t e [0,7] (Apd.49)
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s displacement boundary couditions

n=0 xell, 1€[0,71 (Ap4.50)

e initial conditions
u =1y xel, (= 0 (Apd.bla)
v=vy xe@ (=0 (Apd.51b)

where b is the body foree vector, l"'.L and l"'f'T are the parts of the bhoundary
on which displacement and traction arve specified. respectively as follows

[E Ak =D (Ap.52a)

LR = (Apd.520)

The goal of the analysis is to find a displaceinent field u = a(x, ) which
satisly above sef of equations. To complete the ealeulation, a corresponding
constitutive equation has to be specified (relation between o and u). Constitu-
tive models used for the present element in the program formulation is described

l.u.l,ur.

A4.2.2 Equations of motion in the material configuration

The equations of motion can be written in the material conlignration by the
following set of equations [M-2]:

i 3 % v B
L C;il'll(.:]l}’ H [!L[ll(.l.la!lll] tilf. obion

UxT+ mbo=pA, Xe@'. telnt) (Apd.53a)

Vx(S - F)+ by =pA, XV te(0,1) (Apd.53b)
s traction boundary conditions
N T=T Xerl, te(0.7] (Apd.b4)
o displacement houndary conditions

u=a Xell telnT (Apd.55)
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e initial conditions

u=u; XE¢ ol e (0.7 (Apd.H6a)

v=vy Xe' 1elnT) (Apd.56b)

where bg is the body foree vector, T is the fivat Piola- Kirchihoff atress tensor
and 8 is the second Piola-IKirchholl stress tensor,

Ad.2.3 Weak form of equations of motion

The motion of the body system is analyzed nging the prineiple of virtnal
work abandoning the virtual formulation based on the principle of stationary
total potential evergy. Thus, by employing « standard variational procedure Lo
the Clanchy’s equations of motion in Lhe spatial configuration, its weak form s
obtained

/!2" a: Vx(ou)dil = /ﬂ! plb— a) - dudlf 4 ./[r t - dudf? (Apd.BT7)
0 &

where u i an arbitrary kinematically adimissible displacement field and ou is the
vivtual displacement field. The above equation physically express the principle
of virtual work that states as the condition of a dynamic equilibrivm equality of
the internal and external virtual work. The left hand side integral represents the
internal virtual work and the vight hand side integrals represetits components
of the virtual work of external forces including the internal forces.  The
displacemont boundary conditions are included into (Apd.57) by the assmnption
of the kinematic admissibility of du. The traction houndary conditions are
ineluded into (Apd.57) by including the virtual work of the traction lorees € into
the external virtual work.

I the same fashion, the variational procedure applied to the equations of
motion in the material configuration leads to the equation of vivtual work in the
material configutarvion, in terms of the first Piola-Kivehhofl stress tensor

Joio T : Vx (du)dil = ./”” polby — A) < duds? ./I'Ei T - swds? (Apd.08)

or i terms of the second Piola-Kirehliofl stress tensor

fw,(s'FT) P Vx(dndi2 = I/ﬂ”.-'?n“)u— A) - dud§l + fl 'g'f[-‘-r?urﬁ‘! (Apd.59)
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The same sot of equations can be rewritten by introducing the corresponding
energy conjugate deformation measures: to the Cauchy strain tensor the linear
Alinansi strain tensor e, to the fivst Piola-Kirchhofl stress tensor the deformation
prawlient F and to the second Piola-Kirelihoff stress tensors the Green-Lagrange
strain tensor B ous [ollows:

/H‘ o dedfl = ]n: plb = a) dudf 4 ]"fw b duddf2 (Apd.G0)
_/t'wr[':ﬁprm= [ palby = A) - Sudg2 1'/II!;T'{§“|‘“.Z (Apd.61)
: '—l = N ".-'_.' And 32
/ﬂus.mcm_‘/m po(bg = A) - Sud 4 ]rg'r SudS) (Apd.62)

The above set of the weak Torm of equations ol dyuaic equilibrinin is the
basge for formulating finite eloment equations, thus the diseretization procedure
is applied to this sel of equations.

A4.3 CONSTITUTIVE EQUATIONS

As mentioned above, to cotuplete the specification of a problem of the motion
of a deformable body a suitable constitutive equation must be specilied. The
constitutive equations relate stress 1o strain and /or sirain rate that characterize
the behaviour of a material under an application of forces or loads, They vary
for different. materials or even they can differ for the same material in different
regimes of deformation, i.e. the response during elastic deformation is different
from that during plastic deformation,

A constitutive equation, commouly used fo describe an objective physical
phienomenon such as material behaviour under applied loads, must obey certain
axioms or principles during the oceurrence of the physical phenomenon.

A purely mechanieal constitutive equation has to fulfil three fundamental
privciples:

s principle of determination of stress which states that the stress in body is
determined by the history of the motion of that body.

e principle of loeal action which states thal in determining the stress al given
particle. the motion ontside an arbitrary simall neighbourhood of it may bee
disregarded,

s principle of material frame indifference which introdnees the concept of
objectivity that is significant in the finite plasticity theory, ie. constitutive
equations must be invariant under the changes of reference frame.
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The constitutive models used in the progran formulation are presented
below.

A4.3.1 Hypoelastic constitutive equations

The behaviour of a hypoelastic material is expressed as
o=0C:d (Apd.63)

where C 4 the rank of constitutive tensor dependent on matervial properties,
deformation and stress quantities, d s the deformation rate Lensor expressed by
equation (Ap4.26) and & represents some rate stress. A stress rate that fulfils
the requirement of objectivity must vanish when the body is performing rigid
body motion. As the material devivative of the Canchy stress tensor & i nol
objective, the coustitutive equation (Apd.G3) is rewritten as

e’ =C:d (Apd.64)

where oV is the Janman-Zaremba rate, The vate constitutive equation (Apd.64)
with the Jawman-Zaremba devivative of the Cauchy stress tensor is the hase
for large strain elastoplastic model fmiplemented in the eode. For hiypoelastie
material, the total stresses and hence the iuternal force vector come from the
integration of the rate equation (Apd.G3).

A4.3.2 Hyperelastic constitutive equations

Hyperelastic models are essentinlly higher order forms of linear elastic models
in which the stresses ave some functions of the total straing or stresses. The
obvious example of o hyperelastic material is rubber.  The bhehaviour of a
hyperelastic material is expressed in the spatial description

Ml ‘
o= ﬂt—f, [_EJ (Ay.65)
(¥
or in the material deseription
O (B) ~OW(F) -
S= f.:u—i—}E—-. T = p T (Apd.6G)

where ¥ s an elastic 1.:L1L1:|1I..iu| function called the strain energy density. [t is
a gealar funetion of one of the deformation or strain tensors and e is Lhe stress
which is derivable from a strain energy funetion. The total stress and hence the
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internal force vector come direetly from (Apd.65) and not from the lutegration

of the rate equation,

Large steain elasto-plastic coustitiitive model used in the code for continmum
elenients are based on the expression (Apd.Gh).

A4.3.3 Constitutive tensor for elastic material

The constitutive tensor for three difforent materinls is presented below,

A4.3.9.0 Andselropie materinl

The tensor © is anisotropic and non-constant 4 rank tensor, with 81
components,  Because of synunetry, only 21 of those conponents can be
independent. and these elastic constants describe the properties of anisotropic
clastic material, It ean be presented in matrix form with 21 independent

I'.‘{H.N.IHJIHM! ls

[Ciin Cn
Chige Cogay
C Crizs Choss
Crz  Cong
Cinig Cong
L Clli2g Casog

A4.3.5.2 Orthotropic material

Ciys3
Ca243
Cyzaa
Claaia
Casa
Cygog

Chye
oy
Cag12
Ciape
Crag
a0

Chig
Canyg
C'3313
1312

Ciaa

Cagig

Ciza |
Conag
Clyaoa
19
Casig

Cagas |

(Ap4.67)

The matrvix € for the orthotropic material is reduced due to three mutually
orthogonal planes of synmietry at each point that possess the material. The
ntmber of independent elastic constants is reduced to 9. thus the matvix C is

expressed as

(Crnn Chze Chass

Ciigz Cagaz Coaas

o= |Cuaa Cops Cuaas

0 0 0
0 0 0
0 0 0

{
()

()
1912
{

0

]

0

]

(1
Ci1s

]

0
()
0
0
(

Coa23 )

(Apd.G8)
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A4.3.8.3 Isolropic malerial
T'he material with properties independent of the direction is called isotropie.

The elastic properties are defined with 2 independent parameters what loads to
the elasticity tensor

C=A1@1+2ul (Apd.6Y)

where A and g are Laund constauts, Iis the fourth order unit tensor and 1 i% he
second order unit tensor. The matrix © for isolropic materinl is

[Adp A A0 0 0]
A Adp A0 000
— h} A At 0 0 0 o
C 0 0 0 40 0 (Apd.70)
4] () i) 0 p 0
0 0 0 0 0 pf
The Limé constants e expressed as
e E N PR (Apd.71)

l+w) T (L)1 -2

where £ is Young's modulus and » is Poisson’s coefficient.

The constant constitutive tensor C leads to the linear elastic material model
where elastic straing are relatively small, For larger elastic strains the stress-
gtrain relation i nonlinear and the model of nonlinear elnsticity must be nsed.

Ad.3.4 Decomposition of elasto plastic deformations

The strain € in the classical small strain elpsto-plastic theory is divided into
elastic recoverable € and plastic non-recoverable gl parts

e=g"+e’ (Apd.72)

Stumilarly, the strain vate £ is divided iuto elastic vecoverable & and plastic
noii-recoverable £° parts as

E=¢" &l (Apd.73)
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For gmall straius there are no distinetion between strain mensures because
in this decomposition the plastie part of the strain vate is defined on physical
grounds by elastic unloading which shonld involve no additional plastic How,

For finite strain elasto-plastic problem, the decomposition of the strain
meassures or their rates is not without ambiguity. The difficulty arise due to
possibility of choice different measures of strain. Thus, {f is necessary to develop
some sort of elasto-plastic decomposition that is applicable for the finite strain
chse,

The additive decomposition of the Green-Lagrange strain tensor into elastic
and plastic parts is given as

E=E"+E (Apd.74)

and in hypoelastic models, in the same manner the additive decomposition of
the deformation rate tensor d s

d=d" +d (Apd.75)

The additive decomposition of the deformation rate lensor is pogtulated
for large displacements large strain shell elements with teanslational degrees of
freedom ouly and is the starting point of the constitutive model implemented
in the code. The above decomposition of linite elagto-plastic deformtions is not
only decomposition used in literature.

Lee [L-'l] assines Lhat the tluc:nu1p(mil'.j.t,m of the deformation intoe an elastic
and plastic parts can be written by means of the nidtiplieative decomposition
ol the deformation pradient tensor

F = TF“FV (Ap4.76)

where FY is the deformation gradient which express the elastic part of the
deformation and F¥ is the deformation gradiont which express the plastic part
of the deformation. The plastic deformmtion FF can be expressed as

F!' = (F*)"'F (Apd.77)

where (F")_I is the deformation that loeally releases the stresses, whal means
that a loeal stress-free configuration is assumed. The deformation expressed by
equation (Apd.77) s the deformation between the reference configuration and
stress-lree configuration, The stress-lvee conliguration is not uniquely defined,
all sueh confignrations differ from each other by rigid body rotations ouly.
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The multiplicative factorization (Apd.76) results in the additive deconpasi-
tion of the rate of deformation tensor d into elastic part d° and plastic part 47
[G-1] as

d=d" +d’ (Apd.78)
The plastic part is expressed adg
d? = 5(L'+ L) (Apd.79)
where the plastic spatial veloeity is defined as
L' = FeLV ()~ (Apd.80)
nudl the plu.'si.ic Wflt)('.il'.y gru(lit:m; L7 is defined as
Lr = pepry~! (Apd.81)

The additive decomposition expressed by equation (Apd.78) resulting from
the multiplicative decomposition expressed by equation (Apd.76) can be devel-
oped i different ways ( as a consequence of disagreement in the literature).
Thus, the equation (Aph78) can be rewritten [M-3] as

d=d" +d’ (Apd.82)
where
an _ Liwp T T
d! = E(LJ + (L") (Apid.83)

The additive terms d€ and d? ave defined on different configurations, spalial
and intermediate, respectively.

There i another way to derive additive relations from the mnli'.ipliuut'.i\ru
decomposition (Apd.77) nsed as a buse of large elasto-plastic continuuim elements
it Lthe code; The adequate elastic and plastic strain tensors are defined at any
of the three configurations in intention to obtain the additive rvelation for the
strain tensors ab any of the three configurations. Having this relation in one
configuration, the relations in other configurations can be obtained by means of
pull-baclk or push-forward operations,
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The devivation in the spatial confignration is presented, The elastic Finger
lensor e be presented ag

b = (p) T () (Apd.84)
The elastic Alimansi tensor is defined ns

(1— (b)) (Ap.85)

s —

a" =

[t

and the plastic part of Almansi tensor is defined satisfving the additive velation
e=e" +eof (Apd.86)

The elastic and plastic parts of the rate of the deformation are defined as
the Lie derivatives of the elastic and plastic Almansi strain tensors, respectively

d° = Lye® aP = Lye? (Aph87)

The additive relations in the reference and in the intermediate configuration
are

E=E+E', E=E"4EP (Apd.88a)
E=E'+E' d=d+d" (Apd.88b)
wliore
EF = é(cf‘ -1), EC=E-E', =1l wr (Apd.89a)
Ef = %((3 -0, C=(F9T. ¥, BP= -é(l - (b)Y (Apd.89b)

(b))~ = ()T gy (Apd.89¢)

The kinematic velation at any confignration can be derived at this config-
uration or by applying adequate pull-back or push-forward operations to the
relations derived for another of the two other conligurations.
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A4.3.5 Hypoelastic model of rate-independent plasticity

By extension of the small strain elastoplastic models, o number of hy poelastic
models of plasticity are obtained.  The hypoelsastic model in the spatial
configuration can be presented generally with the following set of equations:

e Additive decomposition ol the spatial rate of deformation is expressed as
d=d"+d’ (Apd.00)
e Hypoelastic rate constitntive equation, is defined as
o=0:d (Apd.0l)
where C is the spatial elasticity tensor and & denotes any objective stress

rate,

e Tle yield condition, is expressed by the function
fle,q) =0 (Apd.02)
where q represents a sel of internal variables that characterize the hardening

of the material. Different yield conditions can be employed,

e Flow rule is expressed as

P (e.q)
dV = ol Apd03
L (Apd.93)
IFor associative How yvule &4 = f.
e Hardening law is expressed as
q = -vhla.q) (Apd.94)

o Londing-anloading conditions -« Kubhn=Tucker conditions
520 floa) <0 f(oq) =0 (Ap1.95)
whore the consistency requireinent. is

Yl q) =0 (Apd.96)
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This model is mplemented in the code for large strain axisymmetric shell
elements, for large strain shell elements with translational degrees of freedom
and large displacement small strain continuum elements. Such kind of model
is adequate for metal plasticity bui its numerical implementation leads to the
special corresponding integration algorithin which preserves objectivity.

A4.3.6 Hyperelastic model of rate-independent plasticity

The hyperelastic model i the spatial confignration iy presented with the
following set of equations:

¢ Additive decomposition of the Almansi strain tensor derived assuming
inultiplicative decomposition of the deformation gradient tensor

o =al gl (Apl.OT)

Bree energy fnnction

I =\ (ef) + ¥P(q) (Apd.98)

»

Hyperelastic constitutive equation

a = p% (Apd.99)
& Yield condition
[le,q) =0 (Apd.100)
o Flow rule
dF = Lie¥'= ,-,E'-"TLEE_‘!J_ (Apd.101)
e HHardening law
Lyvq = -vh(o.q) (Apd.102)

Loading/unloading conditions

=0 fle,q) <0 Ffle,q) =0 (Apd.103)
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where the consistenicy requirement is -'rf (o.q) =10

For clarity reason, short general view on vield conditions and unisixial stress-
strain relation is given below.

A4.3.7 The mathematical theory of plasticity and yield conditions

The mathematical theory of plasticity has as the object a theoretical
deseription of the relationslip between stress aud strain for a material which
exhibits an elastic-plastic response.  Plastic belinviour is characterizod by an
ireversible straining which is not time dependont and can only be sustuined
once a certain level of stress has been reached,

A theory which models elasto-plastic material deformation has the following
l'“(l]lil‘ﬂlll'..‘-lll.ﬂ:

= an explicit, relationship between stress and strain must be formmlated to
deseribe material beliaviour under elastic conditions, i.e. before the onset of
plastic deformation, when the relationsliip between stress and strain is given
by the standard linear expression o = Ce.

s 4 yield criterion indicating the stress level al which plastic flow comimences
must be postulated. The yield criterion determines the stress level at which
plastic deforimation begins,

e @ relationship between stress and strain nst be developed for postyield
behaviour, ie. when the deformation is made up of both elastic and plastic
cotmponents,

A4.3.8 Yield conditions

The yield condition determines the stress level at which plastic deformation
begins and it must be invariant to change of frame reference. All the stress states
that cause yielding can be magined to constitute a contimious surface, called
yield surface, that divides the stress space into elastic and plastic domains. The
yield surface is the boundary of these two domaing and can change during plastic
flow, Because the stress strain relationship is differont for elastic and plastic
deformation, the deformation of the shape and position of the yvield surface in
the stress space is required. The yielding of material is defined by the vield
condition

fle.q) =10 (Apd.104)

and can be presented as the equation defining the surface in the stress space &
dependent on the sov of mternal variables . The vield function is expressed in
termg of "trne’ Cauchy stress tensor. Lu a small strain eases, the Cauchy stress
tensor is substibuted by the second Piola-Kirchholl stress fonsor
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f(8.q) =0 (Ap4.105)

[ the plasticity models, the internal variables are taken as the lnhl.sl.it‘ ahraii
components = and the hardening viriable &, The following options are available:

Jea.q) =0 the plastic How is  occurring
Jo.q) =0 the stress state 15 below  the yield point
and  behaviour is  elastie

Jla,q) =0 i unot admissible in clagsical  plasticity  theory

The expansion (contraction), translation aud digtortion of Lhe yit:J(]. sirface
are characteristic of material hardening. Two simple elassical models are shown
in Figure 4A.3.

i T

Initial yield Lni’\dlng Initial yiald Loading

surface surface —

Nl L

Current vield “_Current yield
surface surface
lsotropic strain hardening Kinematio sbrain hardening

Figure 4A.3 Graphic representation of isotropic and kinematic hard-
e,

The isotropic hardening assumes that the subsequent yield surface is a
uniform expansion of the initial yield surlace, as shown in Figure 4A.3 and that
the material solropic respouse Lo yvielding remains unchauged dorving plastic
deformation what leads to the et that the contour of initial and subsequent
yield surfaces is the samne.

The kinematic hardening asswnes that the yield surlace translate as o rigid
body in the stress space during the plastic deformation, as shown in Figure
4A.3. As a consequence, the shape of the subsequent yield surface during plastic
deformation remains unchanged. This model is mtrodneed dne 1o caleulation of
the Bauchinger effect.
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Some materials, notably soils have not strain harden but strain soften
imstead. thus the yield stress level at a point decreases with increasing plastic
deformation. Therefore for an isotropic model, the original yield curve contracts
progressively without translation. Consequently, yielding iplies local failure
and the yield surface becomes a failure eriterion,

The progressive development of the yield surface is defined relating the yield
stross Lo the plastie deformation by means of the hardening parameter k in two
ways. If the degree of work hardeniug is a function of the total plastic work,
then

b= W= [rfW“ = /cr celdi (Apd.106)
where £ ave the plastic compouents of strain oceurring during a strain incre-

ek,

If ks related to o measure of the total plastic deformation, then
|

b= / de? = / \/ E{E; : eVt (Apd.107)

L

where & is the effective, generalized or equivalent plastic strain, This behaviour
is termed strain hardening.  Thus, the yield function expressed by equation
(Apd.104) with the set of hardening parameters g = {€7, b} can be written as

[ (0,67, k) = Flo ~ ale?)) — oy (k) (Apd, 108)

where oy is the equivalent (uninxinl) yield stress and a represents the shift of
the yield surface in the stress space. The equation (Apd.104) can be used for
isotropic ag well ag for kinematic hardening.

The isotropic hardening is expressed if e = 0 and ;.ia'y/r!fi' = 0. The equation
(Ap4.108) can be rewritten for isotropic yield funetion as

[la. k) = Fla) — ay(k) (Apd.109)

The kinematic hardening is expressed if @ £ 0 and the equation (Apd.109)
cani he rewritben ns

[l &) = Fla) ~ ale") —ay (Ap4.110)

The shape of the yield surface depends on the yield critevion used. Different
hiypothesis have been used to establish the yield condition. The most important
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yield conditions for metal plasticity are the Mises-Huber, Tresea and Hill criteria.
For the materials such ag conerete, rock and soil, the best suitable yield criterions
ave the Molit-Coulomb and Drucker-Prager criteria,

Generally, the vield eriteria for metals does not depeind on the first nvariant
Ji of the stress tensor. Experimental observations indicate that plastic defor-
mation of metals i essentially independent of hydrostatic pressure.  On the
contrary, the yvield criteria for pressure - sensitive materials (conerete, roek and
q0il) include the influence of the hydrostatic pressure. e, dependence on Jy.

Ad4d.3.9 Stress state and stress space

The vield surface or yield function can be represented mathematically in
the stress space by n surface separating the elastic and plastic domaing (K-
L]. This surface can be determined by its shape, size and orvientation. The
geometrical representation of any stress state in the stress space are necessary.
The stress state ab any material point is expressed in terins of “true’ Cauchy
stress. For numerical computation it is convenient to rewrite yield fuuetion in
terms of alternative stress invariants, The components of the stress teusor @ in
the cartesian coordinate system are presented by a matrix of the secoud order

Tyw gy Tusz -
loijl = | @y ayy Oy (Apd.111)
Tz Tzy Taz

and a5 it 8 synunetric, only six stress components are independent determinating
unigiely o stress state. The three prineipal stross are caleulated from

iy —ad[ =0 (Apd.112)
le.
Tuex = Ty Taz
Ty Ty = & Ty =1 (A]U"*LllaJ
Tz fr:y Jzz —(F
or in rewritten form
o = o? - dag = Jy =0 (Apd.114)

where Jy, Jo and Jy are the invariants of stress tensor. expressed as follows

-}1 — ”'(ﬂ'} =y = Tgp -+ Tyy + s (Apd.115)
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1 2 2 2 i y
J_Q = :Eﬂ',i-jﬂqjj = T Tyy 'l"ﬂ'w;f-",:: b Tpplzs — Tpy — Tyz — T (ﬁl}l-l-.“.(:)

Jﬂ = %ﬂ'un’lﬂ‘.ﬂm = f.n":ﬁ.ffl(TjJ'j ('AHHLI lT)

The same invariants expressed in terms of the priveipal stresses oy, o and
@y tan be rewritten

Jy = oy ooy (Apd.118)
Jo = ayog 4 oy + g0 (Apd.119)
Iy = ayoaoy (Apd.120)

For each principal stress o;, e associated prineipal direction nt') (i =1,2.3)
can be obtained as

o) = gl (Apd.121)
what after somne algebra gives
Toew  Tuoy Taz a0 0 .
l‘f”; lﬂ':y CF”; U u a':j
wliere
[
|R"J] = ['”.j;f}] = ',;,E,.!” ugﬁj n&"}") (_A?HIEJ)

' i
1 L.!‘l J '!:‘-3 'H-::_;.
Thus, if the principal stresses and their directions are knowi, the stress stale

cian be deternmined,

In the plagticity theory, the stress tensor is decomposed as follows
aij = 105 + 8y (Apd.124)

where p is the hydrostatic stress or pressure
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1 1 1
"= q"‘:’f - g(f".c:rr + oy +az) = :i(df'l + my + ) (Ap4.125)

with pd;; being the spherical or hydrostatic stress tensor and 5, being the
devintorie stress tensor expressed as

Sij = ajj = gy (Apd.126)
Thns, the following expressions are given
J=tr(8)=Sy=5+5+5=0 (Apd.127)

| . ‘ i ;
—[{ﬂ’w:f' = C?'W)J"‘(G"m; = F;:?z'i'{ﬂ’:: o d'.-r.-y.')zl'l'ﬂ:'rya-i'ﬂﬂaz*'ﬂaacz

. |
Jé = E‘b“‘sﬁ:} = m

1 ' 5 |' \ ¥’ 1 g
= 6[({?1 - (‘72)2 + (o - aa)z 4 (a3 — 51]2] = 2(‘5‘? T Sﬁ ER .S-j'} (Apd.128)
! l' i il i 1 ) a1
Jiy = det(Sij) = 5 i1 SkSk = 51525 (Apd.129)

where §;(i = 1,2.3) are the prineipal values of the deviatoric tensor 8. The use
of equations (Apd.121) and (Apd.125) leads to

§. 0l = (g = pI) -0 = (g; = pyu i=1,2,3 (Apd.130)
]

what shows that the principal directions of the deviatoric stress 8 are the same
an those of the stress fensor o,

The principal deviatorie stresses Sili = 1,2,:.‘.) are relatod to the principal
stresses o (i = 1,2,3)

Sp=a;—=p (Apd.131)
wliere S =
5 | — T2 —4a])
Sy = R —
, 200 — 7| — Ty
Sy = R
i 203 -0y =02
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The invariants of the deviatoric stress § are related to the invariants
Ji(i = 1,2,3) of the siress tensor g a5

J=0 (Apd.132)

b= L1234 . 133
-2—};(»1 3.Ja) (Apd.133)

B = %(:ui" — OJyJy + 2T y) (Apd134)

Some additional remarks about octahedral normal and shear stress, @
sl 70, respectively ave given below. For elarity reason, first it s necessary to
define the octahedral pline ag the plane whose norinal has the same angles with
each of the principal directions of the stress Lensor o Thus, the unit novmal
n = (1, ng. ng) must satisty

u% = 'u.?j = n'ﬁ (Apid. 135)
and
n'f + 'u.:‘é -+ n% = [ (Apd.136)
what leads to
Ny =g =Ny = :i-—l (Apd,137)

V3
It means that there are eight families of octahedral planes, as follows
‘ot aptay= V3¢ (Apd.138)

with € being a constint.

The octahedral nornial stresses oge is the normal stress on an octahedral
plane and is expressed as

s . 9 1 I
Bpep = DT 1L = a‘m'i! + rrgn.% + n’;;nﬁ = 7;(:11 + oy +o3) = :,i.ﬂ (Apd.139)

L

Tho oetahedral shear stress 7o is the shear stress on an octahedral plane
expressed as
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Tum‘.-z = |o- “12 = "fm:fz = ;li[m'i = ”'2)2 t (og — ".'-":3)2 + (o3 = ”1)2] - E”}
‘ (Apd. 140)
The representation of & stress state geotelrically requives a six dirmensional
space with the six independent sbress components as its coordinate axes, The
yield surface (or failure surface) for anisotropic material needs six-diuensional
atress space and the orientation of the principal stresses 18 a8 important as
the magnitude of the principal stresses, what leads to complex ealeulation.
For the isotropic material, since the material properties are the same in any
direction, ouly the magnitude of the principal stresses are recuired, thus a three
dimensional stress space using the three principal shresses as the coordinate axes
are suflicient,

Af.3.9.1 The Mises Huber yeeld criterion

The Mises Huber vield eriterion [K-1]; assumes that the plastic yvielding will
oceur only when the second invariant Jj of the deviatoric stress Lensor 8 reaches
i Lp
a critical value &

J&—k‘z =0 for yielding or plastic deformation
Jh < k2 for elastic  deformation

The vield eviterion, in terms of stress components has the form
] 1

]

] ¥ i T |,
E:T'I(,’Tmab' = H'ﬂﬂ)z it (”w 1= f'-":;;:)z +- (1‘7::. = f'-";a.'.r)'e] + ﬂ'-.lry'd + ays” T "-1":.-J"ld - kz
(Apd.141)

or in rewritten form
1_ 3 i V
slley = a9)2 -+ (o9 — a3) + (a3 = 71)%] = K? (Apd.142)
In principal stress space, this condition gives a cireular eylinder surface,
whose projection onto 7 plane is a cirele, ns it is shown i Figure 4A.4L

The determination of the constant & is perforined by 4 simple tension test

gy =0y 03 =03 = 4] (Apd.143)
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m plane
O+ Tp + Te=0
,..-/ Space diagonal | Ty
'-".7": ﬂf - U:y
F _—Van Mises
Von Miges — Tresca
—Tresoa

a, ~

Line of pure
ghear (#=0)

Pigure 4A.4 Goometrical representation of the Tresca and von Mires
vield surfaces in prineipal stress space (a) and 7= plane
representation (b).

where gy 15 the yield stress in simple tensgion, Thus, substituting (Apd.143) into
(Apd.142) gives

I ;
,—?‘ucri,,'2 = K? (Apd.144)
and finally
b= % (Apd.145)
A4.3.9.2 The Tresca yield eriterion

The Tresea yield oriterion [K-1], assumes that the plastie yielding occurs
only when the maximum shear stress reaches the eritical value of material k.
Mathematically it is expressed as

tmar = K for  yielding  or  plastic  deforination

Tman < ko for plastie  deformation

I torms of principal stresses, the Tresca yield condition is written as

1 I
"“‘“““].E'"l — g, %]o‘-z ~ o3, g[ﬂ'g ~a|] =k (Apd. 146)
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ar

| :
;j(*’r-u.n.!.' = fT'nHu) = & (fl'!”"]-lil?J

The constant k. applying the same procedure with the nniaxial test is
expressed ns

ay

.’II=\- e
2

(Apd.148)

The yiekl surface has the form of a civeular eone, The projection of these
surfaces onto 1 plane is presented in Figure 4A.5.

A4.3.9.8 The Molr-Coulomb yield criterion

The Mohr-Coulomb yield criterion [K-1], depends on the mean stress, ie.
this criterion ineludes the influence of the hydrostatic pressure (dependence on
Jy) what is necessary in the plasticity applications to soil, vock and concrete,
This eriterion is o generalization of the Coulomb friction failire law defined by

[ =71 +oytandy —C =0 (Apd.149)
where 7 is the mugnitude of the shearing stress, @y is the normal stress, ¢ is the

cohesion and ¢ is the angle of internal friction, expressed respectively

= E‘_; ‘Z&L‘U."‘fﬁ (..‘lj?l—'i.l&“)

oy +mg _l_rrl—!;r

5 5 E.H?'-'H.ﬂi (Apd.1561)

Tn =

lu terms of principal stresses o0 = 1, 2,3, the eriterion (Ap4.150) criterion
can be rewritlen as

[ = max(jo; — o] + o + i sing| = 2C  cosg =0 (Ap4.152)
or

(o) = og) =20 cos¢— (e -+ )i (Apd.153)
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In principal stress space this gives a conical yield surface as a consequence
of the fact that a hydrostatic stress does influence yielding, as it is presentid in
Figure 4A.5,

A4.3.9.4 The Drucker Prager yield criterion

Mohi-Conlomb and Tresca yield surfaces have hexagonal-shaped corners,
what presents difficultics when the classical associnted plasticity theory is nsed to
determine the plastic strain inerement. Aun approximation to the Mohr-Conlomb
law is introduced by Drucker and Prager [K-1] as a modification of the Mises-
Huber yield critevion, to allow hydrostalic stress dependency, considering the
surface ns a smooth cone by adding a hydrostatic stress term /) to the Mises-
Huber eriterion

F=ady+[l=k=0 (Apd.154)

where Jy is the first invariant of the stress tensor o, Jy = oy + o2 + o33 aunel
the values o and K in order to make the Drucker Prager civele coineide with the
outer apices of the Molr-Coulomb hexagou

2 2sing GCeosd (Apd.155)
= — k= — L 155
\/3[3 + i) \/3[5 + ained) )

The yield surface has the form of @ cireular cone. The projection of these
gurfaces onto 7 plane is presented in Figure 4A.5.

Drucker—Prager o
Mohr-Coulomb
- Drucker—FPrager

“Mahr—Coulamb

Line of pure
shear (#=0)

Figure 4A.5 Geometrical representation of the Mohr-Coulomb aud
Drucker-Prager yield surfaces in prineipal stiess space (n)
and 7 plane representation (b).
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A4.2.9.5 The Hill erilerion

The Hill yield eriterion [H-1], s the modification of bhe Tresea or Von Mises
critorion for isotropic materiald, to deseribe the yielding of anisotropic materials
by using additional material congtants. With reference to the orthotropic
material, the Hill's yield criterion 1948 is based on the following assmmptions

e Ll miaterial is orthotropic, this exist three mutually orthogonal planes of
symmetry at eachi material point, The principal axes of anisotropy are the
intersections of those planes.

o the hydrostatic stress does not alfect yielding.

e there is not Bauchinger effect - the phenomenon which oceurs whien the yield
atress obtained in reloading or reversed direction s substantially less than
the yield stress in the original divection,

Mathematically, according Lo Lhe prineipal axes of anisotropy @,y and z the
Hill condition is

Ie) =

\/F(agg ~aa)?) + Glass — o11)% + Hloyy - ra2)? + 2Log? + 2Moig® + INea12?
-1 (Apd.156)

where /.G, H, L, M and N are material constants characterizing the current
state of anisotropic yield behaviour, expressed as follows

- | !
F=alo+ o — o3 (Apd:157a)
Yogy oy 7
1 1 |
gt oL L L Apd. 157!
1 AR R
. L1 1 I
T IR § \pd.157c
'3(”'1}1 A 3) Py
- _IQ M = _I_ N = —12- (Apd.157d)
gy 201y 2013

In the above expressions, ayq; og2 and ayy ave the tenstle yield stress in the
principal anisotropic divections and ayg, a2y and @y are the yield stresses in
ghear with regpeet to the principal axes of anisotropy.
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A4.3.10 Loading and unloading in stress space

Under mechanical loading a material deform elastically or plastically de-
pending on the applied loading level [K-1]. The stress-strain relations for elastic
deformation and plastic deformation are different, thus it is important to make
difference between elastic and plastic regions to be able to identify whether the
deformation is elastic or plastic. The yield surface is used to identify elastic
and plastic regions and loading and unloading criteria is used to identify the
characteristics of the deformation,

Loading oceurs when the stress state point is on the yield surface and remains
there, this the plastic deformation can inerease indefi nitely. Unloading is caused
when the stress point moves to the inside of the yield surface. If the subsequent
yield surface is exactly the same at any instant, the material is perfectly plastic.
If F(a) = (o) = ko is the yield function, then the following states are possible

F(a) < 0 eclastic deformation

Fla) =10

dF = flo + do) - [(o) = ;E;{; 1de =0 loading

dﬁw = f(ﬂ-'l' ﬂ!ﬂ) - f(a') — % 4 d,ﬂ' E 0‘ “nlﬂading

The direction of the vector 8f/de in the stress space has the direction of
outer normal n to the yield surface, For perfect plastic material, the yield surface
is fixed and can not expand, thus de can not point outward, as it is shown in
Figure 4A.6.a. The loading and unloading for work-hardening material is shown
in Figure 4A.6.h.

loading
18]
loading do

da n (df/dd) do n (df/d0)

loadi Toading W et
unloading unloading \\  ~
a) perfect plastic b) work—hardening

Figure 4A.6 Loading and unloading for (a) perfect plastic and (b)
work hardening materials.
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For worle h;-u‘(iul‘li“g materials, Lhe above l_-"K]'H’l-!.‘:‘iHiUll:i are

Fla) < 0 elastic  deforimation

()
Flo) =, zj:‘é cde =0 loading
l) o
Flo) =0, %% v =00 neutral  loading
Fle)=0 U | 4o <0 unloadi
4 = {}. o - a4l W
) =0, 5 tde 50, unloading

It should be emphasized that during plastic deformation, the yield eriterion
should he satisfied at all tiines.

A4.3.11 Uniaxial stress-strain relation

The diveet result of the standard tensile test are the nominal stress (L.e. the
first Piola-Kirchhoff stress)

r

0= Apd. 158
A (A )
and the nowinal strain (e, engineering strain)
L = r !
g=— il (Apd.159)
L[]

where Ag and Ly are the original area and length, respectively, Thus, nowminal
stress @ and nominal strain & ave defined based on the original dimensions.

For a large strain elasto-plastic analysis, the appropriate nieasimres are the
‘true’ Cauchy stross

(Apd.160)
and logarithimic natural strain

e =

i.’.ﬂ L .I; b
ffr = E£= / L i — (Apd.161)



210 Appendix AA- Details of pon-linvar solid mechanics theory

where A and L are the curvent area and length, vespectively. The logarithmic
strain or natural strain is particnlarly nseful in plasticity, sinee amount of plastic
deformation (ke equivalent plastic strain &) i measured using this strain
Tensire,

The correspouding relation between the logarithinie and engineering strain
usitg equations (Apd.159) and (Apd.161) is expressed as

&= hr.f; = En.AL + & = {n(l + £) (Apd.162)
L Ly

The current area used in caleulation of the Cauchy stress veguives mea-
girerment of the erogg section area of the speciman, But in metal plasticity for
practical purposes is caleulated nssuming the constant volume, Le. the plasticity
theory agsumed that the material is incompressible

Aol = AL (Apd.1G3)

thus, the relationship between & and e can be expressed as

_P_PY
AT Ayl

= 61 +£) (Apd.164)

The uniaxial stress-strain enrve can be pproximated by the Ludwik-Nadai
formula

iF= C‘l(n‘;—” 4 '.;."II;-)”' (a’"‘.?]‘i. l(iﬁ)

where €' is the Ludwik constant and n is the hardening exponent, with a value
between 0.1 and 0.5, The Ludwik-Nadai formula takes into account nonlinear
liardening, The maximal nominal stress oceurs when the logarithmic strain € is
equal to the hardening exponent 7.

A reference yield stresg in the yield criteria for a niultiaxial stress states
is the nniaxial yield stress oy The plastic part of the uniaxial stress-strain
relationship o = e(2) obtained from a standard tensile test gives the nniaxial
yield stress denoted as oy (7). Thus, if linear hardening is assumned, the uniaxial
vield stress ay (27) 18 expressed as

where H is the hardening modulus.






CHAPTER 5

NON-LINEAR SHELL

5.1 INTRODUCTION

In the analysis of shells, it is of interest to reduce the nuinber of degrees of
freedom per node, thus achieving reduction of the computational effort. As it
has been done in the ]u-nvimm chapter, the :-Lu.\.).l‘s!:-%i:-s is accomplished by making
explicit use of the Kirehhoff-Love | wpothesis on the shell fibre remaining straight
and perpendicular to the midsurface of the shell, using the combined FE/FV
approach to eliminate the rotational degrees of freedom.

The framework of the mixed Hu-Washizu formulation using the concepts
based on the combined FE/FV technique is again used to develop two triangular
plate elements without rotational dogrees of freedom for linear analysis, called
the BPT and BPN elements, Zarate [Z-1], They ave based on the Cell Centered
and Cell Vertex scliemes, respectively. The rotation-free BPT element was
extended by Cendoya [C-1] to nonlinear analysis of shells called the BS'T element
in an explicit dynamic code. As il hag beon shown that the Cell Vertex scheme
has some advantages over the Cell Centered schewme in the previous chapters, the
extension of the BPN clement for the linear analysis to the noulinear dynammnic
analysis of shells is presented in this study.

The layout of the chapter is the following, First, the basic theory for thin
plate/shell element, is reviewed. The set ol the governing equations is developed
i integral form in the framework of the mixed Hu-Washizu formmlation and the
study of stability of the mumerical solution i presented.

Two conceptually different triangle elements without rotationnl degrees of
froedoin are derived on the basis of the Cell Centered and Cell Vertex schemes.
Details on the derivation of the element stiffuess matrices and the load vectors
s well as the imposition of boundary conditions are pivei further. The
same explicit dynamic code, explained in the previous chapter, is wsed for the
eetonsion of the BEN element for the linear analysis to the BSN element for the
nonlinear dynamic analysis.

The efficiency of the new clement is checked with several examples of prac-
tical application, most notably, sheet metal forming, Finally, some conclusions
are given,

211
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5.2 BASIC THEORY

The plate shown in Figure 5.1 i considered.  The Kirehboff thin plate
conditions are assinned asg

it chw
Ip = —., @y ==— Al
. i "y (51

Figure 5.1 Sign convention for the deflections and rotations in a plate.

The set of the governing equations is expressed as follows. The Kinematic
sqquation gives the corvature fivld

X = [Xes k’ya;\‘..iryw = Law (5.2)

where L i the differential curvature operator defined as

L= 0% o? 200 ¥ (5.3)
= |y — | m—— it
dat’ oyt dady

The constitutive relationship between bending moments and curvatures is

X &) l'(!m'il'.!d in

m = ['“h:t:. f”ly;“ﬁ.‘;.-yj! = Dx ('5."]
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where thie D matrix s

D= ——r——mp |t | 0 (5.5)
12(1 —H") |
0 0 3%
with E and v being the Young's modulus and Poisson's ratio, vespectively.
The equilibrinm equation is expressed as
Lim+q=0 (5.6)

where ¢ is the distributing loading.

The set of the governing equations is obtained i the integral forni from the
standard Hu-Washiza funetional

H—%fﬂﬁ;DMM+/J“Lm—ﬂrmmbi/LQWM (5.7)

where A i8 the area of the plate,

The condition of the minimum potential energy is
all = 0 (5.8)

and the independent functions subjected to variation are w, m and x. The
yariation of T1 with respect to m, ¥ and w leads to the following set of kinemalic,
constitutive and equilibrinm equations

f/ﬁmWLm-xMiru (5.9a)
/Jb&ﬂDx—mMﬂ=U (5.9h)

f [1 [Lf)'ﬁ_l]?'n'lrlfl - / /.4 dwgdA =10 (5.9¢)

Eoguations (5.9a). (5.9b) and (5.9¢) represent the glohal satisfaction over
the plate of the kinematie, constitutive, and equilibrinm equations, respectively,
They are the basis for the combined FE/FV discretization,
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5.3 FINITE ELEMENT - FINITE VOLUME DISCRETIZATION

A digeretization of the plate into standard three node trinngles is conaidered,
The curvatures x and the bending moments m are deseribed by constant fields
within appropriate non-overlapping control domains covering the whole domain
g

m = Iymy, dm = Izomy, (5.10a)
x = lax ox = 13dx,, (5.1006)

whete (), denotes constant values over the p-th control domain and Ig is the
3 % 3 unit matrix.

Two kitd of control demaing are used. The fist is the conbrol domain
formied by a single triangular element corresponding to the Cell Centered scheme,
presented in Figure 5.2.a. The second one, is the control domain formed by & of
the areas of the elements surrounding i node, correspouding to the Cell Vertex
geliame, prosented in Figure 5.2.b, The "patel of clements’ associated Lo the
control domain in the Cell Centered scheme is formed by four elements while in
the Cell Vertex scheme the nuuber of elements in the pateh is variable.

element 7 \_ element
pateh m eontrol dornain pateh
a) b)

Figure 5.2 (1) Cell Centered friangulir pateh and (b) Cell Vertex
trinngnlar patel,

It should be noted that in the Cell Centered scheme each control domain
coincides with an standard three node finite element, triangle, 1In the Cell
Vertex scheme an element s formed by contributions from three dilferent control
domaing, as presented in Figure 5.3,



Nome e shill 215

/

a)

Figure 5.3 (1) Cell Centered lement and (b) Cell Vertex element.

Derivation of the curvature and bending motnent ficlds as well ag stiffness
matrix of each control domain are expressed in terms of the nodal deflections
associated to the corresponding element pateh. The area integrals in equation
(5.9) can be expressed ag o sum of contributions over different control domains.
The constitutive equation over each pateh (5.9b) is rewritten as

5 / [ ' ox}[Dx, —myldA =0 (5.11)
p I Ldlp

where Ay is the avea of the p-th control domain,

Taking into account that the virtual curvatures are arbitrary, gives
g

li'lp - DPQJ (5.12)

Fquation (5.12) defines the constant hending moment field over the control
domain in terms of the corresponding cnrvatures, where D) = —_117 I [, DdA s
S
bhe average constitubive matrix over i control domain.

The kinematic equation over the plate surface (5.94) is rewritten as

3. / / 6111‘?:[Lw ~ xpldA =0 (5.13)

gy

Taking into account that the virtual bending moments are arbitrary, the
curvature over ench control domain x;, is expressed as

l‘x" = o i, Lawdd = o fr, TV AL (5.14)

where
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T 5) |
T=|0 mnyl, Vu{ ’j’} (5.15)

“‘u '”-J:
1 ; :
el 1= [-n,l,:,, u”] is the unit normal vector Lo the boundary l._'.,; aurroniding Lhe

control domain, Figure 5.2,

The transformation of the area integral into the line integral is typical of the
Finite Volune method. Equation (5.14) delines the curvatures for each contiol
domain it terms of the deflection gradients along the houndaries.

The equilibrinm equation (5.9¢) can be rewritten as
5 f [ | LT v d A — f /1 FigdA =0 (5.16)
P o il -

Iuteprating by parts thie Hrst integral in the above equation, gives
- ,:'lr‘ ¥ " .F 4
2_] [ [Léw]' mypdA =" [9( TVow| mpdl (5.17)
P p Tp
thus, the equilibrivm equation can be rewritten as

r o
TV ndl’ = Yivgd A = () 5.18
gl.?{",, w| Mg ;f ./.--I,,f wijel - (5.18)

Substituting equation (5.14) into (5.12) and replacing the latter into the
equililrinm equation (5.18) leads to

‘z,, b, [T96w|" LDy TVSwdl = 52, [ [y, diwgdA =0 (5:19)

Equation (5.19) is the basis for deviving the final set of algebraic equations,
after appropriate diseretization of the deflection field. The simplest option is to
interpolate linearly the deflection within each triangle element in terms of the
nodal deflections in the standard finite element manner as

4
i = Z Nyjwy = N('L}W("} (5‘20)

i=1
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where wy denote nodal deflection values and N; are the standard linear
shape functions of the three node triangle, Nl = [Ny, Na, N3] aud wie) =
by -m;;]f .

Substituting equation (5,20) into (5.19) leads to the inal system of algebraie
egjuation as

Kw=f (5.21)

where the vector w containg the nodal deflections. The stillness matrix K is
obtained by assembling the contributions from: the different control domains
given by

K, = [B,] DB 4, (5.22)

where By, is the curvature mabrix relating the constant curvature field within a
control domain and the nodal deflections associated to the pateh.

Substituting equation (5.20) into (5.14) gives
xp = Bpwp (5.23)

where the vector wy consists the deflections of the nodes linked to the p-th
control domain. The computation of the cnrvature matrix By is different for the
Cell Clentered and Cell Vertex schemes, presented in detail in the next section.

The nodal foree vector £ is obtained as in the standard linear finite element
triangles. The components of the nodal force vector f for a distributed load ¢

1{ !

where the global nodal force component f; 15 obtained by assembling the element
(€)

contributions f;°' in the standard finite element mamer,  For a constant
distributed load ¢

[y Niata)iiA (5.24)

‘ - Alrr}
fi=% '!T (5.25)

where the sum collects all triangles sharing the i — th node and Al) iy the aren
of the element e.
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A study of stability of the mixed Finite Element - Finite Volume approach
nsed is presented in Annex 5.1,

5.4 COMPUTATION OF THE CURVATURE MATRIX

The computation of the curvature matrix By is different for the Cell Centered
and Cell Vertex schemes, so they are presented separately as in the previous
chapters. The practical application of the plate/shell element requires the
congideration of the various types of bonndary conditions: free edges, simply
supported edges, Hetitious symmetry adges and elamped edges.

5.4.1. Cell Centered scheme - BPT element

The Cell Centered pateh tor the BPT element is presented in Figure 5.0, 14
sliould e noted that the control domain in this case coincides with each trinngle.
BEquations (5.14) and (5.18) require fhe computation of the deflection gradient
along the coutrol domain boundaries. The deflection is linearly interpolated
within each element which coineides with control domain, thus the term Vi
is discontinnous at the element edges what causes the difficulties in the Cell
Centered scheme.

B!
[
|25
e

control domain

Figure 6.4 BPT clement,

Oiiate and Cervera [0-2] proposed a method to overcome this problent. The
defleetion gradients at the triangle sides are calenlated as the avernge value of
the gpradients contributed by the two clementsd shaving the side. The constant
cirvature field for enchi control domain is expressed as

X = —1—.- : T[VNI(P}W{“) -+ VN{.HW(’I}J;[]_" = Bpwp (52(")
P 94l Iy
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wlhiere
Wy = (Wi, W, Wy, Wy, Wyt el (5.27)

The indexes p and 1 = a, b, e denote the p-th element and any of the three
elements adjacent to eloment p, vespectively. The curvature matrix By s given

Ly

B, = [B), B}, B B, B} . B} (5.28)
whore
i | () ()19
b= " LN 5t
BH 2;"!1} -ﬁ‘p T[VNT 1' VN‘, ]fﬂ ( 3 2J}

It should be noted that the By matrix is 3 x 6 matrix reluting the deflections
of the six nodes of the four element pateh contributing to a control domain and
therefore the stiffness matrix K, is 6 % 6 matrix expressed as

K, = Bl DB,1, (5.30)

5.4.1a Imposition of the boundary conditions

The BPT element with a side along a boundary edge has one of the elements
contributing to the patch missing, as shown in Figure 5.5.

%

Boundary line \H () f!f

“_ ¢ Missing element
Ao

l

Figure 5.5 linposifion of the Lonndary conditions - BPT element.
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The imposition of the boundary conditions on the preseribed rotations are
performed during the construction of By, matrix, what makes the main difference
with respect to the standard Finite Element method, The contribution from the
boundary line edge 77 to the patel clevalure malrix is

.I " 7 . M
Byl = 1 A, TYN® a1 (5.31)

The same equation is used for the computation of the contributions from
ediges ke and ki, Additional conditions must be imposed in the case of boundary
edges where the rotations ,:u“[fm- the deflections are constrained, The various
types of boundary conditions are considered: simply supported edge, symmetry
edge and clamped edge,

G4, 1.1 Sitmply supported edge

The condition for the siimply supported edge is given as

N
i = ‘d—’: =0 (5.32)

where the condition %’- = () iy siply imposed by preseribing w = 0 in the
boundary nodes al the global equation solution level in the standard manner,
with & being the boundary divection. The effect of the missing contributing
eletent at the boundary edge s acconnted using the expression (5.31)

5.4.1.2 Symmetry edge

The condition for the symimetry edge s given as

i) il
= =10 Vo =) D
B 0l Iy (5.33)

The condition in the preseribed rotation is inposed by neglecting the
coutribution from the zero rotation Lerm (%:" or %’f,‘) al the symietry edge
when equation (5.31) is computed.
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O.4. 0.8 Clamped edye

The condition for the clanped edge is given by
w=Viw=20 (5.34)

what simply implies making zero the integral from equation (5:31) for the
corresponding elamped edge. The condition w = 1 on the todes laying on
clamped edges is prescribed at the eruation solution level in the standard
watmer. The conditions on the rotations are simply imposed by neglecting the
conbributions from the clamped edges in the line integral expressed by equation
(5.2G). For instance, if side 47 i3 clamped this simply implies making zero the
integral from equation (5.31).

5.4.2 Cell Vertex scheme - BPN element

The Cell Vertex pateh for the BPN element is presented in Figure 5.0,
The BPN element combines an standard finite element interpolation with non-
standard integration domains.

Walals

&y
L ] R
."‘..‘hi.ﬂ..:*:.‘i..:‘“‘

*

J EI!ﬁI*IrH control domain
a) b)

Figure 5.6 (1) BPN clement and (b) BPN control dowain.

The advantage of the Cell Vertex scheme is that the deflection gradient
is continuous along the coutrol domain boundaries. This allows to compuite
divectly the correzponding curvature vector as

17 | : ;
X = )é TVN,wudl' = Bywy (5.35)
f“j L ].'p
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where N, containg the shape functions of all elements contributing to the p-th
control domain., The curvature matrix B, is given by

BH == IB;J' Bw B;n Bp' ;;'!B;:r Brﬂ (5.3()')
where
= 4}1} TVN;dl’ (5.37)

[t is important to note that the curvature matrix By, is in this case the global
eurvature matrix for the central pth node. As a result, the produotk B}E'Dpox‘lp
provides the p-th vow of the global stiffness matrix, This fact simplifies the
assembly and solution process as the global stiffness equations lor a node ean
be eliminated once they are computed.

The standard element stiffness matrix can also be caleulated by adding the
contribution of the three internal domaing forming an element, as shown in
Figure 5.3, This process has not been found useful for practical purposes aid
the direct assembly of the control domaing contributions as explained above is
recornmentded,

5.4.2a Imposition of the boundary conditions

The imposition of the boundary conditions, showu in Figure 5.7, is siinpler
than for the BPT element as the defection eradient is continuouns along the
control domain boundaries in this case.

l
m
ke
n
Boundary 0 i 7

line

Figure 5.7 lmposition of the boundary conditions - BPN element.
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The condition w = @ ia preseribed at the global solution level while the
preseribed rotations must be accounted for the construction of the curvature
matrix,  The various types of boundary conditions are cousidered:  simply
supported edges, free edges ad elamped and symuetry edges.

5.4.2.1 Simply supporied cdge

The reqguired condition '?T‘H*i = () along the edge divection is Fulfil prescribing
the vertical deflection to a zero value at the global solution level.

5.4.2.2 Free edge

The free edges boundary coudition doeg not require any special treatment
for the rotations at the free edges. The advantage from the mixed formulation
can be performed prescribing the edge bending moments M, and My, to a zero
valtie. This is achieved by eliminating the contributions from these imoments at
free edge patches, making zevo the appropriate rows in the constitutive matrix
D.

5.4.2.8 Clamped and symmetry edge

The required zevo rotation conditions at clamped and syinmetry edgos
ave imposed by eliminating the contributions from these rotations in the line
integrals in equation (5.35),

5.5 EXTENSION TO SHELLS - BST AND BSN ELEMENTS

The extension to shells is devived in a similar fashion as in the previous
section for plates, The so called BST and BSN elements are based on the Cell
Centered and Cell Vertex schemes, respectively.

5.5.1 Cell Centered scheme - BST element

The BST element is the combination of the previous presented Basic Plate
Triangle BPT element with the standard Constant Strain Triangle CST used to
model the membrane behaviour. The Basie Shell Triangle eleient is shown in
Figure 5.8,

The element etrvibures within each control domain are expressed in the local
axes, The constant curvatures of the control domain are expressed in terms of
the local deflection gradients al the element edges, following the sume procedure
as i equations (5.14) and (5.18). The local deflection gradients ave expressed in
ferms of Lhe average valies of contributions from (he adjacent elements sharing
the same side. The sign convention is presented in Figure 5.9,
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L m control domain

Figure 5.8 BST element,

Figure 6.9 Sign convention for BST element.

The curvature (e) for the element e is expressed as
1

() Ty Tyt
X Yy &
{f'-) —- A -.--.;l B : : 2 { ﬂﬁ } T
x’ = Xyl' = A(‘Ej ]“(ﬂ, T:;u Thys 3 n'yf ()ﬂ dl" =
Agly! Tyt ™ = Togt ™ 20yt
1 (©)g. (e) r

where

tgﬂ' .
8 = { 0 }ij (5.39)
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and #, aud @, are the tangential and normal rotations at the pateh edges. Figure
5.9. Using the condition that the shear stresses are zero allows Lo express the
tangential rotations at the edge in terms of the deflection at the end node as

ok femdiod SEY LG (5.40)

[nside encl element, nsing the assumptions of the Kirehiboff hypothesis gives

au' e du'

57 =0 =0y (5.41)

The normal votation of the side ij can be expressed ns

' ' ,
Hlf-ij - ”‘:r.“‘(W) t ”I”’(W) (_-.).-12]

The normal rotation #,,, for two adjacent elements s presented in Figure
| 4
5.10.

Figure 5.10 The nonmal votation ¢, for twe adjacent elenients,

(b

" v S :
Thus, the rotations 9-5,,1‘.5 anel By, ave expressed as

i A O r (e) ¢, il } 1le s ' A
o) a("(-d%} + n.i,}(-a%;) = I'IE-I})VN" !t (5.43a)
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() {n (ﬂ)ﬂl'f () ¥ ( ;(r)u' ()

thyy = o0 oy ) “E‘.r; N @ w! (5.430)

or in inakrix form

o0 _ o) o [ B W o E Y e
{41 4] & g i i
”U N |“* ”F J { %’ui } — l'” o 8 “ -2 1“] { } =

ﬂ
-m’{l‘]
= AE;} wfg’r) . AE*}JWF‘.J') ("\‘."h"'l-l-ﬂu)
ie) '
! 4

ﬁ () 3 {‘.”
( 1 & 0 )
fy, (u} = [“(: .?&{“)| } - [”(f} ”I(ﬂ) e i W =
' %y ' 12.4[;] il r_(rr} t

X
“,:(“3
= Aﬁ-j‘) : ig*? = AE}"w"“) (5.44b)
'm’}{;'}
what finally gives the value 0y ns
Oy = 51085+ 08)) = GIAL W+ AW (5.45)

After the expressions for fly given by equation (5.40) and for @, given by
equation (5.45). the expression (5.39) for the curvature can be rewritien as
follows

lef-’) = {n QUJ;J + nﬂ; 01l g + uiffﬂ;.-.:l.t,-f} = B’,{;')w’“:} (5.46)
where the displacement vector s
wr{f‘}
Wi =4 ¥ (5.47)

w;(:!)
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W“lll
wv'i!'} ) 'HJI%”) - w’é}”-} — { “31'2‘”
4 it
L “’f.'jr) ¥ \ ”}r.gi J
’ w’(,m 1 u-’{["} |
w’i”) = | m,‘(;,; L w;:,;:) - H,;E;J { (5,48)
L 'H.l’l;‘b) J L f.l.’r‘!";r) 4
A simple transformation gives
W' = plelle) (5.49)

atel Lhe expression for the curvature (5.4{5) can be rewritten as
X' = B{mlelyle) = plly () (5.50)

where the curvalure mabrix is

B};-] = -B.l;:'}T(f.'} (5.51)
with B’}:’l} being
B = (B, By, By, By, By, B (5.52)
The bending stiffness matvix for the pateh is expressed as
@ _ [ g p.p® :
K = [ L 1B)”] DB\ dA (5.53)

The membrane strain matrix is given by the standard expressions for the
CST elewent. It can be easily shown that

B! = B/l (5.54)

whaore
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m lB mh-B ml:B e 0]

or rewritten in the expanded form

[ i w01
Bin=| 0 =g o
) - Ale !
W G o

The local menibrane displacement vector is
; ; 3
wr(r-) - lnf(]f“.'r',”!gf-}‘ u.’f;) He)- (;) 4 (‘ )]

m

The membrane stiffness matrix in global axes is expressed as
SHEN N " b,BYdA
Finally, the global stiffuess wiatrix is
K% = [ [ B¢ "pBE A = A BE] DB
where
Hmlrb = { g?:';}

Thus, the global stiffness matrix for any patel is expressed as

Kle)yle) _ gle) = gle)

where
W! ~l
w
2 W
wtleﬁ) Gadl ik Yy W= o,
b W
'HJ;‘
wi
\ WB E

(5.56)

(5.60)

{5.61)

(5.62)



Non-linear shell 229

and the foree vector is

f)
pe =g B gl (5.63)
4 f'z
£y i
\ fﬁ‘,

The force vector f; is obtained as a sum over elements sharing node i in the
patch, For the self weighting case this gives

£ = %zr;(,mt)(ﬂ (5.64)

The BST element was extended to nonlinear analysis by Cendoya [C-1],
using the Updated Lagrangian formulation. More details about this element and
its extension to nonlinear analysis with the description of the explicit dynamic
formulation, stress computation, material model, thickness updating and contact
and friction can be found in [C-1].

5.5.2 Cell Centered scheme - BSN element

The BSN element is the combination of the presented Basic Plate Nodal
BPN element with the standard Constant Strain Triangle CST used to model

the membrane behaviour. The Basic Shell Nodal element is shown in Figure
sl--lll

Eaatataly

Fooood] control domain

sy

Figure 5.11 Cell Centered acheme for derivation of BSN element.
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The constant curvabire and bending moment felds are defined in the local

nodal axes. A travsformation of the rotations from nodal Lo element axes

lor
the

cach of the elements forming the patch is requived. In order to deseribe
different stress states inside the shell as well as to impose the boundary

conditions, the different coordinate systems ave introdnced in fhe formnulation,
as presenfed in Figure 6.12.

Figure 5.12 Coordinate systems,

Global axes: x, y, # are used for the definition of the nodal variables and
nodal coordinates.

Flemental axes: £1(1H).f=:~(;"r:;f;l} are connected with the element under the

consideration and the node where the stillness matrix is evaluated; so three
coordinate elemental systems exist for each olement depending ou the node

i i oo ’ : i f
under the consideration @7 or ko The first axis ‘-'{1 } corresponds to the

(e)

divection of the gide jk aud the second one ey’ is on the plane which is

Q

formed by three nodes 4, j and k. The thivd axis eq
plane formed by nodes ¢, 7 aud &,

is perpendicular to the

n ") (r)
AE) 1 I - i el H

A A N,
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s Nodal nxes: ::{1"'}4::.{2”’,:%5”] are the hunetion of the Buler angles, presented in

Figire 5,13, defined as rotations that systematically male rotation of the
plobnl nxis systen.

Figure 5.13 Buler angles.

~ The first rotation ¢ rotates in anticlockwise direction and the system xy
advinces into the new position @'y, without changing the position of the
axis z = 2,

- The second rotation @ rotates in anticlockwise direction and the system 2y’

advanees into the new position ::.”y”. without changing the position of the

axis 2/ = 2" which is a rotate axis.

' : e ' Y- At
_ The third rotation ¢ rotates in anticlockwise divection and the system ="y

advanees into the new position &y, without changing the position of the

axis 2 = M

The transformation of the nodal coordinates to global coordinates is ex-
preaged ns

L @mTy (5:66)
where
7 (n) () y(n)
f.'{'ln” Ay "\I.IU '}\l;
alm1 _ (:E,”'” = -’\53';:-) ,\g';-’ Af{;') (5.67)
(m)T (ny (n)  lm)
23 Ao Ny A

The deformation tensor € is given as
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Eme Euy Eaz
E= €”;p E!}'Jf E T¥: (BGH)
¢ Ezp Eiz

The eloment can be rotated by the rotation matrix Q

Ala ’\lp Al o
q — A"Zm A'-Iﬂ i’\za ‘Iﬁ.ﬁ‘J)
}‘3;1: 'hi.ly Agz

The transformation from the loeal to global system is expressed as

e=QleQ, €=9,¢ (5.

-

=3

=
e

and vice versa

—

£ = QEQ:{.1 EJ = S‘qu (5.?1)

As in the shell theory the local normal deformations £, are not nsed, the
matrix of the rotation can be simplified as

£= Ry (5.724)
£ = Ryye (5.720)
The nodal displacetnent vector, expressed n global axes is
wl = (g, wg.wy. g, va, wy, us, vy, wy) (5.73)
The bending displacement veetor in local axes is

w"gl = ["”1 , 'w-i-,, *-”.fi-l (5.74)

and the membrane displacement veetor in loeal axes is

i T T N X A "y

w = g, vy, g, Uy, g, vh) (5.75)

The transformation which relates the local and global displacement veetors
is piven as
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wfh = Rw. ij. = me (576)
where
MDA A 0 0 0 0 00
Rp=| 0 0 0 Af) Ay A o0 0 0 (6.77)
00 0 0 0 0 A g Ay

and matrix Ry, s

Al A N 0 0 0 0 00
MDA M 0 0 0 0 0w
o 0 o MY g0 0

R = o, g T (5.78)
"Tloo0 0 Ay A A 0 0o
o 0 o o0 o 0 A Ay Y

o 0 0 0 0 0 AY) AY MY

It is assumed that the variation of the curvature expressed in the global axis
aystem inside the domain of one node is constant

/ 2 iF r
A [x = RyXlaQ =0 (5.79)
or in rewritten form
Ay
S i )
IRGE [ Ruf T o (5.80)
' ony 0
~o - e
where € is the corresponding domain of the node i
LB Al .
0 = S— (5,81)

Substituting equation (5.81) into (5.80), yields
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(l
xz‘—‘— [ Ry, )02 (5.82)

Using the assunptious of the Kivehhoff iypothesis

! ol du! i

‘5:;;} = U U_y’ =ty (5.53)
equation (5.82) can be rewritten as
VT |
; i
AW :

xzta_ = [ Ry Gk o (5.84)

. 2;‘?"11!

dal iy’

Using the Green theovem, the above equation can be vewritton as
3 Sttt D & 3 .
X=c— fRy| 0 -ny { G har = R Bywy (580)
Ei' ""H'f"’ /1 / \_.”,ﬂ, —'“,;:, dﬂ’ I.I" 5_.{ '\t 'J

In order to be able to evaluate the nodal curvatine, the transformation from
global to nodal coordinate system has to he per formed, thus the above expression
can be rewritben as

RHHZ Al )RI;,BIPR!;W;: (5.86)

where the nodal curvature matrix is
Bl = Ry >Ry, B 587
s, = Ale) P (5.87)

with wy, being the global displaceinents of the pateh nodes.

The global bending stiffuess watrix for the node i is therefore given by

Ky = [ B B8/ pl'B{ 00 (5.88)
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The membrane strain matrix is expressed by the formulation of the CST
elemnent

Bm = B;m.Rm (5&‘))

where as in Lhe previous BST element

B'-’H — [B"ml i Bfﬁ'r-?*B’mﬁ! 0] (5.90)
witlh
ang o) pNLe! ]
—0#;— () —mfy— 0 —D—f‘,— 0
Biy=| o {-’NIJL:--} 0 %3:-1 0 "7‘;3{},-' (5.91)
T N G W A B

The global membrane stiffness matrix tor the element e is
(¢) T Gk
K = [.1{:-:[5”' 1 DmBm il A (*—"Jz)

Following the same procedure ag for the BPN element, the mewbrane strain
matrix can be developed for node 4 giving the membrane CSN slemient, Starting
with the assumption that the membrane deformations in global axes are constant
or equal to the sum of all contributions from the elements in the pateh, the
following expression is given

.L[E"" = Rige'm]d2 =0 (5.93)
or
Jaemd = fy B (590
what leads to
5, AW

£ “—'d-‘_—!.— = /‘n Rm!rm” (5.95)
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O the other side, the variation of inembrane deformations over cach element
from the CST formulation is

| ¢ : i
Es:-) = B’EMFREL)WM (5.9G)
or in expanded form, the same for the node ¢ is

B e AN s ) s
[k_,(_ RWBIEf;}R'}rJ'}W(”}] (5.97)

(i) _
e = Rynge @473
8 ' '

where the nodal curvatiare matrix 1

- 3 Al :
Bl = Ryn 5 (5 Ry BIY | (5.98)
T 2 . { *

where wy are the global displacenients of the pateh nodes. The global membrane
sbiflness matrix is

i . o i : .
KS;} = ]HIBH:)] DE:})BL";}JSZ (5.99)

More details about the transformation matrices used in above expressions
¢an be found in Zarate [Z-1]. The global stiffness matrix is enleulnted as

K — ﬂ'e[ﬂm]f PHBH L (5,100)

5.6 NON-LINEAR BSN ELEMENT

The smue element is extended to the nonlinear explicit dynamic analysis
using the Updated Lagrangian formulation, The extension of the BSN element
to the nonlinear analysis as well as the practical application in the framework
of sheet metal forming by some nimerical examples are presented forther.
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5.6.1 Explicit Dynamic Formulation

The dynamic equilibrinm equations are written in terms of the principle of
the virtual work using the Updated Lagrangian formulation. The discretized
form of equilibrium equations is expressed as [Z-4]

Ma+p=f (5.101)

where M is the wass matrix and p and £ are the vectors of internal and external
foves. respectively.  These forces are ealoulated by assembling the element
contribittions

p¢ = [ [ BI 4 (5.102)
P = f [ :'N"'mm (5,103)

where t is the vector of surface forees, e, the contact forces acting on the
elemneit and the strain matrix B and the stregses o are divided in the membrane
and bending parts

B = [%’:f‘ and o' = [‘:f:'] (5.104)

The stresses gy, and gy, are
am = [Nyt Ny, N-l-'*u’]:r (5.105a)
ay = (M, My, M) (5.1056)

Bquation (5.104) is integrated in thoe using the explicit. dynamie scheme
with a diagonal (lumped) mass matrix.
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5.6.2 Computation of stresses

The stresses are computed in the local element systewn at each time increment
using an hypoelastic rate constitutive law

oY =De (5.106)

g, = , ] : : 7 LRI
whore @'Y is thie Jaumann rate of the Cauchy stress, € = [0, 2,0, Y0 18 the
rate of the deformation vector and D is the elagto-plastic matrix.

The stresses ab the end of a thoe inerement are obtained by
: nt | Jynis
SITAL it A (5.107)

where the stress /' Las to be rotated before the sum expressed by equation
(5.107). The final-resultant stresses are obtained as

, P ,
m-_{ ::;;, } = /_?g{ ;ﬂ,]r!z’ -

i i i / T
where o is the thickness of the shell and o' = [0, 0., ‘f‘:-fyfl :

5.6.3 Anisotropic material model

An elastosplastic material model s nsed, where the elastic beliavionr is
assumed to be isotropic and an anisotropic plane model based on Hill's theory is
chosen for the plastic part. The yield function used in the analysis is expressed
s

Cloy + oM + Cyloy — oM = 7 (5.109)
wlhiore
| |4 2R
G =, Cy= i 5,110
“=sivRy QTR (R0

and A 15 the Lankford coetlicient

R = 2(Ro + 2R + ) (5.111)
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Equation (5.109) gives the quadratic Hill's yield funetion for the valie M = 2
and the isotropic von Mises lunction for the value B =1 and M = 2,

5.6.4 Thickness updating

The element thickness is uptlm.m,l to preserve the constant volume :l:-iiug the
following expression

0,0
trar _ Ah -
HHA = S (5.112)

where AY and A are the initial ares and fuitial thickness.
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5.7 NUMERICAL EXAMPLES

6.7.1 Square cup deep drawing

46.7.1.1 Problem deseriplion

This example is one of the benchmark tests proposed in NUMISHEET93
[M-1]. The analysis of the deep drawing process of a square sheet into a square
cup is carried oul. This test emphasizes the ability to simulate a large amount of
material draw-in with a nearly vertical wall, Other numerical results available
from [M-1]| are compared with the numerical results obtained with the BSN
element. To demonstrate the performance of the BSN element, two dilferent
element types were used for this problem: 3D hexahedral solid element and new

triangular BSN shell element.
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Figure 5.14 Geometry of the Square Cup Deep Drawing.
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5.7.0.2 Fute clement model

Geometry

The geometry of the puncli, die and blankholder is shown in Figure 5,14,
Because of symunetry considerations, the shuulation was carried ont Hsing a
quarter of the delined structure. For this deep drawing problem, the punch
travel is 40,0070,

Mesh

The sheet was wodelled nsing 1800 BSN triangular shell layered elements
(3 node) or 900 HEXSR hexuhedral solid elements (8 node), The blankholder
is modelled using 13 HEXSR hexahedral solid elements (8 node) and the punch
anel the die nsing 649 DUMCE) rvigid elements (4 node). The discretization of the
slicel and tools is pl‘dr:«iulll,t!t! it l.“iglll'n 500 (note that the sheet and tools are
translated for clarity).

Materials

The sheet wmaterial was mild steel using a nonlinear llsxl*dumin,.-" uln,:ql‘:_;-pl;mth:
maodel, The f()l.lt'hwiu;.j; properties were used:

Young’s modulus: = YOUNG = 2006 Pa
Poisson’s ratio: = POISS = 0.3
Muass density: = MASSD = "'It:l[J(]).:_q/uru.:3
Noulinear hardening: = CONSO = 565.3M Pa
EFREF =0.007117
CONSN = (0.2580
The blankholder material was steel using a linear elastic model with the
following propertios:
Young's modulus: = YOUNG = 2106 Pa
Poisson's ratio: = POISS = 0.3
Mass density: = MASSD = 7T800kg/ m
Nonlinear hardening: = CONSO = very high value to prevent vielding
EFREF = value is unimportant
CONSN = value is untmportant
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punch

Figure 5.15 Discretization of the sheet and Lools.
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Boundary Conditions

The die was held in place while the puuch was moved vertically, Clontact
surfaces between all tools and fhe sheet (puneh - sheet, die - shoet and
blankholder - sheet contact pairs) were modelled using a friction coefficient of
0.114: the penalty coeflicient. for both normal and tangential contact forces was
0.3,

Loading

A constant blankholding force of 19,668 was applied to the surface of the
blankholder as a surface load on those elements. The punch was moved vertically
for 40man by applying o sinusoidal velocity over the total analysis time period.

8.7 08 Analysis consuderations

The total response time was obtained using an automatic time stepping
calculiation and was terminated when the puneh stroke was completed. Material
not-linearities were considered to be rate indepoendent.

5.7.1.4 Results and diseussion

Figures 5:17 and 5.18 show the mitial geometry layout as well as the final
sheet geometry, respectively, The final shape agrees very well with the numerical
and experimental solutions in [M-1],

Three different measurves for the draw-in were chosen: the draw-in in x
direction DX along the symmetry plaie, the draw-in in y direction DY along the
syminetry plane, (because of symmetry the values DX and DY should coincide)
and the diagonal draw-in DD at the sheet corner. The draw-in definitions are
shown in Figure 5.16.

deformed blank

edge

5 sl Ay, (v P A

t
Dy DDI

|
: _initial blank
| ;.r’ edge
b
|
|
I
l

0 ox A

Figure 5.16 Draw-in definitions.
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The other primary quantities of interest ave the strain distribution prodneed
i the formed product.  The strain distributions arve presented along the
sytinmetry lines O-A and O-C (because of the symumetry the values of O-A and
O-C goincide) and along the line from the center to the corner of the sheet O-13,
The side of the sheet that faces the die 18 nsed for the presentation of the strain
distributions, Tt shonld be noted that distances are measured with vespect Lo
the deformed length along the sheet.,

The minor strain distribution along the lines O<A aud O-B ave presented
in Fig‘lll'l!ﬁ 5,19 and 5.20 vespectively, The tajor strain distribution :;\,Jl'mg the
lines O-A and O-B are presented in Figures 521 and 5.22 vespectively, It can
be noted that the largest straing ave located in the region of the radii of the
punch and die, Thickness strain distributions aloug the lines O-A and O-B are
presented m Figures 5,23 and 5.24 vespectively. Values for the average of the
exporimmental results ave only available for the thickness strains but not [or the
minor ad major straing; these arve also shown i Figures 5.23 and 5.24 and the
numerical regults compare well.

5.7.1.5 Conclustons

The nnmerical resulby obtained by either the hexahedral 3D solid elements,
triangular BST or the triangular BSN shell element show good corvelation with
the available numerical and experimental vesults from the NUMISHERET 93
conference [M-1]. '
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5.7.2 S-RAIL deep drawing and springback

5.7.2.1 Problem deseription

The S-rail benchmark problem corresponds to one of the benchmark tests
proposed in NUMISHEET'96 [L-2]. The drawn part selacted for this benchmark
containg combined bending and drawing zones, but the controlling of wrinkling
and springback is a key problem. The analysis was carried out in two parts:
stamping and then the springback computation once the tools were removed,

LY

Figure 5.25 Complete geometry of the S-rail Deep Drawing and
Springback,

PUMCH
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5.7.2. 9 Finite element model

Geometry

The geometrical data of the punch. die and blankholder are shown in Figure
5,25, 5,26 and 5.27, respectively. The punch travel is 37.0nun.

Mesh

The sheet was modelled using 12000 BSN triangular shell layered elements
(3 node). The blankholder was modelled using 190 Q854 quadrilateral shell
elemnents (4 node) to facilitate the application of the blankholder force. The
punch and the die were modelled using 968 and 1496 DUMQ rigid elements
(4 node) respectively, The diseretized sheet s presented i Figure 5.28 as well
as diseretized tools (blankholder, punch and die) are presented in TPigure 5,29,
Reference points for comparison purposes hefore and after the stamping are
presented in Figure 5,50,

Materials

The sheot material was mild steel using a nonlinear isotropic hardening
elasto-plastic model. The following properties were used;

Young's modinlug; = YOUNG = 2064 Pa
Poisson’s ratio: = POISS = 0.3
Mass density: = MASSD = 7?3“(.'-'};!{}/”13
EFREF = 0.,0058
'ONSN =10,283
The blankholder material was steel using a linear elastic model with the
fullowing properties:
Young's modulns: YOUNG = 2106 Pa
Polsson’s ratio: POTSS = 0,33
Mass density: MASSD = 8700kg/m®
Nonlinear hardening: = CONSO = very high value to prevent yielding
EFREF = value is wuimportant
(CONEN = value 8 dnlimportant
Boundary Conditions

The die and the blankholder were leld in place while the puneh was moved
verticnlly, Contact surfaces hetween all tools and the sheet {(punch - sheet,
die - sheet and blankholder - sheet contact pairs) were modelled using a friction
coefficient of 0.11; the penalty coeflicient for both normal and Langential contact
forces was (0.1,
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Loading

A constant blankholding force of 10 kN was applied to the surface of the
blankholder as a surface load on those elements. The punch was moved vertically
for 37.0mm by applying a sinusoidal velocity over the total analysis time period.

=,

Pyt

LA
e

" T

Figure 5.28 Discretized sheet.
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Figure 5.29 Digcretized tools.
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Figure 5.31 Deformed mesh after the stamping stage superimposed
on the original mesh,
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5.7.2.3 Anatysis considerations

The total response tine was obtained using a fix time step of 0,15008 — 06
seconds,  The simplicity of the formulation s based on avoiding the use of
rotational degrees of freedom per node (BSN triigulay elements) and the
representation of the complex shell deformsation in the stamping process s
successfully achieved, Material non-linearities were considered by means of
the hypoelustic mode!l of elastoplasticity, The springback was achieved using
dynatiie relaxation with the explicit algorithm - this is ineflicient but shows
that satisfactory results can be obtained (implicit methods are wove efficient for
these computations),

5.7.2.4 Results and discussion

The superposition of the final deformed shape on the original sheet is shown
in Figure 5.31. The emphasis is on predicting the final deformations after
springback, The numerically obtained deformed shape alter springhack is shown
in Figure 5.33 which COLPUTeH Ll;cl.ruumly well with the experitmental results
shown in Figure 532, A different view of the munerical vesult. ¢learly showing
the buckling of the upper surface, s shown in Figure 534, Comparison of
the experimental and numerical result across seetion J'D" 18 given in Figure
5.63 and a Z-coorvdinate comparison across section B"G" 18 given in Figure 5,36,
These results compare very well given that the maximum errvor is about 5%. The
comparison eurves of punch force versus punch height ave presented in Figure
6.37; again the results obtained with the BSN element are in good agreement
with those presented in [L-2]

O, 7.2.5 Conclusions

The radial strain distributions for the solid and shell elemeits AR FeAsOlL-
n.[ﬁy well with the reference solution Eiven in [1,.-‘2,]. Stmnilar resulty were obtained
for the civcuwmlerentinl and thickness distributions for all elements.
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Figure 5.33 Deformed shape obiained in simulation.
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Figure 5.34 Deformed shape after springback.

—

= BEN SHELL ELEMENT
= ¢ = EXPERIMEMNT

Figure 5.35 Comparison of sections J"-D" obtained in shnmlation and
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ANNEX 5.1

STUDY OF STABILITY

Despite the lacility of relaxation, the shape funetion continuity requirements
does not give the satisfactory results for certain choices of the individual shape
functions for the mixed formulation. Some additional conditions - namely
stability conditions ave presented. These conditions have to e satisfied for
the total problem as well as for the element patches.

Taking the following approximations
4 B

w = N,w (And.la)
m = N,,m (Anb.1b)
x = Nyx (Anb.lc)

and replacing thei into the equation (5.9), the same set of equations can be
rewrillen as

[ /‘1 Ny T [LN W = Nyx|dA = 0 (Anb.2a)
/' /1 N, DNy x — NyamfdA =0 (An5.2b)
[ [ (N Nytad - [ [ NoTada =0 (An5.20)

Collecting the corresponding L-l].‘rll!'n)li]lliﬂ'-iuilﬂ and rewriting equation (Anb.2)
in matrix form, yields

K \,\:_ . I{”‘.\' D 'x u
K”Wf 0 ; Kmm 1 = 0 {A'H.f).:fl)
0 Kun't 0 JL W f

where

254
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Ky = / [I Ny TDN){‘“L‘l (Anb.du)
Koy = __/ fl Nm-TN\fM (Anb.4b)
Kym = //i N,ETN?”,(L‘l (Anb.de)

o
f = f./.-'. wa'm-g_q (And.dd)
The eriteria of stability for any element assembly and boundary conditions

i

Ng + Ny = Ty (J'l'};‘.ﬁvﬁfﬁ}
Wy = N (Anb.50)

where np. o and 1y are the numbers of degrees of freedom in appropriate
variables,

Thus, the stability of the matrix always occurs i the number of the unknowns
in the vector x called ny and vector w called 7y Is less than the mumber of
the nnknowns my, in the vector M, equation (;-I‘H-'i-ﬁlr.?.). This is necessary bul
not sufficient condition. The additional condition is that the number of the
unknowns in the vector i called ny, i less than the number of the unknowns
ne in the vector W, equation (AnH.50). As mentioned before, the condition
expressed by equation (Anb.5) is to be satisfied for the whole system as well as
for the element patehes.

The matrix expression by equation (And.3) can be written as

K,\ \X T Kypym =20 ( Anb.Ga)
Ky % + Kum® =0 (A5.6b)
Kn.:m:rl'ﬁ = f (Anbd.Ge)

The frst, equation gives the curvature x as
i - —K\ \ = ]K”HJTI (..4“-5.?)

then, replacing ¥ inbo equation (Anb.60) gives
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K ® — Ky T Ky Kyl =0 (Anb.8)
where Kym = [I{”,\I‘I{\-f\ - Ky, s0 the mis
= Ko™ " KumW (Anb.9)
The last equation (Anb.Ge) gives
[K“,”,TK““” = LI{usm]W —4 § (AnbH.10)
what leads to the stiffuess matrix K expressed by equation (5,21) as
Kw =f (Anb.11)
whore K = [Kw-m.'TK;-“,-”_l]{mm]-
Assuming that the constant curvatiwe and moment leld within each element

pateh are

Ty = T (Anb.12a)

Ny =Ny =Ly (Anb.12b)
the fivst stability condition is rewritten as
thy + thy = gy = N =0 (Anb.13a)
and the second stability condition ax
N, = 1ty = N (Anb.13b)

Implemented simplified form of the terns involving the aurvature operator
oxpressed by equations (5.10), the matrices in equation (Anb.d) are

Kyy = / [* [mTD]m!-!f‘l = DA (."-'mﬂ.l.*lﬂ)

Hm,\' = o / /l I;;:I!Hf“" = _-['m. -4 {Aﬂﬁ.l-’m)
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Kim = — ] f 1 17 NdA = 5£' [TN | Lpdl (Ans.14¢)

Replacing the corresponding matrices nto Ky, leads to
: B

Ky = [K'm.\'TKx,\_11{31;_1(] = —-‘umTa"{_ID 1oAY = le_l (Anb5.15)

and substituting equation (Anb.15) into (And.11) yields

[KmmTK-J'um . II{,.,,,,.]W =f (Anb.16)
where
K = [ [TNu|Ldr)” 4D (e (TN Ludr) (Anf.17)

The global stiffuess watrix K i consbricted by assembling the contributions
of the different eontrol domaius using the Cell Centered and Cell Vertox scheimes,
us explained in the previous sections.



CHAPTER 6

CONCLUSIONS

6.1 INTRODUCTION

The objective of the thesis is the development of efficient solution procedures
for Jarge industrial problems in nonlinear shell analysis typical of metal forming
and erash worthiness situation. The efficiency of the formulation has been
achieved by the new combined FE/FV based approximations allowing for the
rotational-liee formulations of the typical structure elements (beams, plates and
shells). The developient of elements has been carvied out in the framework of
linear analysis and then extended to nonlinear by means of Updated Lagrangian
formulation and an explieit dynamic analysis. The procedure has been selected
in the spirit of a sound approach Lo solve nonlinear problems which should ot
be started at the outset with the most complicated model, Tt is recommended
to start with the appropriate linear analysis to become aware of the particular
problem at hand and to introduce different nonlinearivy effects progressively.
The structural elements developed in this thesis provide the basis for respectable
solution for nonlinear problems.

The efficiency of this new approach has been achieved by the new combined
FE/FV teclmique for constructing structural finite elements (beams, plates and
shells) which do not carry votational degrees of freedom. This naturally means
that the computational efforts for solving these problems can be significantly
reduced due to e reduction of a mumber of degrees of freedom.

All the elements developed in this thesis exhibit very satislying and robust
performance which is primarily the consequence of solid theoretical foundation
of the combined FE/FV technique developed in this study using the Hu-Washizu
mixed variational formulation.
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6.2

Clipter G

PRINCIPAL CONTRIBUTIONS OF THE THESIS

The miain coubributions of the thesis are the following:

A rigorous theoretical basis of combined FLI/FV approximations is con-
atricted by making use of the mixed Hu-Washizu varistional formulation.
This kind of fornulation allows for more freedom in choosing appropriate
interpolationy in order to accommodate various constraints appearing in dis-
crete approximations of structural theories,

Two combined FE/FV technigques are developed: Cell Centered scheme
which congiders the complete doain of the particular element and its
neighbours for which FE/FV approximations is being construneting, and
Cell Vertex scheme which foenses upon the particular node defining the
corresponding domain of each pateh as the appropriate subdomains of the
elements attached to the node.

The development of FIS/FV approximations has been earried out for heam,
axisvmmetric and arbitrary shape shell elements with displacement degrees
of freedom only, For all these elements it has been found that the Cell Vertex
scheine exhibits o superior performance.

Taking into account the last observation it is only the Cell Vertex scheme
that hag been chosen as the basis for constructing the extension to nonlinear
analysis of axisymumetric and avbitvary shape shells. The whole procedure
hag been accomplished by means of Updated Lagrangian formulation and
an explicit dynamniic analysis.

It has been demonstrated with several mmmerical simulations, of very com-
plex sheet stamping problews including frictional contact situations. that
the BSN element developed in this thesis is a very versatile tool for practical
sheet stamping analysis.
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6.3 FUTURE LINES OF RESEARCH

Future developments of this rescarch can be carried out in order Lo increase
the elficiency of computation al more advanced level.

e More precisely, the modern computer egquipment can be valuable to achieve
better results, by nging the developed FE/FV elements with parallel com-
puting procedures.

e In addition, the developed elements can be used in combination with
adaptive mesh refinement which would be of the particular interest for
captiring stress and strain concentratious.

e The thermomechanical coupling can also be considered in order to inerease
applicability of the developed shell elements to diffevent forming procedures
< hiot versus cold forming,
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