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Abstract. This paper presents a reliability-based multilattice topology optimization framework
for structural design under uncertainty in material properties. Many natural and engineered materi-
als—such as bone, wood, and polymers—possess hierarchical microstructures and spatially varying
mechanical properties, enabling multifunctionality and adaptability. Inspired by these systems, archi-
tected lattice materials (also known as metamaterials) are engineered to achieve tunable mechanical
performance through controlled porosity and microstructural orientation. These attributes enable the
design of heterogeneous, high-performance systems that surpass the capabilities of their individual
constituents. Topology optimization (TO) serves as a powerful tool for designing structures with spa-
tially tailored material distributions and hierarchical configurations. However, computing the effective
properties of lattice unit cells via homogenization at every optimization step is computationally inten-
sive. To address this challenge, we propose a density-based TO framework that incorporates multiple
lattice structures while accounting for material uncertainty. A Kriging-based surrogate modeling ap-
proach is employed to efficiently estimate the effective behavior of lattice structures across a range
of relative densities, significantly reducing computational effort. Numerical examples involving mul-
tiscale lattice configurations demonstrate the feasibility and effectiveness of the proposed framework
in generating lightweight, structurally robust designs under probabilistic constraints. The approach
provides a scalable solution for engineering applications demanding high performance, adaptability,
and resilience under uncertainty.

1 INTRODUCTION

Topology optimization (TO) is a computational method used to determine the optimal material
distribution within a given design domain, typically by minimizing structural compliance subject to
constraints such as material volume, stress, or stability [1]. TO has been widely applied across engi-
neering fields, including mechanical [2], aerospace [3], biomedical [4], and civil engineering [5, 6].
Recent developments have extended TO to multi-material and lattice-based designs, enabling opti-
mized spatial allocation of materials for multifunctional performance such as stiffness, energy absorp-
tion, or negative Poisson’s ratio [7, 8]. Lattice structures, in particular, offer high stiffness-to-weight
ratios and are well-suited for additive manufacturing. Their integration into TO has been explored
through homogenization-based modeling [9] and more recently, through data-driven and surrogate
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modeling techniques to reduce computational cost [10]. This study builds upon recent advances by
integrating Kriging-based surrogate models into a density-based topology optimization framework
to efficiently approximate the effective mechanical behavior of anisotropic lattice structures across
varying densities. To address uncertainties in material properties and loading conditions, a reliability-
based topology optimization approach is incorporated. The proposed Reliability-Based Multi-Lattice
Topology Optimization (RBMTO) method enables the reliable design of structures through the spatial
allocation of multiple lattice types, tailored to meet diverse performance and reliability requirements.

2 RELIABILITY-BASED MULTI-MATERIAL TOPOLOGY OPTIMIZATION

The problem of minimizing compliance in topology optimization seeks to determine the stiffest
material layout within a prescribed design domain, subject to applied loads and boundary conditions.
It is formulated as:

inf
ρ

J(ρ) =

∫
Γt

t · u ds =
∫
Ω

C(ρ) ε(u) : ε(u) dx

subject to g(ρ) =
1

|Ω|

∫
Ω

mv(ρ) dx− V f ≤ 0

(1)

In this formulation, C(ρ) is the material elasticity tensor, which depends on the density function
ρ(x) ∈ [0, 1]. The domain Ω denotes the design region, and its boundary ∂Ω is partitioned into
displacement boundaries ΓD and traction boundaries Γt and Γt0, as illustrated in Figure 1. The strain
tensor is defined as ε(u) = 1

2
(∇u+∇uT ), and V denotes the space of admissible displacements. The

term V f represents the prescribed maximum volume fraction, |Ω| is the volume of the design domain,
and mv(ρ) is the interpolation function used in the volume constraint.

Ω

∂Ω
Гt

Гt0

ГD

Figure 1: Illustration of the prescribed boundary conditions on the design domain Ω. The boundary ∂Ω consists of the
displacement boundary ΓD, the homogeneous traction boundary Γt0, and the non-homogeneous traction boundary Γt.
The converged topology is illustrated in grey.

2.1 Multi-Lattice Topology Optimization

The volume-constrained compliance minimization problem for multi-lattice topology optimiza-
tion, following [8], is formulated as:

min
z1,··· ,zm

J = fTu(z1, · · · , zm)

subject to gk =
∑
i∈ηk

∑
e∈χk

ρ̂eiV
e − V k ≤ 0, k = 1, · · · , Nc

0 ≤ ρei ≤ 1, i = 1, · · · ,m, e = 1, · · · , Ne

with K(z1, · · · , zm)u(z1, · · · , zm) = f

(2)
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Here, gk denotes the volume constraint associated with the kth region. The variables z1, · · · , zm
represent the density fields for m different lattice structures in the discretized design domain. The set
ηk contains the indices of lattice materials subject to constraint k, while χk defines the set of element
indices relevant to that constraint. The term ρ̂ei is the filtered density of lattice structure i in element
e, and V e is the area (in 2D) or volume (in 3D) of element e. The parameter
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Figure 2: Illustration of the design domain, discretized elements (lattice structure unit cell), three lattice structures,
and constraints in multi-lattice TO. Design space is discretized with eight elements and there are three candidate lattice
structures and three constraints.

In multi-lattice TO, the set of elasticity tensors of m lattice structures at each elemental point is

S(x) = {C1(x), · · · ,Cm(x)} (3)

The elastic tensor C(x) is defined by choosing a finite set of m lattice structures such as

C(x) = A (S(x)) (4)

The filtered density of lattice unit cell i is obtained

ρ̂i(x) = Pzi(x), i = 1, · · · ,m (5)

2.2 Reliability-Based Multi-Lattice Topology Optimization

Reliability-Based Topology Optimization (RBTO) for linear elastic systems with probabilistic con-
straints is formulated as follows (where ρ̄ ≡ [ρ̄1, · · · , ρ̄m]):

min
z1,··· ,zm

f(ρ̄,µψ)

subject to P [gi(ρ̄, ψ) ≤ 0] ≤ P t, i = 1, . . . , Nc

with K(ρ̄, ψ)u(ρ̄, ψ) = f(ψ)

(6)

where gi denotes the ith limit-state function, whose violation (i.e., gi ≤ 0) corresponds to failure. The
probability operator P [·] quantifies the likelihood of constraint violation, ψ is the vector of random
variables, µψ is the vector of their means, and P t is the target failure probability. The probabilistic
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constraint in Eq. (6) can be rewritten using the cumulative distribution function (CDF) of the limit-
state function:

P [gi ≤ 0] = Fgi(0) ≤ Φ(−βti) (7)

where Fgi(·) is the CDF of the ith limit-state function, Φ(·) is the standard normal CDF, and βti is the
target reliability index. The failure probability can be evaluated using the First-Order or Second-Order
Reliability Method (FORM/SORM) [12]. To reduce the computational cost of nested optimization
in Eq. (6), a single-loop approximation approach is adopted. The resulting single-loop RBMTO
formulation is:

min
z1,··· ,zm

f(ρ̄,µψ)

subject to gpi ≈ gi(ρ̄, ψ(Ũ
t
i)) ≥ 0, i = 1, . . . , Nc

with K(ρ̄, ψ(Ũt
i))u(ρ̄, ψ(Ũ

t
i)) = f(ψ(Ũt

i))

(8)

Here, Ũt
i is the approximated most probable point (MPP) for the ith limit-state function, given by:

Ũt
i ≈ βtiα̂

t
i = βti

[
− ∇ψgi(ρ̄, ψ(U))Jψ,U
∥∇ψgi(ρ̄, ψ(U))Jψ,U∥

]
U=Ũi

(9)

In this expression, U denotes the vector of standard normal variables, and Jψ,U = J−1
U,ψ is the Jacobian

of the transformation from physical variables ψ to standard normal variables U. The evaluation of
the stiffness matrix K in the RBMTO formulation is discussed in the following section.

3 Homogenization

Homogenization [11] is a method used to compute the effective (macroscopic) properties of mate-
rials with heterogeneous or complex microstructures by averaging their local behavior. This process
enables the derivation of equivalent material properties such as stiffness and thermal conductivity that
can be used at the structural scale in engineering analysis and design. The effective elasticity tensor
CH of a periodic composite material can be computed by solving the homogenization problem:

CH =
1

|Ωu|

∫
Ωu

C

(
I+

∑
i,j

∇χij ⊗ ϵij

)
dz (10)

where |Ωu| denotes the volume of the unit cell domain Ωu, I is the fourth-order identity tensor, C is
the local material elasticity tensor, and ϵij is a unit test strain field with the (i, j)-th component equal
to one and all others zero. The function χij represents the periodic characteristic displacement field
associated with ϵij . The indices i, j range from 1 to 3 in 3D space. For a general anisotropic material,
the fourth-order elasticity tensor has 21 independent components due to the following symmetry
conditions:

CH
ijkl = CH

klij = CH
jikl = CH

ijlk (11)
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The remaining 60 components are derived from these symmetries. For isotropic or cubic-symmetric
materials, the effective elasticity tensor can be expressed in Voigt notation as a 6× 6 matrix:

CH =


CH

11 CH
12 CH

13 0 0 0
CH

21 CH
22 CH

23 0 0 0
CH

31 CH
32 CH

33 0 0 0
0 0 0 CH

44 0 0
0 0 0 0 CH

55 0
0 0 0 0 0 CH

66

 (12)

The characteristic displacement fields χij are obtained by solving the unit cell (microstructure) prob-
lem with periodic boundary conditions, which require that opposite faces of the unit cell undergo
compatible deformations under applied test strains. This condition ensures the continuity of displace-
ments and traction equilibrium across the boundaries (see Figure 3).

∇ · C
[
∇χij + ϵij

]
= 0, in Ωu (13)

In practice, homogenization is typically carried out numerically by discretizing the unit cell domain
and solving the cell problems using the finite element method.

Equivalent homogenious material

Representative Volume Element

Figure 3: Illustration of a 2D periodic microstructure composed of two materials (gray and magenta). The solid blue line
encloses the unit cell, and arrows indicate deformation under periodic boundary conditions.

3.1 Finite Element Model of a Lattice Structure

Numerical homogenization begins with the development of a finite element model of the lattice
structure. First, a geometric model of the unit cell is created and then discretized using 3D solid
elements. The unit cell is uniformly meshed, with each finite element having equal volume and size.
Figure 4 shows the finite element meshes of representative lattice structures. Although mesh refine-
ment studies are generally necessary to verify convergence in the components of the homogenized
elasticity tensor CH , in this study, each unit cell is discretized using 703 solid elements (i.e., 70 ele-
ments along each spatial axis).

5



First A. Author, Second B. Author and Third C. Author

(a) (b) (c) (d) (e)

Figure 4: Finite element models of representative lattice structures: (a) octet structure, (b) asterisk structure, (c)
tetrakaidecahedron structure, (d) enclosed octet structure, and (e) cubic structure.

3.2 Stiffness Matrix and Force Vector

In the finite element formulation of elasticity problems, the element stiffness matrix is computed
as:

K̂e =

∫
Ωe

Ce∇Ne : ∇Ne dx (14)

where Ne is the shape function matrix and Ce is the element-level constitutive matrix. For a cubic
isotropic material, the constitutive matrix can be expressed using Lamé’s parameters as:

Ce =


λe + 2µe λe λe 0 0 0

λe λe + 2µe λe 0 0 0
λe λe λe + 2µe 0 0 0
0 0 0 µe 0 0
0 0 0 0 µe 0
0 0 0 0 0 µe

 (15)

The Lamé parameters λe and µe are computed from Young’s modulus E and Poisson’s ratio ν as:

λe =
νE

(1 + ν)(1− 2ν)
, µe =

E

2(1 + ν)
(16)

The global stiffness matrix for the unit cell is assembled by summing the element contributions:

K̂ =
Nue∑
e=1

K̂e =
Nue∑
e=1

(
λeK̂λ + µeK̂µ

)
(17)

where Nue is the number of elements within the unit cell, and K̂λ and K̂µ are stiffness matrices
corresponding to unit Lamé parameters. The global force vector corresponding to a macroscopic
strain field is given by:

f̂j =
∑
k

∫
Ωk

∇NkCk ϵj dΩk (18)

where ϵj is a unit strain vector defined as:

ϵ1 = (1, 0, 0, 0, 0, 0)T , ϵ2 = (0, 1, 0, 0, 0, 0)T , . . . , ϵ6 = (0, 0, 0, 0, 0, 1)T (19)

Using Lamé’s parameters, the global force vector can be similarly expressed as:

f̂j =
∑
k

(
λk f̂j,λ + µk f̂j,µ

)
(20)
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The characteristic displacements χj for the cell problem in Eq. (13) are obtained by solving the
following finite element equation:

K̂χj = f̂j (21)

Solving Eq. (21) for all six unit strain vectors defined in Eq. (19) yields the full set of characteristic
displacement fields. These are then used to compute the homogenized constitutive matrix CH as
described in Eq. (12).

4 Surrogate Modeling

During the topology optimization process, the design variable, material density, is updated across
all finite elements. Each finite element corresponds to a unit cell of a lattice structure. As the den-
sity is iteratively adjusted using a gradient-based optimization algorithm, the thickness of the lattice
members is updated accordingly, necessitating the recalculation of the constitutive matrix for each
unit cell. However, since the design variable varies continuously between 0 and 1, updating the con-
stitutive matrix at every iteration would theoretically be required. This procedure is computationally
prohibitive, especially considering that each unit cell in this study is discretized into 70×70×70 solid
elements, totaling 343,000 elements per cell. Moreover, the entire design domain is finely discretized
to ensure high-resolution results. As a result, solving the unit cell problems defined in Eq. (21) for
such a large number of cells with varying densities becomes impractical. To overcome this chal-
lenge, surrogate modeling techniques are introduced, specifically, the Kriging method. Kriging [13]
is a stochastic interpolation approach that assumes the model output, Y = Γ(x), is a realization of a
Gaussian process indexed by the input vector x ∈ Dx ⊂ RM . The Kriging approximation is given
by:

Y ≈ ΓKrig(x) = mT f(x) + σ2κ(x,x′;Θ) (22)

where mT f(x) represents the mean response constructed from a set of basis functions fj (j =
1, . . . , q) and their associated coefficients mj . The scalar σ2 denotes the process variance, and
κ(x,x′;Θ) is the covariance (or kernel) function, which defines a stationary Gaussian process with
zero mean and unit variance. The kernel is governed by hyperparameters Θ that control correlation
length scales and smoothness. In standard TO, when the element density ρ = 1, the unit cell is
fully filled with the isotropic constituent material, with no voids. However, in this study, a modified
density-volume relationship is adopted: the lattice structure occupies only 50% of the unit cell volume
when the element density is 1. This reduction in relative density is achieved by adjusting the thick-
ness of the lattice members accordingly. To construct the Kriging surrogate, constitutive matrices for
lattice unit cells with varying relative densities (ranging from 0 to 0.5) are precomputed as part of an
initial design of experiments. An active learning strategy is then employed to iteratively refine the
Kriging model, enabling efficient approximation of the constitutive behavior throughout the topology
optimization process.

4.1 Constitutive Matrices and Kriging Models

Five distinct lattice unit cells, each with dimensions of 1 in × 1 in × 1 in, as illustrated in Fig-
ure 4, are analyzed in this study. The base material properties are defined by a Young’s modulus of
10,000 ksi and a Poisson’s ratio of 0.3. For each unit cell, the constitutive stiffness matrix and the ho-
mogenized (effective) elastic modulus are computed as functions of relative density by adjusting the
cross-sectional thicknesses of the lattice members. Kriging-based surrogate models are developed to
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approximate these constitutive relationships and are used for both prediction and validation. Figures 5
and 6 show the computed constitutive matrices and effective moduli obtained through numerical ho-
mogenization and the corresponding Kriging predictions. The comparisons demonstrate a strong
agreement between the surrogate models and the high-fidelity homogenization results, validating the
accuracy and efficiency of the surrogate approach.
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Figure 5: Constitutive matrices of lattice structures. a) octet structure, (b) asterisk structure, (c) tetrakaidecahedron,
structure, (d) enclosed octet structure, and (e) cubic structure
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Figure 6: Effective modulus of elasticity of lattice structures with with about 19.1% relative density.

5 NUMERICAL APPLICATIONS

In two numerical applications, a Messerschmitt-Bölkow-Blohm (MBB) beam subjected to concen-
trated point loads illustrated in Figure 7 is considered. Five lattice structure configurations, each with
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Table 1: Description of random variables of applied forces and Young’s modulus for thhe MBB beam optimization

Random variable Marginal distribution Mean c.o.v Correlation
P1 Log-normal 2 kips 0.1

ρP1,P2 = 0.25
P2 Log-normal 1 kip 0.1
E Normal 10,000 ksi 0.1 -

identical material properties, Young’s modulus E = 10, 000 and Poisson’s ratio ν = 0.3 are consid-
ered. Effective modulus of elasticity (E11) of each lattice structure over relative densities is illustrated
in Figure 7. In the proposed RBMTO framework, an element density of ρ = 1.0 corresponds to a
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Figure 7: (a) Design domain with applied loading and boundary conditions. (b) Effective modulus of elasticity of the
lattice structures as a function of relative density.

relative density of 50% for the lattice structure, while ρ ≃ 0.0 represents a void (zero relative density).
The magnitudes of the applied forces (P1, P2) and the Young’s modulus are modeled as independent
random variables, each following a normal distribution. The statistical parameters, mean values and
coefficients of variation for these random variables are summarized in Table 1.

5.1 Minimization of failure probability with volume constraints

The objective function is defined as the minimization of the failure probability associated with
a compliance-based limit-state function, expressed as P (limit-state function: Jmax(= 1.0)− J ≤ 0).
A global volume constraint of 0.5 is imposed, and the volume allocated to each lattice structure is
therefore 0.5/5 = 0.1. The failure probability is estimated using the FORM. The RBMTO results
presented in Figure 8 indicate that the failure probability decreases when lattice structures (or their
combinations) with higher effective elastic moduli are utilized. In contrast, incorporating lattice struc-
tures with lower effective moduli into topology optimization leads to an increase in the probability
of failure. Next, the design domain of the MBB beam is partitioned into four distinct zones, with
local volume constraints applied individually to each zone. A series of design scenarios is explored
by assigning different combinations of lattice structures to the zones and adjusting the local volume
limits accordingly. The zoning layout and the specific design cases considered are shown in Fig-
ure 9. Figure 10 presents the topology optimization results for three representative design cases.
The observed topologies and the corresponding failure probabilities are influenced by the mechanical
characteristics of the assigned lattice structures, as well as their local volume constraints. Specifically,
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Pf = 0.5190

Pf = 0.0869 Pf = 0.0603

Pf = 0.3129(a) (b)

(c) (d)

Figure 8: Results of the RBMTO procedure using different combinations and quantities of lattice structures. (a) Five
lattice structures, each with a volume constraint of 0.1; (b) four lattice structures with a volume constraint of 0.125 each;
(c) two lattice structures with a volume constraint of 0.25 each; and (d) one lattice structure occupying the full volume
constraint.
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Figure 9: Zoning configuration of the MBB beam and corresponding design cases

zones assigned with stiffer lattice structures tend to reduce the probability of failure and contribute
to a more efficient load design. In contrast, incorporating more compliant (lower modulus) lattice
configurations or enforcing stricter volume constraints in critical load-bearing regions generally leads
to increased failure risk and less optimal material distribution. These results highlight the impor-
tance of strategically allocating both material type and volume within the design domain to achieve
reliability-aware optimization.

5.2 Minimization of Material Volume with Probabilistic Constraints

The same MBB beam configuration is employed in this application. The objective of the RBMTO
framework is to minimize the total material volume while satisfying a probabilistic constraint cor-
responding to a specified target failure probability. The formulation uses the same set of random
variables, material properties, and optimization parameters described earlier. All five lattice struc-
tures are considered, and the total material volume serving as the RBMTO objective is computed
as the sum of the volumes corresponding to the lattice structures assigned to each finite element.
Figure 11 presents the optimized topologies obtained for various target failure probability levels. A
consistent trend is observed: stiffer lattice structures are preferentially placed near boundary condi-
tions and in regions experiencing significant deformation. This targeted material distribution reduces
structural compliance and helps lower the probability of failure. As the target failure probability be-
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Pf = 0.2116 Pf =  0.1273 Pf = 0.7171

(a) (b) (c)

Figure 10: Topology optimization results. (a) Case A, (b) Case B, and (c) Case C

comes more relaxed, the optimization tends to utilize lattice structures with lower effective elastic
moduli more frequently to reduce material usage. Although stiffer materials are generally more ef-
fective in enhancing reliability, the algorithm identifies a locally optimal configuration that balances
reliability constraints and material efficiency. The reliability of the final optimized topologies is fur-
ther validated through Monte Carlo simulation, confirming that the achieved failure probabilities are
consistent with the target values.

V = 4586 in3 Pf, mcs = 0.0104 Pf, mcs = 0.0508

Pf, mcs = 0.0753

V = 4461 in3

V = 4315 in3

(a) (b)

(c)

Figure 11: Optimal topologies under different target failure probabilities: (a) Pf = 0.01, (b) Pf = 0.05, and (c)
Pf = 0.075

6 Conclusion

This paper introduced a novel Reliability-Based Multi-Lattice Topology Optimization framework
that integrates surrogate modeling, numerical homogenization, and probabilistic design principles for
optimizing multiscale lattice-structured components under uncertainty. Motivated by the hierarchical
and adaptive nature of biological and architected materials, the proposed approach enables the spatial
distribution of multiple anisotropic lattice unit cells across a macrostructure, accounting for stochas-
tic variations in material properties and loading. To address the computational challenges associated
with high-resolution lattice modeling, a Kriging-based surrogate model was developed to approxi-
mate the effective constitutive behavior of lattice structures as a function of relative density. This
significantly reduced the cost of iterative finite element analyses during topology optimization while
preserving accuracy. The framework also employed a single-loop approximation for reliability eval-
uation, allowing efficient handling of probabilistic constraints without nested optimization. Overall,
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the RBMTO framework offers a computationally efficient methodology for optimizing lightweight,
reliable, and multi-lattice structures under uncertainty.
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