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SUMMARY

An optimisation code called Optima has been developed at the International Centre for
Numerical Methods in Engineering (CIMNE). This report validates two reputably
robust Evolutionary Algorithms available in Optima and employs them on aerodynamic
shape optimisation problems. The two schemes, Differential Evolution Scheme 1 (DE1)
and Evolution Strategy coupled with Covariance Matrix Adaptation (ES-CMA), were
tested and verified on three standard parametric optimisation objective functions
through comparison against existing results. Analysis of the test data allowed trends to
be established and from this, settings to enhance the performance of the algorithms were
proposed and substantiated.

The algorithms and their suggested settings were applied on an inverse and a direct
constrained shape optimisation problem involving NACA four digit aerofoils. The
inverse task involves the recovery of an aerofoil profile through its pressure distribution
and the direct problem entails the minimisation of an objective function containing a
combination of lift and drag coefficients. Simulation of the aerofoil in turbulent flow
was done using a Computational Fluid Dynamics (CEFD) setup.

Finally, the results are presented and the ES-CMA method, using the settings CMA-B
proposed in this paper, was found to be most robust. Suggestions for improvements and
further work in the optimisation configuration and the problem simulation are also
proposed.
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1 Introduction

The need for shape optimisation is a major concern transcending many engineering fields,
ranging from finding the optimum blade shape for a wind turbine to the optimum inlet nozzle

shape to a die in a casting process. Engineers strive not only to enhance a single property in the
design process, but aim to find a global optimum.

Traditionally, such optimisation processes might stem from trial and error and engineering
experience. However, these inefficient and ambiguous methods have given way to the more
reliable influences of numerical methods. These simultaneously analyse and optimise possible
solutions in multi-variable problems and thus make optimal design an automatic and a more
reliable process.

A program called Optima, written by Elke Pahl and under development at the International
Centre for Numerical Methods in Engineering (CIMNE) will be used for such optimisation
processes and utilises Evolutionary Algorithms to this end. Optima can be considered as an
optimisation tool where schemes with different operators and parameters can be experimented
on with different problems. Particular schemes with a reputation for robustness in the shape

optimisation field have been incorporated into Optima and will be tested on specific examples
in this report.

1.1 Evolutionary Algorithms, the Stochastic Approach

Optimisation methods can be classified into two classes; Deterministic Methods and Stochastic
Methods. The former produce the same results when started at the same point(s) of the search
space, whereas the latter integrate randomness into the solution process so that in general, no
two runs produce the same results. Stochastic algorithms have been proven effective, especially
when conducting direct search global optimisation, where the general location of the minimum
is not known. The sampling of random individuals across the entire feasible search space allows

them to escape local optima and permits them to search a larger domain relative to deterministic
methods.

A distinctive sub-set of Stochastic Methods is the Evolutionary Algorithm (EA). This is a term
describing all algorithms employing numerical models based on evolutionary mechanisms and
are founded on Darwin’s Theory of Evolution which bases itself on survival of the fittest. EAs
use the fundamental building blocks of evolution, namely recombination, mutation and
selection, to develop the optimisation process. Some EAs utilise recombination, known as
mating in biological terms, and although it is not a necessary requirement, most EAs employ
mutation. This class of algorithm does not require gradient information of functions, is good
with ‘noisy’” problems, is relatively costly for very simple problems (due to their scattered
search approach), but can be very effective when applied to more complex optimisation
problems, as it will be shown in this report.

1.2 Aims & Objectives

The aim of this project is to validate and apply to a shape optimisation problem two types of
Evolutionary Algorithms in Optima with the use of a Computational Fluid Dynamics solver for
problem simulation. Three programs will be used in total for the optimisation process, namely
GiD, Tdyn and Optima, and all have been developed or are under development at CIMNE. A
fourth program, XFOIL, will be used to evaluate the accuracy of the GiD and Tdyn problem
simulation setup. Validation and testing of Optima comes in the form of three standard
parametric optimisation test functions, an inverse aerofoil optimisation problem and a direct
acrofoil optimisation problem. The two Evolutionary Algorithms to be tested are the
Differential Evolutionary 1 (DE1) and the Evolution Strategy combined with Covariance Matrix
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Adaptation (ES-CMA) scheme. An attempt is also made to investigate the behaviour and

performance of these methods on the three test functions in order to suggest settings to enhance
their performance.

1.3 Report Content

Chapter 2: Basic Theory

The general optimisation problem is presented with background information on Evolutionary
Algorithms, in particular DE1 and ES-CMA. Details of the optimisation program Optima, the
comparison resource XFOIL and the geometry generator GiD are introduced. In depth theory,
problem simulation and testing for the CFD program Tdyn are also summarised here.

Chapter 3: Problem Generation
The constrained aerofoil geometry is defined before a full test model is realized in GiD and
Tdyn. The creation and setup of the optimisation loop to be used is described. This is followed

by the definition of the inverse and direct aerofoil optimisation experiments to be tested in
Chapter 5, referred to as Problems 1 and 2, respectively.

Chapter 4: Validation of Optima

Testing of DE1 and ES-CMA on three parametric optimisation objective functions is carried
out. The DEI results are compared with [13] and contrasted with CMA’s performance. The two
DE1 parameters are varied to establish trends from which suggestions for enhanced efficiency
settings can be made. Three sets of CMA suggested parameter values from the authors are
tested, and again, from these results, suggestions are made for improved performance settings.

Chapter 5: Inverse & Direct Optimisation
The results from the constrained inverse and direct optimisation tests, Problems 1 and 2, are
presented. Problem 1 involves the recovery of an aerofoil shape using pressure distributions and

Problem 2 aims to minimise an objective function containing a combination of lift and drag
coefficients.

Chapter 6: Evaluation & Conclusions
The results from Chapters 4 and 5 for the two Evolutionary Algorithms at different settings are
compared and their performance examined with their formulation in mind. Explanations and

postulations as to their success and failure on different problems are discussed. Finally,
suggestions for further work are presented.
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2 Basic Theory

2.1 General Optimisation Problem

We can describe the general optimisation problem as follows:

min f(x)
subjectto x € S

x 1s the design variable vector, f is the objective function and § is the feasible design search
space defined by the constraints:

g(x)=0 i=1,..m equality constraints

h(x)<0 el inequality constraints

The feasible search space S contains a population number NP of individuals or design
parameters x and a » dimensional or n degrees of freedom problem implies that each individual
will contain n design parameters. Simply put, the goal of the global optimisation procedure is to
find the individual whose parameters, when evaluated against the objective function, produce
the globally optimal value.

Throughout this report, the optimisation problem will be described in terms of the minimisation
of the objective function since any maximisation problem

max f (x)

may also be written as a minimisation problem

min — f(x)
and any inequality constraint
g(x)<0
may be written as
- 2(x)2 0.

2.2 Evolutionary Algorithms [1,2,3,4,5]

Evolutionary Algorithms (EA) operate on a population of potential solutions called individuals
and apply the Darwinian principle of survival of the fittest. This is done in order to produce
individuals in succeeding generations with improved fitness in accordance to the environment
or problem domain and with the ultimate aim of finding an individual of global minimal fitness.

The basic structure of a single population evolutionary algorithm solution process is shown in
Figure 2.2.1. The alogorithm 1s controlled by parameters contained in the red boxes and apply
the operators shown in the yellow box to evolve the optimisation process.

After an initial population is chosen, the fitness of each individual in the feasible search space is
evaluated and a new generation is formed through the evolutionary mechanisms described in

Section 2.2.2 as operators. This process is repeated until we find the individual with minimal
fitness.

—

—
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Optima permits the easy tuning of the parameters and operators that make up an EA so that 1t
may be in theory possible to generate a scheme more suited to the problem to be solved. Apart
from being able to adjust all of the variables mentioned in Sections 2.2.1 and 2.2.2, two EAs
have also been incorporated into Optima. The first EA involves Covariance Matrix Adaptation
(CMA) whose methodology is explained in Section 2.3. The second has been developed by

Rainer Storn and Kenneth Price, called the Differential Evolution Scheme 1 (or DE1) and will
be introduced in more detail in section 2.5.

Start:
Initialise Population

l

Evaluate Objective

Function within
Constraints |
Generate New Population
Selection

Recombination
Mutation

Optimization
Criteria met?

 Best Individuals |

l

_ Finish |
Figure 2.2.1 Solution of general optimisation problem by an Evolutionary Algorithm

2.2.1 Parameters:

2.2.1.1 Representation — It is important to represent an optimisation problem correctly when
using EAs so that the continuous variation of parameters can sufficiently mirror the genetic
variation and modelling that takes place during computation. Representation is the first
consideration to be made before the application of the algorithm. Suggestions such as the use of
n-dimensional floating point vectors for representing the variables, where » is the number of
parameters to be optimised, should be considered carefully at this stage.

2.2.1.2 Population — Selecting a small population may restrict the possibilities for
recombination (reproduction in biological terms) and also limit the search domain so that the
global optimum may be less likely to be found. However, the use of a large population may
prove costly from conducting the more expansive search. When constructing the initial
population, it is also important to incorporate any known information about the search space,

such as the presence of local minima so as to avoid the clustering of individuals during
computation.

2.2.1.3 Evaluation/ Objective Function — This is the direct link between the EA and the
optimisation problem. The evaluation function assesses the quality of generated solutions and
assigns a fitness to the individuals accordingly. Since the calculation or problem simulation

process can be the most time consuming part of the calculation, it 1s important to formulate the
evaluation function in a suitable way with calculation cost in mind.
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2.2.1.4 Constraints — The optimisation problems to be solved in this report involve multiple
constraints which define the feasible search space. The algorithm to be used must also be able to
treat non-feasible solutions. Without prior knowledge of where the global optimum lies, one
must assume that it might be located near an infeasible region. It is therefore necessary to
carefully consider the strategy to deal with infeasible solutions before simply discarding them
since this could lead to loss of information around potential global optima.

The possible alternatives to simple elimination of infeasible solutions in the calculation process

include “repairing” solutions or keeping the solutions and assigning them an appropriate fitness.
Some common fitness regimes include:

1. Introduction of a penalty function — A penalty function is assigned to the unfeasible
solution in proportion to how far it moves into the infeasible region. This penalty function is
then directly subtracted from the individual’s fitness. This method is used in Problem 2.

1. Barrier methods — Unfeasible solutions are assigned fitnesses of * oo to decrease the
probability of selecting them. This is the method employed in Problem 1.

2.2.1.5 Termination Criterion — The termination criterion determines the running time of the
algorithm. The criterion can either simply be finding certain number of feasible solutions or
letting the algorithm run for a set number of steps.

2.2.2 Operators:

2.2.2.1 Selection — Selection occurs at two stages in the solution process. Firstly we have
Mating Selection in which individuals from the population are chosen by one of many
techniques and copied to a mating pool to produce offspring. Environmental Selection then
decides which of the newly created offspring and which of the individuals from the previous
generations will together form the new generation. The techniques below are applicable to both
Mating Selection and Environmental Selection and are all available in Optima:

L. Best Individuals — choose the » best individuals and randomly choose m individuals so
that n+ m = pwhere p is the size of the mating pool (for Mating Selection) or the new

generation (for Environmental Selection).

1. Binary Tournament — Randomly choose two individuals from the population and select
the fitter individual. Continue with this process until p individuals have been selected.

11, Modified Binary Tournament — Randomly select two individuals from the population
and discard the solution with the worse fitness. Continue with this process until p individuals
remain in the mating pool or in the population. The advantage of the modified method is that it
guarantees the best solution is retained in the population even if it is not selected.

\2 Roulette Wheel — Each individual is mapped to adjoining segments of a line whose
length is proportional to the individual’s fitness. A random number is generated and the
individual whose segment spans this number is selected. The selection process is repeated until
the required number of individuals has been chosen.

2222 Recombination — The two most common methods used for recombination are the
Crossover Method and the Weighted Average Method:

1. Crossover Method — In this method, each offspring is produced from a combination of
information from two or more parents. In turn, each parent may contribute varying numbers of
genes to their offspring by segmentation of their total number of genes at crossover points
which may vary from one to an (n-1) number of crossover points.
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For multi-point crossover, the positions are either randomly chosen or user specified with no
duplicates and then sorted into ascending order. The variables between successive crossover
points are then exchanged between the parents to produce the new offspring.

The motivation for this method is to try to capture the genes or variables that give the best

performance for a given problem and these may not lie adjacent to each other. This strategy also
promotes the exploration of the search space, since the crossover process disturbs the
convergence to fitter individuals early on in the search.

1. Weighted Average Method — This combines information from two or more parents

whose contributions to the offspring are adjustably weighted and tends to have a blending effect
on the population.

2.2.2.3 Mutation — This changes all or some parts of an individual in order to form a new one.
Each parameter to be mutated in x undergoes mutation by a small change Ax, to become x',

S0X, =X, +/x.

i Gaussian Mutation — The mutation follows the Gaussian distribution from which it
takes its name and is identical to the Normal Distribution:

A=)
—_ 2\ o ;
P(x) = olon e Equation 2.2.1

Here, oand u are the standard deviation and mean, respectively. We use the above

distribution with a mean value of zero and the standard deviation set to the mutation step size
which in essence gives Ax, ~N(o, O').

ootl] cf—h-|

Figure 2.2.2 Gaussthn mutation distribution

2.2.2.4 Adaptation — The mutation step, in the process of generating new individuals, can be
adapted to suit the optimisation problem by changing ¢ . Mutation occurs either before or after
recombination and the mutation step adaptation can be deterministic, where a predetermined set
procedure is established to change the mutation step size during calculation. However, the more
effective approach is to use self-adaptation, which implies that the mutation step size evolves
with the solution so that the applied mutation step becomes tailored to the situation. Below is a

global self-adaptive method which applies the same adaptation equally to all of the problem
parameters:

L. 1/5 Success Rule [2] — This was developed by Rechenberg [6] for the (1+1) Evolution
Strategy (see Section 2.3 for more details). For a population of NP individuals, the rule takes

into account the ratio, p_, of successful mutations to the total number of mutations in the
previous / generations (ix/NP). The value of the ratio 1s then compared with a constant, 3, which

1s usually set to 1/5, and hence the name, so that if it is less than 1/5, the step size is decreased
and 1f more than 1/5, the step size 1s increased as follows:
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where 0.817 < ¢ <1and usually ¢=0.85 is set. A ¢ value of 1.0 corresponds to no adaptation
and the mutation step size is held constant. p. is the success probability given by the

relative frequency of successful mutations measured over some ¢ generations to be set
by the user. ¥ is the constant usually set to 1/5 but should be set lower for multiple

optima problems. Since only one step size can be adapted with this method, all
parameters in an individual are subjected to the same step size, otherwise known as
global step size mutation.

This method was tested extensively and showed low convergence rates due to its global
approach. For the aerofoil problem, which contains 3 parameters of different orders of
magnitude, this adaptation technique is also not expected to perform well so that no further
testing will be done using this technique on the problems presented below.

2.3 Evolution Strategies

Evolution Strategies (ES) were first developed in the 1960°s by Rechenberg and Schwetel at the
Technical University of Berlin in support of wind tunnel experiments for aerodynamic shape

optimisation purposes. ES are essentially a type of Evolutionary Algorithm with three main
characteristics:

L. ES use a real-coding representation of the design parameters.

1. ES depend on mutation, deterministic selection (and some types of ES use
recombination, with recombination usually occurring before mutation) for their
evolution.

1. The ES used in this report use self-adaptation of mutation parameters.

Crossover and weighted average methods (see Section 2.2.2.2) are used for recombination and
the mutation method used in this report comes in the form of Gaussian mutation (see Section
2.2.2.3). The self-adaptation mechanism to be used for the Gaussian mutation step size will be

the Covariance Matrix Adaptation method (CMA) outlined in Section 2.4. The many different
types of ESs can be categorised by:

(,u,/l) Parents die off since they are not taken into account during selection.

(,Lt + /1) Parent generation taken into account during selection.

(”/p ; /1) p out of | parents are recombined, parents die off.

(%‘F/l) p out of p parents are recombined and all parents are considered for
selection,

Here, A is the number of offspring generated per generation and p is the population size.

2.4 Covariance Matrix Adaptation [2,7, 8, 9,10, 11]

Covariance Matrix Adaptation (CMA) is an individual parameter mutation step adaptation
method designed to be very efficient when used in combination with an Evolution Strategy

mentioned in Section 2.3. The formulation below is for (14,4) ES-CMA but the theory applies
equally to other ES types.
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The implementation of CMA involves two types of variables: An Object variable and Strategy
variables. The Object variable is simply the individual to be optimised represented here by the
vector x and the Strategy variables consist of the Covariance matrix, the global step size and
other parameters affecting the mutation step size such as the random vector z. If we have a n-
dimensional problem, implying an individual contains » parameters, each of these parameters is
subject to mutation. The mutation step is a function of both a global step size o and the
covariance matrix C. In the initial stage, the global step size and the covariance matrix (this is
initialized as the identity matrix) are the same for all of the parameters. The information about
the selected mutation steps during the development in previous stages of the calculation is
collected in parameters known as the evolution paths, s. and s, which provide the feedback
necessary to self-adapt C and o, resecptively.

ES carries out the mutation by adding an arbitrarily normally distributed mutation step with zero
mean. To do this an #-dimensional random vector z&"” is linearly transformed (where z~N(0,1),
I being the identity matrix) by the matrices B® and D®. We have B¥ as an orthogonal matrix
for generation g whose columns are the normalised eigenvectors of the covariance matrix and
D® as a diagonal matrix whose elements are the square roots of the eigenvalues of c®,
B® D@D will then be normally distributed according to N(0,C) and they are multiplied by the
global step size to give the mutation step. The variables that are actually adapted by CMA using

data from the evolution paths are o; B and D. The mutation to produce a A number of offspring
for the object variable vector x is given below:

g+1)
Xy

<x>[3) " {T(E) B[E)[)[g):£g+1)

H

~Nipcle) | Equation 2.4.1

(g) 1

where (x)ﬂ =— x}g“] is the centre of mass of the selected individuals of generation g
Ju ie/\&+)
sel

)

; L 41
i is the population size and I.Eéf

(g+1)| _
= U,

sel

is the set of indices of the selected individuals of

generation g with |/

k=1,..,4

The actual adaptation now takes place at two different rates due to the time scales on which the
mechanisms operate; the global step size should be able to change as quickly as the search
process which only has to adapt n parameters while the covariance matrix has to collect
selection information for n(n+1)/2 parameters before making notable changes.

Looking firstly at the C matrix adaptation, the summation or cumulation of selection
information used in previous generations is first collected in the evolution path for generation

g+1 as shown in Equation 2.4.2. s is normally distributed according to s~N(0,ss') and the
starting values of s are zero.

sl ) 4o, (2~ g _)r_\/{;—)'(l)fﬂ) - <1>f))

C
O

Equation 2.4.2
E@B[ﬂa(f)(z}[j“]

' We note that C=BDD'B",

- — — - —
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where ¢, € 0,1] is astrategy parameter that determines the accumulation time 1/c, for the

evolution path SEE). A value for ¢.=/ means no accumulation takes place and no

correlation information is incorporated as can be seen in the above equation that the
term containing the evolution path information from the previous %eneration would
dissapear. In general, small values of ¢, are found to be more accurate.

The information path is then used to adapt the covariance matrix for generation g+/ in the
following manner:

ce=(1-c, ) C® +c, -s&D(sED) Equation 2.4.3

c

where ¢, € [0,1] is a time characteristic for the Covariance matrix and I/c.,, can be

considered its life span. For example, after I/c.,, generations have passed,
approximately 2/3" of the original information may be lost. Large values of ¢,,, mean
faster adaptation since there would be less input from the Covariance matrix of the
previous generation and increased use of information from the new generation’s
evolution path. On the other hand, smaller values correspond to increased reliability in
the adaptation process with more utilisation of correlation information between

successive steps. As a guideline, ¢, should be smaller than ¢, to prevent oscillations
due to the summation.

The C matrix is essentially used to give directional information to the successive mutation steps.
The evolution path provides information of choices made for previous mutation steps and the C
matrix is then used to direct the following mutation steps so as to minimise the difference
between the actual evolution path and an evolution path produced by random selection in order
to maximise efficiency’. Values from C are used to evaluate the mutation step size in the form
of B and D which are calculated from it before being inputted in Equation 2.4.1.

The C matrix also incorporates information about the shape of the objective function into the
solution process. To do this, C' approximates the inverse of the Hessian' matrix H',
transforming the mutation distribution so that it matches the topology of the objective function.

As an example of this property, we look at the CMA evolution of the mutation distribution for
the 2D De Jong 2 or Rosenbrock function:

f(x[ 5 ) =100 - (x,z — % )2 + (x, = 1)2 Equation 2.4.4

The Covariance Matrix can be seen on Figure 2.4.1 as a circle on the bottom left as it is
initialised as an identity matrix. The mutation distribution becomes adapted to Rosenbrock’s

topology.

: Suggestions of values to be used for CMA parameters are outlined and tested in Chapter 4, Section
4.3.2.

* Roughly speaking, parallel correlated succesive steps mean that they are progressing in the same
direction and the same distance could be covered by fewer and longer steps. Conversely, anti-parallel
steps cancel each other out and both can be are inefficient with respect to a single mutation step. By
reducing the difference between the distribution of the actual evolution path and one produced under

randon selection, we attempt to remove correlation between successive steps and hence increase the
efficiency.

| . . .0 0 0 .
* The Jacobian Matrix of the derivatives faxl i faxz VT fax" of a function f(x],xz,....,x”)

with x; x5 ...., x, is called the Hessian of / [12]. By approximating the Hessian matrix, C introduces
information similar to second derivative information about the topology of the function without actually
calculating it.
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Figure 2.4.1 The evolution of the mutation distribution in the 2D
Rosenbrock function optimization using CMA.[2]

Considering next the global step size, this is concurrently adapted by first calculating the

(g) :

evolution path s’ in a similar fashion to S{(:g ), only here we do not use a scaling of D since o

is a scalar:

*"".(:rgm ={1-¢, J- 5.£rg] * W]‘:g(ﬁ = ]\/ﬂB(g)<z>f+1)
| ; | Equation 2.4.5
i B{”'D[:] i gle) 1! EJKET ({I}LHIL{I}E ]j

The previous arguments made for ¢, hold equally for ¢, in the above equation’. Equation 2.4.5
permits the calculation of the global step size for generation g+/ as follows:

s

(1 s

d X

\ /

o &) = 5 (&) +€XPp Equation 2.4.6

where d>1 is the damping parameter for the step size variation between successive
generations. Larger values for damping can help to decrease premature step size
reduction and d should be set larger than ¢,to avoid cumulation oscillations.

X = Eﬂ]N (O,I}l]is the expected length of a random vector with the normal
distribution N(0,1) and approximated by X = \/;(1 = e = )

21 n?

Whereas the Covariance matrix provides information to orientate the succeeding mutation steps,
the global step size dictates the magnitude of the mutation step to be applied so that with the
other right hand terms in Equation 2.4.1, the mutation step is given both direction and
magnitude. CMA can also increase the global step size to “climb out” of local optima.

CMA has been shown to provide reliable coordinate system independent topology adaptation
with improved convergence rates (especially on non-separable and/or badly scaled fitness
functions.) Modifications on the basic original CMA code for large population problems have

also been carried out [9] and concentrate on modifying terms held in Equation 2.4.3 with higher
rank information being used in the covariance matrix and a modified c value.

> As will be seen in Section 4.3.2, the authors of the code suggest equal values for these two parameters
by referring them both to the parameter c.
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2.5 Differential Evolution Scheme 1 (DE1) [2,13]

The DE1 code contained in Optima is based on the algorithm developed by Storn and Price,
described in [13]. It is a robust code and has been proven to out-perform other reputable
methods such as the Adaptive Simulated Annealing approach and the Annealed Nelder & Mead

method. DE1 uses a population, size NP, of vectors X, containing n parameters, for each
generation G .

Xa 3 =02 NP Equation 2.5.1

In the absence of information about the problem topology, the initial population is randomly
generated within the constraints of the feasible search space. If a preliminary solution exists, the

initial population is generated by adding normally distributed deviations to this nominal
solution.

The idea behind DE is the generation of a trial vector ¥ for each of the vectors X, by

combining a vector with the weighted difference vector between two other, randomly chosen
individuals according to the differential operator:

V=X, Tt F(I;-z,@ — Xr3,G ) Equation 2.5.2

A 2D example of generating the trial vector V for an objective function with the shown contour
lines, using DE1, is shown in the figure:

Kz

X NP Parameler vectors from generation G
2 Newly generated parameter vector¥,

F [ E:.TE (3= El'a -'G-)

E: ETI G* F{Eﬂ:‘? G- Efaﬁ}

)’Kq

Figure 2.5.1 Generation of trial vector ¥ using DEI.

In Equation 2.5.2, #/, »2 and r3 are randomly chosen integers in the range [0,NP-1] and are
different to the running index i. F is a real and constant factor which controls the amplification
of the differential variation between the two vectors. Together with NP and F, the crossover
variable CR is the third control variable and dictates the crossover probability. The crossover

occurs between the original vector X, . and its trial vector V to form a vector u. The vector

U= (’Ml sUsyuitlh, ) is formed from the two vectors according to the formula below, with m
being randomly chosen from the range [0,n-1]:

U . vj -] :<m>n’(m+1>n*”“’<m+Lﬂl>n

j for Equation 2.5.3
(JC i.G ) otherwise

Where the acute brackets < ), denote the modulus function with modulus ». n is the number of
parameters in each individual and L is an integer lying in the range [0,n-1], whose value is

EVOLUTIONARY METHODS FOR OPTIMAL SHAPE DESIGN WRITTEN REPORT PAGE 11




equivalent to the number of parameters from v that are incorporated into ». L has a probability
distribution given by the crossover probability below:

withCR € [0,1] Equation 2.5.4

Comparison between this new member u and the X; ; member provides the test for whether to

pass it to the new generation in the place of X, , . The random choices for m and L are made for

each trial vector ¥V and an example for the whole DE1 offspring generation process is shown
below in Figure 2.5.2 for n=7,m=2, and L=3.

1.5 Ve X G == Er__iu ) L1
=0 m j = <
b {111
- [0 .
s fin =3
a 0T T
5 Wil
s [T
| T—

Paramater vactor contaliming

thie parametars x; . 1=00,1, ...« 111

Figure 2.5.2 DE1 Offspring generation

The DEI solution can therefore be seen to consist of a combination of a mutation process
followed by crossover recombination. The right hand side of Equation 2.5.2 can be considered
as the mutation step with F controlling its magnitude. A side benefit of this formulation 1s that
as the whole population converges towards the optimum solution, the differential variation in
the population decreases so that the mutation step size becomes smaller as we converge on a

solution. This can be thought of as an implicit step size self-adaptation which greatly increases
the efficiency of DEI.

As discussed above, the recombination process i1s brought about by random choices to decide
the variables to be crossed over. For a 3 parameter problem, possible values of L are 0, 1 and 2.
The graphical representation of the probability for this case is shown below. We see from
Figure 2.5.3 that as CR is increased, then so is the probability of more of the D number of
variables crossing over from the trial vector parameter into u.

P(L=v) vs CR
——P(L=0) —E—P(L=1) P(L=2)
1
0.9 . ==
0.8
0.7 -
_ 0.6
=
ri.l'.- 0.5
o
0.4
0.3 _.m___-—.zz K &
0.2 =
0.1
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
CR

Figure 2.5.3 Original Crossover Length Probability
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In Optima, a simplified version of the crossover process is used. For each degree of freedom a
random number is generated. If this number is less than the set CR value, then the parameter
from the trial vector, generated in the same way as before, is taken into u, otherwise the

parameter from the original vector is used in u. This is basically represented in the diagram
below:

x_l."._l

Figure 2.5.4 Optima DE1 crossover process

Formulating the crossover process in this way has the essentially the same end outcome as the
original formulation in so much as that the higher we set the CR value, the higher the
probability of increased crossover of trial vector parameters into . Using this method to control
the crossover is also more transparent since by setting the CR to 0.8 for example, we can
crudely say that over many runs, on average 80% of the vector z will consist of v parameters’.

2.6 Optima

Optima is an optimisation tool written in JAVA and developed at CIMNE for the purpose of
investigating the optimal application of the correct EA to a given optimisation challenge. It
permits the user to easily investigate the control parameters for a numerical scheme that has
been applied to a posed problem. In this report, it will be linked to a pre/post-processor and a
FEM fluid interaction solver using Tool Command Language (TCL) in order to setup an
optimisation loop. The interface for Optima is shown in Figure 2.6.1 below and allows access to

the tree of variables available to construct EAs within Optima, described in Sections 2.2, 2.4,
2.5 and shown in Figure 2.7.1.
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Figure 2.6.1 Optima Interface

® The main idea behind the two different methods is the same in that increasing CR increases the amount
of crossover of v into u although the exact results are expected to differ since the original version
incorporates much more randomness. For example, with Optima’s formulation we can say for certain that
for CR=0 there is no crossover and all of the original vector parameters are retained, for CR=1.0 u will be
identical to v and this is not the case with the original version.
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Figure 2.7.1 Optima Operators and Parameters

2.7 XFOIL [14]

The XFOIL aerofoil program was developed by Professor Mark Drela at MIT. Since its
conception, it has been thoroughly scrutinized and undergone testing and development in order
to establish the present version 6.94 of the program. This means that under non-extreme
conditions, the data from this program can and will be used as a resource or test bed against
which analytical results for aerofoils can be evaluated. Tdyn is to be used for problem
simulation so XFOIL will only be used for comparison purposes. Here, the term extreme would
correspond to when operating with significant separation for which the viscous model is
insufficient or at speeds where the local Mach number at any point on the aerofoil exceeds 1.05
when shock losses become important and under-represented.

The inviscid formulation in XFOIL follows a linear-vorticity stream function panel method. The
viscous system uses a two equation lagged dissipation integral boundary layer formulation. The
boundary layer and transition equations are solved simultaneously with the inviscid flow,

incorporating a Karma-Tsien compressibility correction, by a full-Newton method. The drag is
calculated from the wake momentum thickness far downstream.

When solving given a specified angle of attack ‘alfa’, as is normally the case here, the wake
trajectory is taken from an inviscid solution at that ‘alfa’. Viscous effects generally act to
decrease lift and change the trajectory, but in attached flow calculations with which the aerofoil

designs in this report will be involved, the inaccuracy in the inviscid assumption is
imperceptible.

2.8 Pre/Post-processor GiD

GiD is a pre-post processing tool in which attributes such as material types, loadings and
conditions are assigned to the generated geometry prior to the existence of a mesh. Attributes
can also be assigned to the meshed geometry but have to be redefined every time a new mesh is
generated. The complete solution of a problem consists of the steps below where Tdyn is the
FEM solver used and it is hoped that the combination of the two programs with Optima will lay
the ground work to allow the optimisation of more complex geometry in the future:
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2.9 Tdyn — FEM Fluid Dynamics Solver [15, 16,17, 18]

Tdyn is a Finite Element Method (FEM) fluid dynamics simulator and is a very important part
of the optimisation process since it will be relied on to model a problem and produce the
required results. The main findings are presented in this section but a full summary of the theory
behind Tdyn, its calculation conditions and test results are contained in Appendix B.

Tdyn solves the three dimensional, incompressible and slightly compressible Navier-Stokes
equations. The finite element method is used to space discretize the Navier-Stokes equations
while an iterative implicit two steps Fractional Step type method is used for time discretisation.
Stabilisation of convection dominated problems is done by the Finite Calculus method. The
standard time discretisation of the final stabilised momentum balance equation produces the

velocity and pressure equations which are solved iteratively by Tdyn to provide the required
results.

After the geometry has been created, conditions specific to the Tdyn simulation and calculation
are assigned before the problem is passed back to GiD for meshing. The conditions that need to
be set for a viscous aerofoil problem include initial conditions, boundary conditions and

turbulence models. Testing of conditions and models to establish an accurate model are
discussed in the next section.

2.9.1 Test Results and Overall Choice of Model [19, 20, 21]

A problem was set up with a horizontal velocity only, specified as 68 m/s at the inlet, and
pressure specified as zero on the other sides of the control volume. Air was assigned as the fluid
with values corresponding to a density p=1.225 kg/m’, a viscosity u=1.736e-5 kg/ms and a
Reynolds number of Re = 4.8x10°. A law of the wall function was then specified on the zero
angle of attack NACA 0012 aerofoil geometry [22] (refer to Chapter 3 for geometry generation
details), a turbulence model was chosen and initial conditions were set with velocity equal to 68
m/s in the x direction. The completed problem is then meshed with an 0.0008 element size
specified at the leading and trailing edges, 0.001 for the rest of the aerofoil surface and 2.0 for
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the outer mesh with a transition rate between the aerofoil surface and outer mesh of 0.2. This
resulted in a 15,000 line element unstructured mesh’ and the problem is then run with 0.001
time steps for 400 iterations®. The meshed geometry is shown in the next two fi lgures:

/|\\

"“1. r""'-i

i s TN N e R S s
Figure 2 9.2 Close-up of meshed leadmg edge

The two main variables to be considered here are the ﬂuld boundary assigned to the aerofoil

surface and the turbulence model. A law of the wall model” is assigned to the aerofoil surface/
fluid boundary for two main reasons:

i The law of the wall uses analytical results based in the log law region and requires no
meshing of, nor calculations in, the viscous sub-layer which would require a very large number

of small elements in a fine mesh (as is the case for Direct Numerical Simulation) and high
calculation cost,

I Some of the current turbulence models used in Tdyn have not been formulated to fully
model wscasﬁy variations in the viscous sub- layer and wall functions are used here to bridge
this region in the boundary layer more effectively'".

With this in mind, the most practical model for aerofoil simulation is the YplusWall model.
Using this wall function, the law of wall is applied with the non-dimensional distance y"* as the
user specified lower bound. Wall functions are formulated based on the logarithmic relation
which holds true in the log law region and through this we can quite accurately predict the
velocity there. At the first node of the mesh outside of the aerofoil surface, the log law is used to

" An unstructured mesh is used since the setting up of a structured mesh in GiD is too complicated,
especially if it is to be used in an optimisation process so that it has to be generated automatically without
user interference at every step in the optimisation procedure.

® Using 0.001 time steps and 400 iterations, the viscous and pressure forces required to calculate the lift

and drag on the aerofoil can be seen to settle after this time period, for most of the turbulence models, in
Appendix D.

’ Boundmy layer modelling is discussed in Appendix B.2.4
’ Models such as the Spallart-Allmaras and k-o SST models are known to be accurate in the viscous

sublayer but models such as the k-e model fail to precisely model separating flows and the high viscous
stresses present in this low Reynolds number region.
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calculate the velocity in the form of the non-dimensional time averaged velocity parallel to the
wall, U'. This is then used as a Dirichlet type boundary condition for the turbulence model
solution of the governing equations (RANSE — see next paragraph) from the first node onwards.
The upper limit of the log law range as defined in Tdyn is given roughly y </00. By having a
low y' as the starting value of y' =32 for the log law region, we have a large range over which
the wall function is applied''. Also, by using a fine mesh, we can try to ensure that the first node
lies in this specified region so that the combination of the wall function and the turbulence
model accurately simulates turbulent flow.

Considering turbulence models next, these relate the mean flow variables to the unknown
Reynolds Stresses, which result from a Reynolds Averaged formulation of the Navier-Stokes
Equations (RANSE), through the use of an eddy viscosity'’. The turbulence models are
classified by the number of partial differential transport equations, usually describing turbulence
velocity and length scale, that have to solved in addition to the RANSE to solve for eddy
viscosity and complete the system of equations. For example, zero equation models use purely
empirical representation of the mean flow variables and are least accurate whereas two equation
models employ two transport equations and account for, to some level, flow history effects’.

To find the most appropriate model for our problem simulation, a comparison of nine Tdyn
models was conducted with the same settings in each test, in an attempt to establish a
transparent selection process. The nine models include Smagorinski (Smag), Kinetic Energy
Two Layers (KE2L), Spalart-Allmaras (SpAl), k-¢ Launder Sharma (keLLS), k-¢ High Reynolds
(keHRe), k-0 (kO), K-KT (KKT), k-¢ Lam Bremhorst (keLLB) and k- Shear Stress Transport
abreviated to SST (kOSST). The expected coefficients for the NACA 0012 aerofoil in such
conditions were CL = 0.0 and CD = 0.00506 as given by XFOIL. The results for the
comparison are given below in Table 2.9.3 where a breakdown of the forces and the type of
model is given, 1.e. a zero, one or two transport equations model.

The total forces in this table directly give the lift and drag forces since we are running with a
zero angle of attack. Lift and drag coefficients, CL and CD respectively, are also provided and
these have been calculated by dividing the total forces by the constant (0.5*p*V2). In Tdyn, the
viscous and pressure forces were calculated by integrating the appropriate stresses and forces
around the aerofoil surface. It is clear that there are substantial errors in the drag values for all of
the used turbulence models which most likely stems from the inaccurate simulation of the x-
component of the viscous forces. When we consider a balance of the lift coefficient and drag
coefficient inaccuracies, 1t can be generally seen that zero and one equation models have better
drag calculation performance with the exception of the Kinetic Energy Two Layers model,
whilst, on the whole, the two equation models have a better lift approximation.

18mag 2 KE2L 38pAl 4kels 5ksHRe 6 KO 7TKKT 8KelB 9KOSST
No. Egns 0 1 1 2 2 2 2 2 ¥
Total ¥ | 43837 2436 4414 438 43799 432498 44 588 39.1496 43.318
Pressure y -19 -44843 -8.777 -0.608 -0.621 0.778 -11.758 -0.762 -1.84
Viscous v [ 12121 3864 16.76 3931 39.308 38124 16.212 39542 31.671
Force y 0.016 -0.002 0017 -0.003 -0.003 -0.004 0.019 -0.005 -0.003
Total ¥ | HH 958 247 4 K09 8311 83107 B81.422 BO,7499 78.738 74 4988
Force v | -18.741 -4545 -8.76 -0.6711 -0.624 0.774 -11.739 -0.767 -1.843
G -0.007 -0.002 -0.003 -ZE-04 -0.0002 0.0003 -0.0041 -3E-04 -0.0007
Co 0.0198 0.087 0.022 0029 002934 00287 00215 0.0278 0.02648
Cotaa!Coxeonl  3.9047 1727 425 5799 5709913 56816 42425 54943 52326

Figure 2.9.3 Tdyn Turbulence Models Comparison

" The Tdyn specified lower limit for the log law region is approximately y">30.

'> This is in accordance to the Boussinesq hypothesis which postulates that in analogy to molecular
diffusion, the Reynolds stresses depend on the deformation rates of the mean flow.
Y See Appendix B.2.3 for further information.
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The pressure and velocity distributions are mostly similar for all of the models but it is
interesting to observe the eddy viscosity simulation by each candidate model. Figures 2.9.4 and
2.9.5 show the eddy viscosity distribution for two of the turbulence models which perform well
when considered relative to the other models. However, their eddy viscosity distributions are
seen to be unexpected and inaccurate when compared to the distribution from the for k- SST
Model shown in Figure 2.9.6. The velocity and eddy viscosity distributions along with the

pressure force and viscous force time response graphs for the nine tested turbulence models are
contained in Appendix D for easy comparison.

N
Figure 2.9.4 Eddy Viscosity Distribution for -
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On balance of all of these factors, the k-@ SST Model was chosen as the best turbulence model
due to its more accurate lift, lower drag and realistic viscosity model. As will be seen in Section
2.9.2, the required pressure readings using this model are fairly accurate and when the mesh size
was refined with smaller elements, the ratio Cpray/Cpxron. decreased to around 4. In general
literature, k- SST Model has also been seen to be more accurate than its popular rival, the k-g
model, for the types of problems considered in this report [23, 24].

2.9.2 Tdyn Limitations

There are several factors which effect the accuracy of the results produced by Tdyn: The
program is founded on the solution of the incompressible Navier-Stokes equations and therefore
we are restricted to test problems below certain Reynolds and Mach numbers such as Re~7¢06

and M~0.3 (in standard sea level conditions) at which compressiblity effects start becoming
important.

Working with the Finite Element Method, the meshing quality and properties are of obvious
importance. For the automated aerofoil optimisation problem, the use of a structured mesh in
GiD is overly complicated and when resorting instead to an unstructured mesh, it is sometimes
not possible to achieve a completely symmetric mesh over the domain. This can lead to small
assymetric loading conditions on the geometry, even when using very fine meshes. Another
problem of the unstructured mesh is that it is difficult to control the placement of the first node
and there is also currently no way in Tdyn to easily check that all of the first nodes surrounding
the aerofoil surface fall into the required log law range. This could be a major cause of
inaccuracies in the force calculations by the turbulence model.
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Total forces acting on a body are calculated by integrating the normal pressure forces and the
viscous forces on the body surface. The true body profile is simulated and discretised by mesh
elements so that an inaccuracy may arise due to the discontinuous variation of the forces to be
integrated. These values may then be compounded and multiplied to different extents by
different turbulence models and could account, to a certain extent, for the erroneous values
discussed in Section 2.9.1. The turbulence models themselves also have shortcomings due to
their formulation according to the Boussinesq hypothesis limiting their effectiveness at

describing streamline curvature which can be a problem especially when modelling flow over
an aerofoil or wing.

The issues faced here are currently being resolved and the program is, as it stands, able to
provide accurate pressure results for use in Problem 1 (the inverse optimisation task where an
aerofolil profile is recovered using pressure values), as can be seen in Figure 2.9.7, but gives
erroneous force values. Further tests were carried out using the k- SST model on a range of
aerofoils where mesh elements of length le-4 to le-5 were assigned to the aerofoil surface in an
attempt to ensure all of the first nodes closer to the surface and into the log law region. By doing
so, a total of 30,000 line elements were used, but the results did not improve and they were seen
consistently to produce errors or around four times the XFOIL value. With time considerations
on mind, a simplified mesh which produced the same range of results as the previous tests was
used, consisting of a fine mesh of size 0.001 near the wall and a coarse one further away,
resulting in a much simplified mesh consisting of 4,000 line elements. This sparser mesh
allowed the running efficiency of the optimisation process to be improved but even at these
settings, a test in Problem 1 could take a day to solve. For Problem 2 (minimising an objective
function containing a combination of lift and drag coefficients) the force values are most
important. But it must be remembered that the focus in this report is on the optimisation
procedure and this can still be done in a meaningful way even with these errors, if not
quantitively then at least qualitatively for purposes of comparison of the mechanismns of the
different algorithms and settings. When carrying out this second optimisation problem therefore,
we can try to consider the drag value error as systematic noise and bear in mind that the force
value will place a restriction on how low the fitness can be reduced to. Taking all of this into
consideration and remembering that part of the set task was to incorporate this CFD solver into
the optimisation process, we can still proceed with GiD and Tdyn for the problem representation
and Optima as the optimisation tool in all discussed problems.

NACAO0012 Comparison of Cp Distributions

e X100 —aTdyn kw-SST Model

x/c
Figure 2.9.7 Comparison of NACA0012 Cp Distributions for Tdyn k-o SST and XFOIL
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3 Problem Generation

3.1 Geometry Definition

NACA 4 digit standard aerofoils are to be used in this report and the following 4 equations [25]
suffice to accurately generate any possible permutation of this class of NACA aerofoil:

by, = "6% (0.2969+/x —0.1260x — 0.3516x” +0.2843x* ~0.1015x* ) Equation 3.1.1

y, = m (pr — x° ) from x=0 to x=p Equation 3.1.2
P
m ) :
Y, = 2 ((l = 2p) +2Lp%—X ) from x=p to x=c Equation 3.1.3
(1-p)
Yiora, =Ye TV, Equation 3.1.4

where ¢ is the maximum thickness, m is the position of maximum camber and p is the
maximum camber, all of these being as a percentage of chord length.
y, is the thickness distribution, positive for the upper surface and negative for the lower
surface.
y. is the camber distribution with Equation 3.1.2 applying to the section of the aerofoil
from the leading edge up to the position of maximum camber and Equation 3.1.3

applying to the camber distribution from the position of maximum camber up to the
trailing edge.

':-"+ Ve / upper surftface
Leading edge )67/ / Trailing edge

s , S
L 4 & »

Co lower surface Yo
,_-P-‘_."f 4 chord lerngth >

Figure 3.1.1 Aerofoil and general notation.

The total aerofoil profile is then given by Equation 3.1.4. Figure 3.1.1 shows the representation
of a NACA aerofoil whose notation can be shown by taking NACA2415 as an example. The
first digit represents maximum camber which here is 2% of the chord length, the second digit
accounts for position of maximum camber which in this case is located at 40% of the chord. The
last 2 digits give the maximum thickness which for the NACA2415 is 15% of the chord length.

3.2 Problem Geometry Realisation

Aerofoil profiles will be represented by Nurbs lines generated in GiD using 19 coordinate
control points. Nurbs lines, are non-uniform rational B-splines which can interpolate between

points to produce a smooth curve and the coordinate points used to generate the line are ensured
to lie on the curve.

The geometry, consisting of an aerofoil in a control volume (CV), is then constructed as shown
in Figure 3.2.1. The aerofoil shape described by the 19 coordinate points is constructed as a
whole in the middle of two surfaces (marked by pink). By assigning air properties to the two
surfaces (with p=1.225kg/m’ and u=1.7365-05kg/ms) and YplusWall (with y =32) as the fluid

EVOLUTIONARY METHODS FOR OPTIMAL SHAPE DESIGN WRITTEN REPORT PAGE 20



boundary/ wall function on the aerofoil surface as shown in Figure 3.2.2, it is possible to
simulate an aerofoil moving in the Eulerian frame of reference.

=t

| B
Figure 3.2.1 CV & Aerofoll Figure 3.2.2 Material and Fluid
Boundary Assignment

Boundary conditions are also assigned: Velocity is specified as zero vertical velocity and
horizontal velocity as V=68m/s or M~=0.2 at the inlet on the left hand side. Pressure is specified
as P or P,.=0Pa as a reference value'* on all other sides as shown in Figure 3.2.3. The initial
conditions were set with horizontal velocity equal to 68m/s and the problem is then meshed as
described in Section 2.9.1, shown here in Figure 3.2.4.

b }|
>
;.?""" b
> e’
e M A Syt N \ N\
Figure 3.2.3 Boundary Conditions Figure 3.2.4 Meshed View

Similarly to Section 2.9.1, the time increment is set to 0.001 with 400 iterations. The turbulence

is represented by the chosen k- SST Model and the results output is set at the 400" step in
Ascii format.

3.3 Geometry Constraints

To ensure that any aerofoil geometry generated during the optimisation process and represented
by the 19 coordinate points is realistic, several constraints have to be set:

L. To correctly represent the leading edge, three coordinates were specified in almost a
vertical line to emulate tangency at the rounded leading edge.

i, The y values for the upper surface always have to be greater than the lower surface y
values to ensure positive thickness and no crossing over of the profile.

1. The values m, p and ¢ were specified to lie in the range 0<m,p,1<0.5

" The pressure will be compared with Xfoil results which outputs coefficients of pressure, or Cp, given

by Cp=P-P_/(0.5%p*V?), where P, is the reference pressure and p is the fluid density.

Having a reference pressure of zero simply means we do not have to scale the results by subtracting P,
every time.
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Iv. The trailing edge angle was specified to be greater than 13° according to Equation 3.3.1,

since very small trailing edge angles are over idealised and can not be physically
constructed in real life .

139 < tan™ i tal’l“l[ﬁ—] Equation 3.3.1
U2 0.2

where y; and y, correspond to the x-coordinate 0.8 for the upper and lower surfaces,
respectively.

3.4 Simulation and Evaluation of Objective Function

Using Tool Command Language (TCL), Optimisation is created as a selectable problem type in
GiD (the code for this is contained in Appendix A.l) and establishes the link between the

Optima, GiD and Tdyn. Once this problem type is selected, the optimisation procedure
described below is set into motion.

Two batch files, Coords.bch and Loop.bch, are pre-written in GiD command language and on
activation of the Optimisation problem type, Loop.bch is executed. Coords.bch creates the
acrofoil profile and is called by Loop.bch which assigns conditions, meshes, saves and calls
Tdyn to solve the problem. For Problem 1 (Section 3.4.1), the basic running file for Tdyn is the
bas file and a second .bas file is written to tell Tdyn to output a projectname.dat file containing
information about the meshed aerofoil nodes and coordinates which are compared against a
projectname.res file generated by Tdyn containing the solved pressure values. This comparison
allows the matching of pressure values to the 19 coordinate points defining the aerofoil. For

Problem 2, (Section 3.4.2), the forces on the aerofoil to be used are automatically outputted by
Tdyn into a projectname.flavia.for file.

[

Optima waits to receive the appropriate results files from Tdyn and evaluates the fitness of the
geometries. Using the selected optimisation strategy, Optima generates trial solutions (new 71, p
and 7 values) using the four equations in Section 3.1 and subject to the geometry constraints in
Section 3.3, in our three degree of freedom (DOF) problem.

Tdyn: bas .cnd Optima: Initial
prb .mat files population.

changed so that l

defaults are

spedfic to GiD & Tdyn: From

problem, Loop.bch Geometry

- »  Generated, Conditions
Applied, Mesh Created,

File Saved, Tdyn Solves. : ¥
Optima Compare
Objective Function

N

Optma: EA strategy NO .~ Optimum B

Generates New Geometry Fitness? -
o
YES

Final Geometry

. b=

Figure 3.4.1 Optimisation process

The new suggested geometry is then handed to GiD and Tdyn and the bottom loop shown in
Figure 3.4.1 is repeated until our halting criterion, which is 59 generations for Problem 1, and
55 generations for Problem 2, is reached. However, the efficiency of an algorithm will also be
judged by how quickly it converges to a fitness of 1e-05 for the inverse problem. A summary of
the GiD and Tdyn files that need to be generated and modified in order to set default values and
run the optimisation problem are given below:
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e Tdyn.bas — Execution file, this is read every time Tdyn is run and writes pressure values
for every node in the meshed geometry.

e Tdyn-2.bas — Writes aerofoil coordinates and node numbers to Projectname.dat.
(Appendix C.4)

e Projectname.mat — File containing default specifications of material properties i.e. air
(called antair here) inside the control volume and also the fluid boundary/ wall function to
be used. (Appendix C.6)

e Projectname.prb — File containing default settings for problem data such as total run time,
time increments, results format and output step. The default turbulence model can also be
chosen here along with the initial conditions for velocity and pressure. (Appendix C.5)

e coords.bch — Generates initial geometry. (Appendix C.2)

e loop.bch — Calls coords.bch and generates, saves and runs rest of problem. (Appendix
C.3)

By having certain default settings, the optimisation run is automated can be looped without the
need to re-specify any settings.

3.4.1 Problem 1 — Inverse Problem Objective Function

The inverse problem involves the recovery of an aerofoil shape, starting with a NACA0012
profile, by targeting the pressure distribution over the NACA2415, which is the desired final
shape, guided by the geometry constraints of Section 3.3. For this problem, we aim to minimize
the objective function, set out in Equation 3.4.1, which is formulated as the squared difference
between the final target pressure distribution Cpyand the current pressure distribution Cp,. The
pressures for the entire aerofoil are calculated by Tdyn and the values to be compared, which

correspond to the 19 coordinate control points defining the geometry, are interpolated from the
res and .dat results output files.

F(:c) = Z (C.-”c = Pf,f) Equation 3.4.1

3.4.2 Problem 2 — Direct Problem Objective Function

The second problem takes the form of Equation 3.4.2 below, where C}, is the drag coefficient,
C}c 1s the current lift coefficient, C;/is the final target lift coefficient and P is a penalty function
which gives the problem a realistic geometrical range. By multiplying the difference between
the current lift coefficient and the final target lift coefficient by a large constant, we direct the
problem towards optimising to achieve a certain lift and we also reduce the input of the
erroneous drag values, discussed in Section 2.9.1, into the optimisation procedure.

F(x)=C, + 20(Cm, = CLI)'l' P Equation 3.4.2

The previously mentioned geometry constraints are retained and the penalty function places
another guideline on the search and dictates that the aerofoil area A should comply with:

A. <A< A withapenalty P
I:A o AI'I'IHK ) ¥ 100 A :} A!Hﬁ?{ .
P =g with A, = 0.10 and A4,,,,=0.07.
kAmin o A) ¥ 100 A < Amin

The target lift coefficient for this problem is then specified, with a zero angle of attack setting in
mind, as: Cjy= 0.19.
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4 Validation of Optima

The realisation of the DEI code in Optima will first be verified against three well known test
functions with the original DE1 test values available in the [13]. There are no reference values
for ES-CMA but the algorithm will also be tested against the three functions and a comparison
of its performance will be used as an indicator of it convergence properties when carrying out
Problems 1 and 2. Following this, the parameters in DE1 and ES-CMA will also be varied in an
attempt to establish the best settings to be used with these schemes. The tests in this chapter,
done from section 4.2.2 onwards use the same initial population so that it is possible to see the
effect of changing the settings and eliminate the effects of having a varying population.

4.1 Standard Parametric Optimisation Objective Functions

The functions to be tested are the First De Jong Function (Sphere), the Second De Jong
Function (Rosenbrock’s Saddle) and the Zimmermann Function.

4.1.1 First De Jong Function

The formulation for this function is given below in Equation 4.1.1:
2
f](J_C) = fo with  x, € [—5.12,5.12] Equation 4.1.1
J=0

Figure 4.1.1 shows the graphical representation of the function with three degrees of freedom
(DOFs), whose minimum is located at f, (Q) = ( and is considered easily found.

DE JOMG s Tunction 1 DE JOMOs function 1

varlable 2 -S00  -500 variable 1 variable 2 =10 10 variable 1

Figure 4.1.1 First De Jong Function

4.1.2 Second De Jong Function

This 2 parameter function is known to be problematic to solve. Its minimum is located at

]‘;(1) = (), its formulation is given in Equation 4.1.2 and its graphical representation in Figure
4.1.2.

£(x)=100- (x> =x,] +{1-x7) with x e[-2.0482.048] Equation 4.1
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Figure 4.1.2 Second De Jong Function
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4.1.3 Zimmermann Function

The function is given by the Equations 4.1.3, 4.1.4, and 4.1.5 and finding the minimum poses a
difficult problem since the minimum, ]@(7,2) =0, is located at the corner of the constrained

region defined by the 3 equations. This means that the algorithm has to be especially careful in
the evaluation of infeasible solutions. Visualisations of the function and constraints are shown
below. The point where all 3 functions overlap and Zimmermann is at a minimum, is given by
the point at x,=7 and x,=2 on the right hand figure.

I (J_f) =9-x-x, x;>0 j=12 Equation 4.1.3
2 2 .
x, =3)" +(x, —2) <16 Equation 4.1.4
x,.x, <14 Equation 4.1.5
Zimmermann
constraint | «-o--- cor=Tanl |
[0 consirainl 2
¥ I . I | 4
g' r ‘-'i:“ 4 3%
5L
::g : e 43
,gg L | | P
-E.EI :— a::.i'.r-J-..::.Jh:”_I
35 j : Rl ":.'!*;TE:.-.H Y 12 X2
_j[] - fﬁhﬁ“w-- : i} EH'{rlliE ;Iii:’}"
45 & TR - e - R 15
Gl f"// - “K- -------- i 8 4 1
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Figure 4.1.3 3D Zimmermann visualisation with a plan view.

4.2 Optima DE1
4.2.1 Optima DE1 Validation

When using the same sized population (NP), crossover parameter (CR) and differential variation
amplification factor (F), the results, averaged over 10 trials, are shown in Table 4.2.1 below for
the two versions of DE1. Given that this algorithm is stochastic, it can be seen that the number
of function evaluations (nfe) required to reach the minimum for Optima DEI is sufficiently
similar to the DE1 proper. Having shown that Optima DE1 works in a very similar way to the
original DE1 version, we can now be more certain that the two different formulations for the
crossover process produce a similar performance.

B DE1 Optima DE1 ‘

Function NP FCR nfefNP F CR nfe
De Jong 1 10 0.5 0.3 490 10 0.5 0.3 598
De Jong 2 6 095 05 746 6 0.95 0.5 761

Zimmermann| 10 0.8 0.5 1559 10 0.8 0.5 1428
Table 4.2.1 Optima DE1 Results
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4.2.2 Optima DE1 Best Settings

The parameters F and CR will now be varied between (. /<F<I.0 and 0.0<CR<I.0 and tested on
the same population, in an attempt to establish the best settings for DE1 over the range of test
functions in Section 4.1. It is hoped then that these settings will give some indication of values

that will also be the best or close to the best for further applications of the algorithm on other
problems.

The matrices below are formed from the variation of F and CR. The left matrices contain the
number of times the algorithm converged at a certain setting for the given test function out of 10

test runs. The right matrix provides the nfe taken to converge' or reach the halting criterion of a
maximum 5000 nfe for 10 runs.

Following a criterion of only accepting settings which yield 90% convergence or above, we can
“arey-out” the unacceptable entries in the matrix, leaving the acceptable results in the white
boxes. By transferring this coloured template onto the right matrix, we can see which settings

yielded acceptable results with the minimum nfe performed, which can therefore considered the
best settings.

unclion imes ou : ua rgence Avg Over 10 Wi ng Cntenon
F=0.1|F=0.2 F=0.4 |F=0.5 |F=0.6 |F=0.7 |F=0.8 |F=0.8 [F=1.0 F=0.1|F=0.2 F=0.4 |F=05 |F=06 [F=0.7 [F=08 |F=09 [F=1.0
|DEJONG1 CR=0.0 | | | CR=0.0 X 00| 50 50001 5000] 500
| CR=0.1 1 10f 1 1 100 10 1 CR=0.1 1442 1 1748 1802 1953| 2193| 2387 2645| 28
CR=02 1 10 10 1 100 10 10 CR=0.2 913] 1044] 997] 1133] 1229] 1 1488
CR=0.3 . o 10 10| 13 10 10] 10 CR=0.3 | B&C 648 687 738 870| 886] 1044] 1056
CR=0.4 1 g 10 1 10] 10] 10 CR=0.4 553 617] 627 702] 771 87| 992
) o 10] 10f 10 10f 1 - - 520 639 654] 753] 783 923) 102¢
CR=0.6 100 10of 1of 10 10 1 CR=06 _ _ 4| 505 541 607 655 784 &1 &7
CR=07 9 o9 10 10 10 10 CR=0.7 pooj " G88l 4c8] 541 567] 651 771  870] 984
CR=0.8 100 100 10 10 1 CR=0.8 ) 40| 46t | 477] 562] 658 699 831 106
CR=09 1 10] 10 1 CR=0.9 | 500X - 180 538| 647 7 844
=1 = : J _ 0L
F=0.1|F=02 |F=0.3 [F=0.4 [F=0.5 [F=06 |F=0.7 F=0.9 [F=1.0 F=0.1|F=02 |F=0.3 |F=0.4 |[F=05 [F=06 |F=0.7 F=09 [F=1.0
DEJONG2 CR=00 [0l s O a0 o= O I O P O e )y e (R CH=0.0 1 - BOOOL 5000 S [ X 5000 5 +50001 50O
CR=0.1 MR Of SRS Of SUSTE OF MR O R Of BN Oy SR O D) s Of (I O CR=0.1 i i i i Y ¥ i VE ! i
CR=02[ o 1| 1] | 8 o [ " 0 ONCR-0.2| 5000 3420 4140 4080 42231 5000] 4840| 4200]
' CR=0.3 [l O) R Of Sl | M A4] e 10 9] 7| 2JCR-0.3 | 5000| 5000| 8080] 2548 2417| 3859| 3887| 3502| 4260 :
CR=0.4 | it Of sl O sse 21 s 4] s 10| 10 10]  2JCR=04 | = 1640 1725 1 1897] 2585 2585 2597| 31
CR=0.5 IR0} NN | S | ) ) Oy 100 10f 10f  1§CR=05 | ! . 8601 520 12431 1137] 1613] 1558] 2055 1867|
CR=0.6 | s Of i Of s Of a1 | ean: of 10 10|  2§CR-=0.6 | 5000{ 5000| " 1650 1120] 1049] 1283] 1340]
CR=0.7 | 5 Of Sl Of s Of i 2] i 4] o 10 10 10]  24CR=0.7 | 5000{ 6000 5000{ 645| 735 918] 1220{ 1006] 1125| 223
CR=0.8 |Ems Ol fasn O e | 1| sl i € 10] 10| = 4§CR=0.8 | 5000{ 5000] 500 560 645 gos| 978 874] 16
CR=0.9 | mstOf s Of sy Of Wt 2] w0 5] e 6] inas: 1 10 20MCR=09 | I v ~ 410] 518 568] 1 745  740] 1
Gl B R U L L e 50008 5000 5000 30f R0 404] © 50
F=0.1|F=0.2 |F=0.3 [F=0.4 [F=05 F=0.7 |F=0.8 |F=0.9 [F=1.0 F=0.1|F=02 [F=0.3 |F=0.4 |F=0.5 F=0.7 |F=0.8 |F=09 |[F=1.0
ZIMMERMANN cRool oo o o o o o o of OofcrR=00][ = A i 3 e |
CR=0.1 | WO i Ol s O Beew 0f v Of e Of iiees Of 590 O Bl O R ORI CR=0.1 |& - 5000 5000{  5000f 5000{ 5000
cr=02] o 1 o o o o o o o OlcR=02] 5000] 5000] 5000] 5000] 5000] 5000] 5000  5000]
CR=0.3 | N1 SN2 SR O "l 1 B8] OACR=0.31] 1920 " 27 3553 T s
CR=0.4 | 2l imn 21 s of i 9| 10] 10|  OHCR=04| 855 1765] 1825| 2014] 1919 2338 251 2708] 3001] &
crR=050 of 1] 10] 10 1 of 10| 10| 1§CR=0.5| 5000f 880f 1. 1352] 1546] 1760] 1834| 2052| 2285| 211
CR=0.6 | st Of i Of o3 e 1 1 of 10] 10 1JCR=06] 5000 1137] 1168 1352 1227 15121 1659 1884] 1
CR=0.7 | S0} iSO A ) A Al S st of 10} 1j§CR=07]| 5000 &87] e85| 1017 1160] 1284] 1456 1490] 1
B B e B B 9 g 10} 5000y 5000{ 80 1216 1254] 1379]
| CR=0.9 | sl O} irais Of imiw O] \ien o] e o] i 10 10 ~ ONCR=09 | "5000| 5000{ 27| 830] 1009 2143] 11 =B
=1.0 [ iams Of et OF /ey OF e Y sl OF ey 1 : : g i " ]

Table 4.2.2 DE1 Best Settings

The best settings are marked in red and it can be seen for the DeJong 1 Function that the best
settings are in the low range F=0.3 and CR=0.5. For Dejong 2, F'=0.8 and CR=0.1 yield the
best solution and on the Zimmermann function /=0.6 and CR=0.8 should be chosen. However,
for all 3 functions, high valued settings for both parameters can be seen to yield results with
higher convergence frequencies and efficiency. In the testing for Problems 1, we will test at
F=0.3 and CR=0.5, F=0.85 and CR=0.7"°and F=0.9 and CR=1.0 to see whether the results
conform to producing the best results for high /" and CR values. In Problem 2, DE1 with settings
F=0.3 and CR=1.0 is tested in the place of DE1 with F=0.85 and CR=0.7.

SIf, for a certain setting, 7 out of 10 runs converged, the average of the 7 converged runs is given in the
table. 5000 is displayed if there were no converged runs at all.

' This middle setting was chosen to allow easy comparison with results for similar problems in [5] and
provide a mid-range test setting.
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[t should be noted that on comparing values in Table 4.2.1 with those in Table 4.2.2 for the
same F and CR settings, the values in this section are higher. This is solely due to the initial
population that was used, which in this section was held constant during all of the tests.

4.3 CMA

Whenever ES-CMA is used in this paper, a (10+10) type ES is employed when no
recombination is chosen and a (10/10+10) is used when recombination is selected. The latter
involves 2 parents in the recombination process to produce 1 child and the 5 children are each
CMA mutated twice to form 10 individuals. These 10, combined with the 10 parents from the
previous generation, form the selection population for the next generation and a Best
Individuals selection method is used for the environmental selection. A scaling of this is applied
in Problem 2 where populations of 30 are used.

4.3.1 CMA Comparison

[ Method [ Method 1 | Method2 |
] DE1 ES-CMA
Problem ]
| De Jong 1 766 501 |
De Jong 2 979 605
Zimmermann 1518 1666*
Table 4.3.1 CMA Comparison with DE1 using 3 Test Functions

* Indicates that convergence only occurred 5 times out of 10.

A comparison of CMA’s performance with that of DE1 (using the same settings for DE1 as in
Table 4.2.1) was done using the 3 functions listed above and a constant initial population. The
values above are once again averaged over 10 runs. The results indicate that CMA has the
potential to out-perform DEI on certain problems and is worth investigating for use on
Problems 1 and 2. The ES-CMA used here is without recombination and using the 01 settings
described below.

4.3.2 CMA Best Settings

The following tests were done to help determine the best ES-CMA combination to proceed with
when tackling Problems 1 &2. A (10/10+10) ES-CMA and a (10+10) ES-CMA, as described in
Section 4.3, were used with and without recombination selected, respectively.

The recombination method is a variable here, with either no recombination (NoRecomb),
Weighted Average (WA) or Crossover (CR) being the choices. As well as this, suggestions for
the Strategy variables ¢, c. (the latter two being both represented by c in the table below), ¢,
and d (see Section 2.4 for definitions) were found in three papers by the authors of CMA in the
years 1996 [7], 1997 [26] and 2001 [27]. The suggestions for the sets of Strategy variable values
will be referred to by the year of the paper, namely 96, 97 and 01. The values given for n=2 will

be used for the two parameter functions De Jong 2 and Zimmermann. The n=3 values will be
used for De Jong 1 testing.

r e R —

| n= 2 n= 3
96 97 01 96 97 01| 9 97 01
c 1/(nN0.5)  1/(n0.5)  4/(n+4) 0.707 0.707 0.667 | 0.677 0577 05711 |
ccov | 2/n"2 2/(n"2+n)  2/(n+(2"0.5))"2 05 0333 017 | 0222 0.167 0.103
d |n 0.5 (n+8)/4 2 1414 25 3 1732 275

Table 4.3.2 Suggested Strategy Variable Settings l;)y Authors
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The results from varying both the recombination method and the Strategy variable settings are
shown in the next two figures, with data presented in the same manner as Section 4.2.2. Note
the greyed-out 01 result for the Zimmermann function; it did not meet the 90% or above
convergence criteria but was the only CMA setting to converge at all.

CMA+NoRecomb | CMA + WA
n 96 | 97
DJ1 10| 10

DJ? I | 10__ &l
Zimmermann e 02 | e s 0!

DJ1
DJ2

Zimmermann |
Figure 4.3‘4 CMA best settmgs nfe to converge or meet l1altm g cnterlon

The overall best setting for CMA is shown to be CMA with no recombination for the 01 values
but when they do converge, CMA+WA and CMA+CR show better performance as can be seen

for the De Jong 1 function. CMA+NoRecomb, CMA+WA and CMA+CR, all with the 0]
settings, will be used for Problem 1.

4.3.3 CMA Settings Suggestions

Through inspection of the three results tables in Section 4.3.2, some trends were observed:

i The damping parameter d for the 01 settings, which showed the best performance, were
either the highest or close to the highest relative to the other suggested values. We recall

from Section 2.4 that d controls how quickly the step size reduces. Higher values mean
slower reduction in step size.

1 The ¢ and ¢, values for the 01 settings are always smaller than the other 2 sets of
suggested values. We recall that smaller ¢ values means longer accumulation time and
more correlation information is incorporated and low values of c., means slower,
increased stability in the solution and more use of correlation information.

These two observations seem to suggest that slower rates, either slower reduction in step size or
longer accumulation times before changes are made, help CMA’s performance over the range of
test functions. We should also note that WA has a blending effect on the population and CR has
a disruptive effect which may disturb the complicated adaptation process of CMA and cause it
not to converge on the more difficult De Jong 2 and Zimmermann functions. In the case of the
Zimmermann function, the location of the global optimum being near the boundary or the
feasible region makes convergence even more unlikely. In the case of De Jong 1 however, the

simple and smooth topology seems to benefit from these “disturbances” as can be seen from the
improved performance when recombination is used.

With this in mind, I propose two strategies and suggest settings accordingly. The suggested
settings will be referred to as CMA-A and CMA-B

4.3.3.1 CMA-A — This follows from the above discussion which suggest that the 01 values may
have performed better on the whole due to lower ¢ and c.,, values and its higher d settings.

Therefore a simplistic approach of using even lower ¢ and c,,, settings along with an increased d
value gives the following trial settings:
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n n=3
c 0.6 0.55
Wi 0.1 0.1
d | 2.7 3.2

Table 4.3.5 CMA-A Settings

4.3.3.2 CMA-B — The second strategy comes from considering the parameters c, and c.,
separately. This strategy postulates that from the above data, we have seen that slower rates of
adaptation of the Covariance matrix and more accumulation and use of correlation information
seem to benefit CMA and so low values of ¢, and c., are retained (similar to CMA-A
reasoning). However, the global step size can be adapted at a much quicker rate since it depends
on a lot fewer variables than C, so ¢, should be set higher than ¢.,,. The damping parameter is
set to a high value as before so as not to decrease the step size too quickly which impairs the

algorithms ability to explore the search space. Following these criteria and other criteria set in
Section 2.4, the following settings are proposed:

=2 N=3
3 0.72) 0.
g 0.65 0.5
cov 0.1 0.1
d | 2.759 8.2

Table 4.3.6 CMA-B Settings

4.3.3.3 CMA-A&B Validation — By carrying out a test in exactly the same manner as in Section
4.3.2, the following results were obtained:

[CMA + No Recomb \CMA + WA |CMA + CR
A f

DJ1
DJ2
Zlmmermann

IDJ1
DJ2
iZimmermann

Table 4.3.8 CMA-A&B nfe to converge or meet haltmg critermn

The results show that CMA-B performs better out of the two strategies on the whole, in some
cases only slightly better. CMA-A achieves better results when combined with WA
recombination and even though CMA-B with no recombination converges quicker for the
Zimmermann function, we note the equivalent CMA-A scheme converges more times and is
therefore more reliable. It is therefore hard to say which strategy is better and when comparing
them to the authors” suggested settings. Strategy CMA-B displays the best performance for De
Jong 2 and Zimmermann functions when used with no recombination and CMA-A and the 01
values follow close behind. The best combination for De Jong 1, however, is still CMA+WA
with the 97 values and CMA-A and B are not expected to show great performance when used
with recombination since they were modelled as an extension of the ethos of the 01 values
which themselves did not perform well when used with recombination. CMA with the 01 values

will from now on be referred to as CMA 01. The latter, along with CMA+WA and CMA+CR
will be tested on Problem 2.
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5 Inverse & Direct optimisation

A summary of the previous tests carried out with the various algorithms on different problems,
and also work to be presented below, are summarised in the work matrix below. Results from
testing done in Section 4.2 will be used on both Problems 1 and 2. Work done in Sections 4.3.2
and 4.3.3 will be used exclusively in Problems 1 and 2, respectively. Other data for the two
optimisation problems are held in Appendix A and include graphs of the global step size vs
generation no. for the CMA tests; m,p and t variation with no. of generations for both
optimisation problems; m,p and t summed then normalised percentage difference with target
coordinate values at generation 59 for Problem 1 and CL and CD values for Problem 2.

Algorithm

DE ES-CMA+WAICR |

ES-CMA MNoRecoamb

Problem Foacro s |Foescroz [Fo SCR1 0 JFo 3CR1 0 E--- i Eual a7 ._..
Tesl Funclions |Deicag 1 L L -m - I—f - -l
e III
Zimmerman L --
Frchilem 1 Inverse Cptimezadion ..--—--
Froblem 2 Direct Optimizabon - -----
L—"  Sigrities the algcethn atltn;f- are used to solve the mmrnhab.rn geokilem

Table 5.1 Work Matrix

5.1 Problem 1 — Inverse Optimization Results

In Figures 5.1.3 and 5.1.4, the differences in the results between all of the DEI runs are visually
indistinguishable and DE1 with F0.9 and CR1.0 represents all three DE1 settings results. The
same applies for CMA with no recombination and CMA+CR and even though the latter does
not converge, their pressure and aerofoil profiles are very similar. CMA+WA is also presented

in the figures since it produces very different values to the other schemes. The 01 values are
used when testing with CMA.

Cesign Targe1 0= ES-ChA 01 Values

Pararmater |FO.3CR0.5|FO.85CR0. ?’FD GCR1 DIMoRe2comb W CR
I ]‘ 002000 002000 001933 002003 0.02002 0.01438 0.01593
[ values at Generation 59 0 40000)F O 39994 0.4C0W8| 0400204 0O 3=l 0.12276 041274
[ J _ 0 15000 0. 15002 0.14998] 0 158012 018008 015326 0.14%93
ZADDEC oordsDiferanc ) __D) 8 159£.05] 1 CAGE.04] C.111E-04] 2 25E-04 7 A34E-02 2.320E-03
Generations to Corverga® (1 e-5) 25 44 32 Mot Converged |Nol Corvergad
Filhess at 59 Ganarations 8.71E-08] 3.17/7E07] 8.91E-Ob 2.346E-01 3. 74GE-04
“Valug 2quals number of generalions

alter the inillial generalion 1o converge

Table 5.1.1 Comparison between target and results at 59 generatlons for Problem 1

Convergence for Problem 1

DE1 F0.3 CR0.5 --#—DE1 F0.85 CR0.7 —&—DE1 F0.9 CR1.0
CMA NoRecomb —X¥— CMA+WA —&— CMA+CR

1.0E+01
1.0E+00
1.0E-01
1.0E-02 -
1.0E-03 - _ . vy
1.0E-04 - \e | sbehnin, ™o
1.0E-05 2 |
1.0E-06
1.0E-07
1.0E-08

Fithess

s vww

Laﬁmn*‘:!

log Normalised Best Individual

10 20 30

Generations (x10 for nfe)

40 50

5.1.2 Normalised best individual fitness for all 6 schemes for Problem 1
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Aerofoil Profiles Problem 1

DE1 F0.3 CR0.5 —¥—CMA+WA —&— CMA+CR
B Target NACA2415

Initial NACAQ0012

0.1

0.08

0.06

0.04 -

0.02

-0.02

-0.04

-0.06

-0.08
x/c

Figure 5.1.3 Aerofoil Profiles at generation 59 for Problem 1

Pressure Distribution Problem 1

DE1 FO.9 CR1.0 ~—¥—CMA+WA —&— CMA+CR
B Target NACA2415 Initial NACA0012

0.8 §

x/c

Figure 5.1.4 Pressure distributions at generation 59 for Problem 1
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5.2 Problem 2 — Direct Optimisation Results

The aerofoil profiles and pressure distributions from the optimisation process are presented
below with results from the DE1 ad CMA schemes on separate graphs for clarity. The results
for both schemes have also been presented on a single graph in Appendix A for the aerofoil
profile and the pressure distributions, on Figures A.2.5 and A.2.6, respectively. Figures A.2.7
and A.2.8 in Appendix A show the Cp and Cp variations with the number of generations.
Testing was done using a population of 30 to increase diversity.

Design Target DET __| ES-CMA 01 Values -

Parameter ) FO.3CRO.5 |FO.8CR1.0 _[F0.3CR1.0 01 Al B
m 0.01834 0.01989 0.01811 0.02062 0.02053 0.017863
p } values at generation 55 0.42635 0.40018 0.44438) 0.25137 0.25455 0.46431
t - | 0.13422|  0.14998] 010830 011438  0.41857)  0.10872
CL = = 0.19[ 1.90012€-01] 1.89970E-01] 1.90003E-01 1.9{1900501‘ 1.90000E-01] 1.90000E-01
Cl&Cltarget difference 1.1998E-05| 2.9531E-05| 2.6667E-06] 2.98674E-07| 2.27826E-07| 1.41078E-07
CD — 1T | 2.36464E-02] 2.31919E-02{2.13753E-02|_2.29684E-02| 2.28664E-02| 2. 15661E-02
Normalised Fitness at 65 Generations 1.29135E-02| 1.28563E-02|1.15838E-02| 1.24315E-02| 1.23743E-02| 1.16596E-02

*Value equals number of generations

after the initial generatinn i

|

Table 5.2.1 Comparison of

at Generation 55

results from different algorithms tested on Problem 2

Convergence for Problem 2 —a=-DE | E0-8 Bal2 AN
[ et TAAALA — TAMAR
1.0E+00 =

0

1y
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@ 1.0E-01 -

o0

D

0

©
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.

(@)

o :
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5.2.2 Normalised best individual fitness for 6 schemes for Problem 2
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Aerofoil Profiles DE1 Problem 2 | —e—DEi FO.3 CR0.5 —s— DE1 F0.3 CR1.0 DE1 FO.9 CR1.0
0.1

0.08 -

0.06 -

0.04 -

x/c

Figure 5.2.3 Aerofolil profiles at generation 59 for DE] tests on Problem 2

Aerofoil Profiles CMA Problem 2 CMA 01 —X%— CMA-A —e— CMA-B

0.10
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0.06

0.04 -

y
0.02 -

0.00

-0.02

-0.04 -
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Figure 5.2.4 Aerofoil profiles at generation 59 for CMA tests on Problem 2
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Pressure Distribution DE1 Problem 2 —e—DE1 FO.3CRO.5 —&— DE1 FO.3 CR1.0 DE1 F0.9 CR1.0
-0.8

x/c

Figure 5.2.5 Pressure distributions at generation 55 for DE]1 tests on Problem 2

Pressure Distribution CMA Problem 2 CMA 01 —%— CMA-A —e— CMA-B
-0.8

x/c

Figure 5.2.6 Pressure distributions at generation 55 for CMA tests on Problem 2
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6 Evaluation & Conclusions

6.1 Standard Parametric Optimisation Objective Functions

A summary of the tests carried out on the three parametric optimisation functions in Section 4 1s
summarised below and the data is presented in the same format as in Chapter 4:

Algorithm DE1 ES-CMA NoRecomb ES-CMAsWA ES-CMASCR

Problem roscrnstrosscrfroscaolroscmial sl s o A B sl @ o o 6 wf o o o
TeaFucions [ Dedongt | ol ] ol ol ol ol o ol of of@O) ol o ol o ol o ul o

Figure 6.1 No. of times converged out of ten

Algorithm DEf ES-CMA NoRecomb ES-CMAYWA ES-CMASCR

Problem ragcros|Fossceorfrosceiorascriol s sl o M 6 sl o] o o 8 wf w o 4 @
Test Functions | De Jong el o | si] sooo] sse| ete] see| see] ser| caofBRER e | ste| sso| sos| asa| sos| e

Dedong2 | 520l o [ sooo] 2023] eves{ sas] ssof e so0o] sooof “eses| 2892 ‘sese] sooof ‘sooo| sooo] sooof 000
|zinmernann | wg6] . [RE]  sooo] sooo] sooof ses] sso| ssof sooo] sooof sooo] sooof sooo] sooo] sooo] sooof sooo] so0o

Figure 6.2 Nfe to converge or meet halting criterion

We can consider the results in two groups since De Jong 1 is a three parameter function and the
same settings which are seen to be beneficial when used on it, behave differently when
employed on the two parameter functions De Jong 2 and Zimmermann.

For De Jong 1, it can be seen that all of the tested methods and settings meet the 90% or above
convergence criteria, with the exception of DEIl using F=0.3 and CR=1.0, which failed to
converge at all within 500 generations. The best performing method for this function overall
was the ES-CMA using Weighted Average recombination on the 97 settings. The latter settings
for ES-CMA use relatively high values for ¢ and ¢, and low damping which correspond to
quick but less reliable adaptation of the evolution paths and the Covariance matrix. Also there is
less use of correlation information and the global step size is reduced at a quicker rate, which
therefore reduces the mutation step size more quickly. Alongside these effects, we also have the
blending effect of Weighted Average recombination which reduces the diversity in the
population. These quick change rates and small mutation steps are favoured for the simple
topology of De Jong 1 where the algorithm does not have to explore large parts of the search
space before reaching the easy to find optimum. The best performing DEI settings for De Jong
| are F=0.3 and CR=0.5 and follow similar ideology in that small mutation step sizes are used
with F being small and these small changes are incorporated into approximately half of the
parameter #. On the other hand, the worst performing settings, from DEIl with F=0.3 and
CR=1.0, also uses small mutation steps but since it uses a CR=1.0, the vector u becomes
identical to v and the process basically amounts to mutation only. This means that if the initial
population is not diverse and individuals lie far from the global optimum, the small mutation
steps are not sufficient to help the algorithm converge.

For De Jong 2 and Zimmermann, the most effective and efficient algorithm was DE1 with
F=0.9 and CR=1.0. This once again, amounts to a mutation only process, but with large
mutation steps which allows a more expansive search of the feasible region in order to arrive at
the harder to find global optima. With smaller mutation steps, the solution may become stuck
and never reach the optimum. The best performing ES-CMA settings were the CMA-B values,
used without recombination. This method uses slower but more reliable adaptation with more
use of correlation information. The global step size is also decreased at a slower rate so that a
larger amount of the search space for this more difficult optimisation problem function can be
explored. The different time scale at which the C matrix, the global step size and their evolution
paths can be adapted is taken into account and this consideration is shown to be important, with

EVOLUTIONARY METHODS FOR OPTIMAL SHAPE DESIGN WRITTEN REPORT PAGE 35



these settings proving most efficient. ES-CMA used with recombination, which fared well in the
last test, is shown to have major convergence problems with this more complicated topology.
This algorithm was not designed to be used with such recombination methods and whereas their
disruptive effects happened to have a beneficial affect on performance of the last function, for
the more difficult test function, they disturb the intricate procedures used by CMA and hinder it
from finding the optimum. It is in fact meaningless to use CMA with recombination since the
evolution path information on which CMA depends so much, is greatly disturbed. When we
then try to de-correlate the evolution path, we can only do so with respect to the last step since
the evolution path from the parents can not be incorporated in a meaningful way. This may be
the reason why it is the 97 values, with its quick adaptation procedure, that performs the best for

De Jong 1 since, through its high ¢ and ¢, values, it intends to use less correlation information
in the first place.

We remember also that we are using the CMA two parameter values here which are tuned for
quicker adaptation than the three parameter values since there is one less dimension or
permutation to consider. We cannot, however, automatically assume that two parameter
functions are easier to solve and automatically speed up the adaptation process to enhance
efficiency. It is seen here that for the De Jong 2 and Zimmermann functions that the settings that
achieve the best performance, are those that are closest to the three parameter settings, In

particular CMA-B, which preserve the large step sizes, the slow adaptation rate and the higher
use of correlation information, in order to reach the optimum.

6.2 Problem 1

For the inverse optimisation problem, DE1 with F=0.3 and CR=0.5 converges the quickest to
the normalised fitness of 1e-05 and also to the lowest fitness after 59 generations, as can be seen
by Figure 5.1.2. CMA with no recombination, using the 01 values, follows close behind in
terms of efficiency. Figures 5.1.3 and 5.1.4 show only the DE1 F=0.3 and CR=0.5 results since
the outcome of all the DEI1 tests are very similar after 55 generations, with the total difference
between their 19 coordinates being a maximum of only 5.6e-4. Similarly, the CMA+CR result is
also representative of the CMA+NoRecomb run. CMA+WA however, proves to be the least
robust and the most inefficient setting and its results differ significantly from the others. This is
also shown very clearly on Figures A.1.1 to A.1.7 of the m,p,f and coordinate points variations
in Appendix A. None of the CMA runs converge when used with recombination and this has
been expected from the discussion in Section 6.1. The disruptive effect of the recombination
process on CMA can be seen in Figure A.1.8, showing the global step size evolution: Crossover
recombination disturbs the adaptation, hampering the necessary decrease in step size, so that the
algorithm will never reach the optimum unless completely by chance. The CMA+WA step sizes
increase significantly on more than one occasion but luckily manages to decrease, but does so
too soon, as it reaches a local optima and its solution stagnates, as seen on Figure 5.1.2.
Repeating the run is not expected to improve the result.

6.3 Problem 2

In Problem 2, the population size was increased to 30 to increase diversity without which the
algorithms fail to converge. For this direct optimisation problem, it is once again a Differential
Evolution algorithm that performs the best in terms of the normalised fitness reached at the
halting criterion of 55 generations. The strategy CMA-B follows close behind with its
corresponding normalised fitness being only 7.6e-3 larger than the most efficient setting of
DE1, which is F=0.3 and CR=1.0, and both can be seen to converge quickly to their low fitness
values on Figure 5.2.2. The latter also achieves the lowest drag whilst the former attains a C;,
value closest to the target 0.19 value. The worst setting in terms of normalised fitness is DEI
with F=0.3 and CR=0.5. This may be due to the lower crossover probability setting which
reduces the contribution from the trial vector in the individual # and means that there i1s slower
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progression in the solutions from the initial population. The introduction of test setting F=0.3
and CR=0.1 was due to the limitation of values used in previous tests where either very low or
very high mutation and crossover values were used. Using a mixed scheme of low mutation and
high crossover provided results for a new hybrid which would be neither too slow in evolving,
nor too extreme in its mutation process. Coincidentally, it proved the most efficient.

[n Problem 2, many more optima, both local and global, are expected than in Problem 1, since
although more constraints are applied in the form of a penalty function, the optimisation
requirement is not to reach one specific aerofoil, and the problem is a lot less restrictive. The
minimal optimum found for Problem 2 is reached by CMA-B and DE1 F=0.3 and CR=1.0 and
is shown in Figure 6.3.1, although we can not be absolutely certain that it is the global optimum.

Aerofoil Profiles Problem 2 —m— DE1 F0.3 CR1.0 —e— CMA-B

0.10

0.08
0.04

y o
0.02

0.00

-0.02

-0.04

-0.06

x/c

Figure 6.3.1 Problem 2, Best DE1 and ES-CMA results produce similar profile

We recall that the equation for generating trial parameters in DE1 consists of using three
randomly selected vectors from the population. This therefore suggests that this method depends
oreatly on the convergence of the majority of the population towards an optimum, in order for
the mutation step size to decrease sufficiently to obtain it. Otherwise, a random selection of an
individual far away from the target optimum would pull the solution away from it. This could be
the reason why the F=0.9 and CR=1.0 DEI setting does not perform as well as DE1 with F=0.3
and CR=1.0 within the 55 generations. The former magnifies the importance of a large number
of the population to be in the vicinity of an optimum, due to its large value increasing the
sensitivity to the differential variation between two randomly chosen vectors. The low F value
setting, which performed the best, is not as sensitive to the deviation of the population.
However, it requires a large population and for the population to contain good starting
individuals, placed not too far from the optimum, since it relies only on mutation with a small
step size to escape the many local optima and reach the global ones. Whereas the DEI settings
produced three very different aerofoils and pressure distributions as shown in Figures 5.2.3 and
5.2.5, CMA 01 and CMA-A produced very similar m, p and 7 values, aerofoil profiles and
pressure distributions, indicating the presence of a local optimum. The two strategies suggested
in this paper yield lower normalised fitnesses than the author suggested 01 values, although the
CMA-A result is only slightly lower. The slower adaptation of the strategy variables with the
CMA-B setting once again proves to be more robust and efficient than its two CMA
counterparts. Looking at the global step size evolution on Figure A.2.4, we can see that for the
three CMA settings, the rate of decrease is similar after 16 generations, although CMA 01
which performed the worst out of the three, does not show any increases in step size to try to
escape the local optima during its evolution.

[t is also interesting to note on Figures A.2.1 to A.2.3, that the two best performing algorithms
(CMA-B and DE1 F=0.3 and CR=1.0) evolved to give m and p values which are very similar to
the worst performing algorithm (DE1 F=0.3 CR=0.5). It is only the ¢ value of the latter that
differs significantly from the other two schemes, doing so to the order of 3e-02. Figure A.2.3
shows that for all six schemes used in Problem 2, the m, p and ¢ values start to fluctuate much
less eratically after approximately 30 runs. A contribution to the poor performance of DEI using

EVOLUTIONARY METHODS FOR OPTIMAL SHAPE DESIGN WRITTEN REPORT PAGE 37



F=0.3 and CR=0.5, could be that the scheme jumps to a high t value on generation 23, and is not
able to reduce it over the following 22 generations to reach the global optimum, due to its
combination of a small mutation step and a low crossover probability.

6.4 Overall Summary of Optimisation Test Results

CMA provided close competition for DE1 and CMA-B consistently followed the best
performing algorithm, both being DEI but with different settings, closely on the two inverse
problems. CMA-B was seen to be the most robust out of all of the settings tested in this paper
and it is through simple consideration of each of the parameters separately that we draw on its
benefits, so further consideration and investigation of the parameters for CMA has been shown
to be very worthwhile. Recombination has been proven to have a detrimental effect on the
robustness of the CMA schemes and unless certain information is known about the topology of
the function to indicate their use is beneficial, this evolutionary operation disrupts the delicate
and complicated CMA process and should not be used.

[t has been confirmed through the two aerofoil optimisation problems that although high values
for F and CR used in DEI are not the most efficient, they are the most robust. This is because
the high F value, when the problem is first started, allows the exploration of a large part of the
feasible search space which improves its chance of finding the global optimum for more
difficult problems, but decreases it efficiency for simple topologies. The DEI algorithm, in
accepting only the better of the two individuals x;; and u, can be considered very ‘greedy’.
However, when using large F values, the increased sensitivity to differential variation between
the vectors contained in the population means that for a decent sized population (10 or above), if
even a small number of solutions are located near the global optimum and the majority of
individuals lie near a local minimum, a scheme with a large  value is likely to increase the step
size until the majority of the population converge on the global optimum and this behaviour
helps the greedy DE1 algorithm from becoming trapped in local optima. In contrast, the low
valued DEI1 settings, whilst they might be the most efficient for certain problems, the results
prove that they do not demonstrate these robust qualities.

Looking from the trends in the results and considering the theory, although it has not been
possible to show this, it can be deduced that, for the majority of problems, if a test is run with no
halting criterion on the number of function evaluations, the high /' valued DE1 schemes would

in general produce more accurate results than low F valued schemes due to its higher sensitivity
as formulated in the differential operator for DEI.

[n all problems, we have to establish either a priority between speed and robustness in an
algorithm. It has been shown in the above discussion that whereas there is no single algorithm
with a certain setting that proves most efficient, irrespective of the problem to be solved, there
are schemes which display great robustness and they are typically methods which retain high
mutation step sizes, meaning less efficiency when searching for an easy to find optimum, but

greater endurance when searching for a hard to find optimum and helps the algorithm to resist
being trapped in local optima.

One thing that has to be bared in mind when interpreting the results presented here, is that the
time limitations of a four month project did not allow several test runs for Problems 1 and 2.
The stochastic nature of the Evolutionary Methods requires further tests before definite trends
can be observed. However, the results presented here can be interpreted as an indication of the
behaviour of the schemes. Moreover, it has been shown that Evolutionary Algorithms are an
effective method for solving optimisation problems but more runs should be done in order to
eliminate stochastic variations and allow full interpretation of the results. A comparison should
also be done between Evolutionary Methods and other approaches to determine the efficiency of

these schemes and also to motivate enhancements to make them competitive when compared
with other methods.
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6.5 Model Simulation

The problem simulation using GiD and Tdyn requires further testing to improve accuracy as
seen from the test results in Section 2.9.1. The best direction to take is either to further
investigate structured mesh generation in GiD or alternatively, use another meshing program
which can be easily automated. The use of a structured mesh will aid the turbulence model
simulation by making it easier to meet the requirement of placing the first node inside the Tdyn
defined log law region. However, CFD programs are very sensitive to the mesh used and mesh
sensitivity analyses may have to be considered in order to evaluate the best type of meshing for
aerofoil problems [28]. As it stands, the solution process of the turbulent aerofoil model takes
roughly one day to solve and refined models are expected to take even longer. The alternative
would therefore be to use a program such as XFOIL if only aerofoil problems are to be used.

6.6 Further Work & Suggestions

e The range of aerofoils that could be explored in this report was limited to the NACA
four digit profiles. This was to reduce the degrees of freedom in the problem since the
calculation process of the aerofoil simulation would take too long. More variety in the
types of aerofoil that can be investigated could be achieved by using different
representation of the aerofoils such as by using Breziér curves.

e As mentioned in Section 6.4, the different parameters in CMA should be further
investigated to realise the full potential of the method.

e Section 6.5 concludes that the Tdyn model of the turbulent aerofoil should either be
studied further in order to increase the accuracy of the calculation, or another method
should be used to represent and simulate the model. One benefit of the operational setup
with GiD and Tdyn however, is the option to solve coupled problems by activating the
thermal or structural solvers in Tdyn. Another obvious benefit of using Tdyn over a
program such as XFOIL is the opportunity to generate more complex aerodynamic
geometry or even other shapes for optimisation. A brief study on the 3D simulation of a
swept wing was carried out towards the end of this project using the same turbulence
model and wall function as previously used in this report. A batch file is contained in
Appendix C.7, which was written to set up the wing geometry and control volume,
shown in Figure 6.6.1. The pressure, velocity and eddy viscosity results produced from
these tests are shown in Appendix E. A suggestion for the objective function of the 3D
problem would be to use the sweep or the planform shape as a variable in an inverse

optimisation test and use the Collocation Method to approximate the necessary
analytical results.

Figure 6.6.1 3D model of a wing with fluid conditions assigned
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Appendix A: Additional Results

A.1 Problem 1 Results:

m Variation Problem 1
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Figure A.1.1 Problem 1 m variation vs number of Generations
Normalised m % Difference with Target Problem 1
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Figure A.1.2 Problem 1 Normalised m % difference with Target NACA2415 values vs
number of Generations
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p Variation Problem 1
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Figure A.1.3 Problem 1 p variation vs number of Generations
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Figure A.1.4 Problem 1 Normalised p % difference with Target NACA2415 values vs
number of Generations
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t Variation Problem 1
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Figure A.1.5 Problem 1 t variation vs number of Generations
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Figure A.1.6 Problem 1 Normalised t % difference with Target NACA2415 values vs
number of Generations
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Normalised Coordinates Absolute Difference Problem 1
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Figure A.1.7 Problem 1 Normalised coordinates difference with Target NACA2415
values (sum of magnitude of differences between the aerofoil and the target for the 19
coordinates defining the aerofoil) vs number of Generations

Global Step Size Evolution Problem 1
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Figure A.1.8 Problem 1 Global step size evolution vs number of Generations
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A.2 Problem 2 Results
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Figure A.2.1 Problem 2 m variation vs number of Generations
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Figure A.2.2 Problem 2 p variation vs number of Generations
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Figure A.2.3 Problem 2 t variation vs number of Generations
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Figure A.2.4 Problem 2 Global step size evolution vs number of Generations
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Figure A.2.6 Problem 2 Pressure Distribution vs number of Generations for DE1 &
CMA schemes
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Appendix B: Tdyn and Turbulence Modelling Theory

Tdyn is a finite element method fluid dynamics simulator and is a very important part of the
optimisation process since it will be relied on to model a problem and produce the required
results. The following is a summary of the fundamentals of Tdyn, provided to allow a better
understanding of how the program works and any limitations it may have.

B.1 Tdyn Principles

Tdyn solves the three dimensional, incompressible and slightly compressible Navier Stokes
Equations in a given domain €2 and time interval (0,t):

(A) p(:+(u-V)u)+Vp~V-(ﬂVu)=ﬁ in QX(UJ) i Equation B.1
-

(B) V-u=0 in  Qx(0,1) -

where u© = u(x,i‘) 1s the velocity vector, p = p(x,!) is the pressure field, 0 1s the (constant)
density, 4, the fluid dynamic viscosity and f  is the volumetric acceleration.

The following boundary conditions are then applied:

(A)  wu=u, in T,x(0,

B)  p=p,inT,x(0,1,

(C©) nog =0,no0g,=0,nu=u, inl,, ><(0,T) >Equation B.2
D)  u(x,0)=u,(x) in Q,x{0}

(E) p(x,(): - Po(x) in ), X{O} ¥

In Equation B.2, I'represents the boundary to the domain £2, mis the normal unit vector,
g, and g, the tangent vectors of the boundary surface, u, is the velocity field on I (the

Dirichlet type boundary), p.is the prescribed pressure on I', (the pressure boundary), o is the
stress field, u,, is the value of normal velocity and u, and pare the initial velocity and pressure

fields respectively. Together, I',,I";andI’,, form the boundary I but a point existing in one of
the boundaries can only be of one type unless it is part of the border between two boundaries.

In Tdyn, the Finite Element Method (FEM) is used to space discretise the Navier-Stokes
equations while an iterative implicit two steps Fractional Step type method is used for time
discretisation so as to avoid the order reduction caused by non-constant boundary conditions in
the methods [30]. Stabilisation of convection dominated problems is done by the Finite Calculus
method which seeks to change the formulation of the problem from the outset by considering
the balance of flux over a finite sized domain. By doing so, this method hopes to attain higher
order terms, previously absent in other standard methods, which supply the necessary stability
for a classical Galerkin finite element discretisation to now be used with equal order velocity
and pressure terms. The final stabilised momentum balance equation is presented in the
following section. It is through a standard time discretization of this equation that we arrive at

the velocity and pressure equations, solved iteratively by Tdyn, necessary for the optimisation
problems’ simulation and analysis.
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B.2 Turbulence Modelling in Tdyn [16, 19, 20, 21]

Turbulent flow plays a part in many engineering problems and it is characterised by a multitude
of scales in time and space. The associated mixing and diffusion may be orders of magnitudes
larger than in the laminar case and can dominate the flow behaviour. It is therefore crucial to
understand these to accurately model the behaviour of the flow.

B.2.1 Reynolds Averaging — It is undesirable and unfeasible to consider all of the small scale
fluctuations that occur in the presence of turbulence. Therefore, the turbulent velocity u; is

decomposed into a fluctuating component u: and a steady component #, by a process called
Reynolds Averaging.

/

U, =u +u Equation B.3

rl2
where 7 \xst) = % Iul (x,t +7)d7 Equation B.4
=¥ s

The substitution and averaging of these quantities in the governing equations give rise to the
Reynolds-Averaged Navier-Stokes equations (RANSE). The RANSE now contain extra terms
that can be written in as a function of the Reynolds stresses tensor in Cartesian coordinates as:

4 F 4

T;f =—0U; U, Equation B.5

These extra terms in the governing equations now necessitate extra information in order to solve
the system. This is done by defining the Reynolds stresses in terms of known (averaged)
quantities through turbulence models.

B.2.2 Turbulence Models — Tdyn employs turbulence models which introduce an eddy
viscosity i, to relate the unknown 7" to mean flow variables in accordance with Boussinesq's

postulation which says that, in analogy to molecular diffusion, the Reynolds stresses depend on
the deformation rates of the mean flow. The models are categorised according to the number of
partial differential transport equations that, for most cases, describe the turbulence velocity and
length scale, and need to be solved to find the eddy viscosity in addition to the RANSE and
ultimately solve for the unknown Reynolds stresses.

Zero equation models through to four equation models exist, however, the increased accuracy of
higher number transport equation models is accompanied with added complexity and computing
cost. For this reason, only zero, one and two equation models (being also the only ones used in
TDyn), which have experienced the most success on balance of accuracy and cost, are going to
be considered. The final form of the RANSE using these models with Finite Calculus
stabilisation formulation (see [17,18] for derivation) is given below:

hm' a?" :
o= =) on &, i,j=1,2,3.Nosum in i. Equation B.6
2 Ox,
hy or
p; = Y d) on £, j=12,3. Equation B.7
2 dx,

Equations 2.9.5 and 2.9.6 are the Stabilised Momentum balance equation and the Stabilised
Mass equation, respectively, where
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_au,- a(”f” ‘)_ ap 0 | au,- |
rmr' = p T : T (lu + Juf) /Of;
ot 0x | dx; Ox ox ,
. V- 7 L J
du, , . . L
v, = a— with £, in the above equation being the eddy viscosity.
X

B.2.3 Tdyn Models
. Zero Equation models: Smagorinski model, Mixing-Length model

These employ no transport equations and, working now in relation to the kinematic eddy
viscosity U, (also called the turbulence viscosity), this is modelled by experimental or empirical

functions of the local mean flow variables so that turbulence is considered to be generated and
dissipated in the same place, i.e. diffusion and convection of the turbulence are ignored.

1. One Equation models: k model, Spallart-Allmaras model

These equations model turbulent transport through only one transport differential equation while
the other turbulent quantity is specified from empirical formulation. For the k model, the
turbulence viscosity is equated to a velocity scale k'* and also an empirically specified length
scale L. Following manipulation of the Reynolds and momentum equations, the 'k equation’, a
partial differential equation to solve k, is obtained. The introduction of inaccuracy through
experimental values for L is shared with the zero equation models and has been shown to limit
the usefulness and generality of this type of model. Modern one equation models, such as

Spalart-Allmaras, abandon the k equation and are based on a ad-hoc transport equation for the
eddy viscosity directly.

111, Two equation models: k- model, k-& model, k- SST model, k-kt model

[t is with two equation models that flow history effects can be accounted for to some reasonable
degree. Here, the transport equations for velocity and length scales, or alternatively two other
quantities that make up the eddy viscosity, are developed. All of the models investigated here
employ the k equation formulation for the velocity scale. The second required formula may be
in terms of a variety of turbulence quatitites. Tdyn presents models based on a time scale 1, a
dissipation rate € and an inverse time scale .

The model chosen for problem modelling in this report is the k- Shear Stress Trransport (SST)
model. This 1s a hybrid 2 equation model and is based on k- formulation but assimilates
desired attributes from both the k- and k- models with the use of a blending function. The
blending function activates the Wilcox k-o model close to the surface boundary, whilst the k-¢
is used on the outer flow. Such a model allows the high performance of the Wilcox model,
which is good with flow separation simulation, to be used near the wall without the appearance
of its sensitivity to free stream conditions. A detailed investigation into the k-o SST model and

its formulation is presented in [29] and the full formulation as employed in Tdyn is presented in
[19].

B.2.4 Boundary Layer Modelling

For wall-attached turbulent boundary layers, the normal gradients in some flow variables
become very large as we approach the surface. Some of the turbulence models mentioned in
Section B.2.3 start to become unable to model the viscosity dominated region close to the
surface known as the viscous sub-layer and would also need to be modified to account for low
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Reynolds number effects'. Moreover, even if the models were to be accurate in this region, a
high mesh element density is required and makes the calculation possible but infeasible. Tdyn
uses Law of the Wall functions to deal with these problems by using a logarithmic relationship
between U’ (the non-dimensional time averaged velocity parallel to the wall) and y* (the non-

dimensional normal distance to the wall) in the log law region (see Figure B.2.1 below). The
logarithmic relationship is given by:

1
U'=—Iny" +B Equation B.8
K

where x is the von Karman constant and B is a dimensionless constant. Correlation of

experimental data by Coles and Hirst (1969) set the values of these two parameters to be
k=~().41 and B=5.0.

60 _

"I_'l_*

20| s

Figure B.2.1 Boundary Layer Regimes

The cross-over point between the wall function and the turbulence model is the first node of the
mesh outside of the surface. At this point, the y+ value of the node is used to find U, through
the use of Equation B.8, which is then used as a Dirichlet boundary value to find the turbulence
kinetic energy and turbulence dissipation required for the turbulence model calculation of the
RANSE equations. For this to produce meaningful results, the y+ value of the first node must lie
inside the log law range. This range, when using the YplusWall law of the wall model in Tdyn,
is given by the user specified y+ value, from which the wall function is activated, up to an upper
limit of approximately y' </00. A fine mesh was used to try to ensure that the first node lies
inside this region. Also, by starting the calculation above the viscous sub-layer, we avoid the
large number of mesh elements required to resolve it (see Figure B.2.2).

nodeB node €
‘.'..-JH - *-'“'"'
nodeD nodeB
] P i *:T
nodeC node A
e .‘_..u-
IR ... IT—
T S R Y
node B 1 . A RS S R R

— ' ol .
l“lt]i-_i‘ g : I l [ l ] I. E

Figure B.2.2 Tdyn law of the Wall modelling on the right of the figure.
Meshing starts level with node A which is inside log law region
and elements to the order of 10" may be saved for a 2D aerofoil problem.

' Models such as the Spallart-Allmaras and k- SST models should ideally be accurate in the viscous

sublayer but models such as the k-¢ model fail to accurately model separating flows and the high
viscous stresses present in this region.
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Appendix D: Tdyn Turbulence Models Test Results

The following are the turbulence model test results from Section 2.9.1. Included are the Viscous
Force and Pressure Force time responses in the X and Y direction along with Eddy Viscosity
and Velocity Distributions around the aerofoil.

D.1 Smagorinski Model (Smag)

F‘;‘;‘f fecsY  Time Evolution F:::t FeeeX  Time Evolution “';“E%ZT” Time Evolution vaaafossX Time Evaluion
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D.2 Kinetic Energy Two Layers (KE2L)
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D.3 Spalart-Allmaras Model (SpAl)
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D.4 k-¢ Launder Sharma Model (keL.S)
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D.5 k-¢ High Re Model (KeHRe)
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D.6 k-® Model (kO)
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D.7 K-KT model (KKT)
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D.8 k- Lam Bremhorst Model (kel.B)
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D.9 k-o SST Model (kOSST)
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Appendix E: 3D Swept Results
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Figure E.1 Upper Surface Pressure

Pressure (Pa)

2335.9
1922.3
~+ 1488.8

- 1055.2

- 621,67
RTRE
245,42
678,97
11125
-1546.1

step 0.2
Contour Fill of Pressure (Pa),

Figure E.2 Lower Surface Pressure
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Figure E.3 Pressure
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Figure E.4 Velocity
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step 0.2
Contour Fill of Velocity (m/s), [V].
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Figure E.5 Lower Surface Velocity
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Figure E.6 Upper Surface Velocity
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Eddy Viscosity [Kgfm.$)
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Figure E.7 Eddy Viscosity
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