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Abstract. A simple method to automatically update the finite element mesh of the
analysis domain is proposed for cases when the shape of the domain is modified. The
method considers the mesh as a fictitious elastic body subjected to prescribed
displacements at sefected boundary points. The mechanical properties of each mesh
element are appropriately selected in order to minimise the deformation and the
distortion of the mesh elements. Different selection strategies have been used and
compared in their application to simple examples. The method avoids the use of
remeshing in the solution of shape optimisation problems and reduces the number of ~
remeshing steps in the solution of coupled fluid-structure interaction problems.
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aerodynamic analysis; finite element methad,

1 INTRODUCTION

Two extremely different computational problems such as shape optimisation and fluid-
structure interaction analysis are characterised by a common requirement concerning
geometrical changes in the boundary shape. In shape optimisation probiems the surfaces
defining the boundaries of a structure need to be continuously modified during the
search for an optimal solution'™™**, Also, during the solution of a coupled fluid-structure
interaction problem, the position of an object immersed in the fluid needs to be
continuously upidated according to the values of the interacting forces®, In this case, the
complexity of the problem can be increased by the presence of a free surface.

The modification of a surface of an object as well as the change of position of a body
inside a fluid requires the modification of the mesh used for the computations. The
mesh update step can be achieved by using & remeshing process. The final result would
be valid providing the geomeiric model of the structure is updated prior to the
remeshing step by using data obtained in previous analyses, which is usually difficult in
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practice. Moreover, in shape optimisation problems the use of different meshes can
introduce a significant amount of numericat noise that makes difficult the convergence
towards the optimal solution, It is then of the utmost interest to identify a method able to
reduce the need of remeshing,

Different mesh moving strategies have been proposed in recent years, mostly connected
with fluid-structure interaction problems, A powerful and commonty used approach is
to view the mesh as a pseudo-structusal system. This could be done through a
spring/mass type idealisation® or by solving directly the efasticity equations”®. The
crucial point of this type of methods is how to select the stiffness of the pseudo-
siructural elements in order to achieve a mesh with the desired properties. Typical
choices are based on simple distance eriteria, which are computationally effective but
can lead to high distortion in the mesh elements in the presence of large movements.

In this paper a simple method to update the mesh leading to a minimum element
distortion is presented. The method is based on the pseudo-structural approach; i.e., the
mesh is considered as an elastic body subjected to prescribed motions on its bovndaries,
The elastic properties of each element are appropriately selected so as to ensure
minimum element distortion during the mesh movement. The application of the
proposed technique eliminates the need of remeshing in shape optimisation problems
where surface displacements are moderate. In fluid-dynamic problems where the
position of the structure ean change significantly the use of the remeshing techniques
can be reduced; the advantages offered by the proposed technique can be limited by the
need to redefine the boundary conditions at the fluid-structure interface.

The content of this chapter is structured as follows. In the next section the basic ideas
behind the proposed mesh moving procedure are presented, The different alternatives
studied for the material property selection in the fictitous structurai model are then
discussed, The different procedures are compared through the analysis of a mesh
mevement problem due to the change of position of an airfoil within a 2B fluid domain.
Some conclusions on the best moving algorithms found are finally drawn.

2. THE METHOD

Every structure is identified by its geometrical boundaries. A modification of the
shape as well as the change of position of the structure can be seen, at a discrete model
level, as u displacement of the nodes belonging to the boundaries of the finite element
mesh. Given the displacements of the boundaries, their influence on the position of the
mesh internal nedes can be taken into account by considering the mesh as a fictitious
structure. By solving a linear structural problem with the displacements of the moving
surfaces as prescribed displacements, it is possible to obtain the displacements of the
mesh nodes, If a fluid-dynamic problem is analysed, it is necessary to ensure that the
surfaces that limit the control volume containing the fluid remain fixed in the solution
of the pseudo-structural problem,

Unfortunately the solution of the structural problem by considering the mesh formed
by an isotropic and homogencous linear material introduces a high element distortion
during the mesh updating process. Typically, elements close to the changing surfaces
are canstrained to modify their shape much more than those elements located far from
these surfaces. This behaviour frequently leads to extremely distorted meshes near the
boundaries and, in the lmit, to not conforming meshes and intersecting elements.

Note that finite elements in the mesh are used in this process as an interpolation
method and, consequently, the stresses obtained in the pseudo-structural problem are
not relevant. This allows to select and to assign different mechanical properties to each
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mesh element. In this way, it is possible to 'distribute 'the mesh lc]eform;tlof morte
uniformly afl over the elements by assigning ?:lsfi_'er material properties to the eﬂeme'n s
near the moving surfaces. Different constitutive laws can be ad?;atled'lfosnwséng
geometrical or physical criteria. For example, following a pure georpetrlca criterion, the
Young modulus of each mesh element can be sel.ected depending on 1tstm1n1mul§n
distance to the closest changing surface. Alternatively, thé'b Young mod\'x us ‘;:arl; (81
selected depending on the element strains or ih_e element strain energy densufi o tat1‘nc

from a previous analysis using uniform matea'i.al prppertws. The d;ffe-rent a ter}?alwci
for the material properties selection studied in this work are described in the nex

sections.

2.1 Selection of material properties based on a geometric eriterion

The selection of the element material properties (namely, the Young m'odulus) is inzre
based on a pure geometrical eriterion. The Poisson ratio can be chqseﬁ independent y.
Once the barycentre X, of an element has been found, it is possible to evaluate its

distance d to the nearest node x belonging to a moving surface by:
d= '\/(xu; ""xl)2 +(x2b =%, + (ks “xs)z

Three different strategies have been considered with the Young modulus distribution
law depending on d as follows:

Linear law (E =< d}
Quadratic law (B o< d?)

Exponential law (E o< e )

2.2 Selection of material properties based on a previous analysis

In this case, the mesh update problem is performed in two stepls. In the ﬁrst‘ siep thg
discrete model is assimilated to a structural model chai‘f}cterlsed by an 150tr0p{c
homogeneous material with Young modulus E. A fictitious ln}ear structural probler;] is
then solved by imposing prescribed dispiacements CDlTBSl?Oﬁdlng to the known sur act:a
movements. The strain field computed in the first step is used in the §econd stefp ho
evaluate the new Young modulus for the different mesh elements usmg_oneho the
strategies described in the next subsections. The pse'udo-stmctural meshhwnlh the :18\1.\'
material properties (in principle, a diff'erent material property for sach e e{nie(? )ths
analysed once more. The solution of this seclond pse_udul-structural prob}cm t)_ne s the
correct displacement of the mesh nodes ensuring quaspumfo?'m element distortion. i

The quality of the deformed mesh is assessed by co;itmllmg the alamenti aspect 151VG
and preveating that no side intersection occurs. A strasghtforward, althoug s exp;:psx A,
check can be based in verifying the sign of the determinant of the elex‘nent jaco 1ar:aé
simpler rule can be based in checking the angles between the consecutive element sides

of each element.

2.2.1 Selection of material properties based on the element stvain fleld.

Let us consider a one-dimensional bar, The result of a linear analysis_ witt} arbitrary
prescribed displacements at several bar points and a homogencous material with Young

0
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modulus E allows to compute the stress and strain fields over the bar. In this case, a
non-uniform strain distribution would be obtained. Stress and strain are related by the
well-known refationship:

o =Ee

If a constant strain field € is required with the same stress distribution ¢ , it is
necessary to allow the Young modulus to change in a continuous way over the bar, The
relationship between the stress ¢ and the constant strain field € is:

O0=EE

Assuming the same stress field for both cases, it is possible to use expressions (5-6)
to obtain the value of the continuous Young modulus to be assigned at each point of the
bar as:

E=-_‘E
€

Equation (7) allows obtaining a solution with the same stress distribution than the
original one but with a constant strain distribution. The Young medulus is proportional
to the strain value and the proportionality coefficient is defined by the ratio between the
Young modulvs used in the first analysis E and the sought constant strain field €. The
initial Young modutus E can be chosen, for example, equat to a unit value. In this case
the praportionality coefficient is simply the inverse of the sought constani strain field.

In case of a finite element discretization, expression (7) allows to obtain a new value
for the Young modulus for each mesh element, Using these new values, a second finite
element analysis would provide a uniform strain field.

The same-method can be adopted for two as well as three-dimensional (3D)
structures. Starting from a linear analysis with an isotropic hemogeneous material with

Young modulus E, the principal stresses for a 3D problem can be evaluated in terms of
the principal strains as:

E(~v)

v .
o, = € t—lg. +e, ), k=13 17j%k
i) lwv(’ ), bl !

If an imposed constant strain field (€, =, = €, =€)} and an orthotropic linear elastic
material are considered, stresses are then given by:

E_g
(i-2v)

G, = , i=13

If the same stress field is required to exist in both solutions, the following equations

need to be satisfied:
E{l-v) v .
E = e+ g +e Lik=13 i?7j%k
i m Ty (, k) J [

Inx this case the method would require the selection of as many anisotropic materials

(5)

()

)

®

(%)

(10}
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as the number of elements, This process would require the storage gf the stiffness
matrix of each element. If a Poisson ratio v =0 is considered, expression (10} can be
simplified as follows:

The Young modulus in each principal direction depends oaly on the correspopdin.g
principal strain. An approximate simpler solution that has also been tested which is
independent of the Poisson ratio value consist in choosing th_e Young moduius to be
assigned to each mesh element as the mean value of the expressions (I1):

E=E ,sf +E2 el
E 3

Also, the following expression based on the square mean value of sirains has been
tested:

T o2 ? 2
E:“}::_E +E, +E,
g 3

2.2.2 Selection of material properties based on the element strain energy density

A strategy based on the element strain energy density has also hegn considered, By
evaluating the principal strains and stresses, the strain energy density of every mesh
clement after the first linear structural analysis is computed by:

= %(5151 +048, + 048, )

Substituting equation (8) into (14}, it is possible to express the strain eriergy in tfarms
of E and the principal strain field. Now, in order fo obiain a new solution with a
uniform strain energy density, the new Young modulus to be assigned fo the {nesh
elements for the second analysis can be made proportional to the sirain energy density:

Ei-v)

E= i)

@f +€ "‘Eg)"'i—vv(elsz +E,8, '*'5351)

In this case the Young modulus for each element depends on the arbitrary Young
modulus E and the strain field of the element evaiuated in the principal strain reference
system.

2.2.3 Selection of material properties based on the distortion energy density

Another strategy based on the evaluation of the distortion energy density of Fhe
elements has been tested. By evaluating the principal strains and stresses, the dlstoal“tloln
energy density of every mesh clement after the first linear struclural analysis is
computed by:

{1

(12)

(13)

(14

(13)
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Uy :—1—55“;7)&81—62)2+(82 “53)3"'(‘51"8:)2]

In this stralegy, the new Young modulus for each element of the mesh used for the
second analysis is proportional fo the distortion energ, i.e.:

E 3 5
B=m[8|_52) +(£1ﬁ93)'+(83"5|)1]

3. EXAMPLES

. The strategies above identified and explained have been applied to a two-
dimensional problem concerning the change of position of an airfoil inside a fluid
domain meshed using triangular 3 nodded elements. Two cases have been anatysed: 1)
the vertical displacement of the trailing edge of the airfoil and 2) the vertical change of
ppsitiml of the entire airfoil (see Figuze 1), The first case corresponds, for small
displacements, to a rotation of the airfoil around the leading edge. The strategies for
sTelglcti{lg the non-uniform Young modulus for every mesh element are suminarised in

able 1.

The first strategy is based on a constant Young modulus distribution that can be
selected arbitrarily. The Young modulus distribution obtained with the other strategies
has been constrained to the range 1-100 N/mm® The quality of the deformed meshes

pmv‘ided by each proposed strategy has been measured by using the following mesh
guality indicator (MQI):

" oo -0,

elements i=1

1
MQl= o
Q \/3 * elements

Strategy 1| Isotropic homogeneous material with arbitrary Young
modulus.

Strategy 2| Young modulus proportional to the distance of the element to
the nearest modified surface (expression 2

Strategy 3| Young modulus varying exponentially in terms of the distance
of the element to the nearest modified surface {expression {4)).
Strategy 4] Young modulus proportional to the square of the distance of)
the element fo the nearest modified surface {expression (3)).
Strategy 5 _Y(_)ung modulus depending on the norm of the glement
principal strains (expression (12)).

Strategy 6|  Young modulus depending on the element strain enetgy
density {expression (15)).

Strategy 7 Y‘oung modulus depending on the element distortion energy
density (expression (17)).

Strafegy 8§ .Y(l)uug modulis depending on the square norm of the element
principal strains {expression (13)). ]

Table 1: Strategies for the selection of the Young modulus,

(16)

(17)

(18)

=
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1 2 3 4 5 6 7 8
rcxample 1 18% 21% 32% 55% 51% 84% 88% 87%
example 2 24% 29% 53% 79% 89% 85% 7% 81%

Table 2: Maximum vertical displacement of the airfoil traifing edge and of the entire airfoil
expressed in percentage of the chord length for each strategy.

where 8, is the angle at each comer of each element triangie measured in sexagesimal

degrees. Also the minimum and the maximum angie present in the mesh have been
considered for a comparison. The MQI measures how uniform is the deformation over
the mesh elements, whereas the minimum and maximum angles allow fo identify how
much deformed s the most critical element in the same mesh. The MQI of eq. (18)
alone is not sufficient to identify the best strategy to adopt because it is scarcely
influenced by the presence of little areas containing highly distorted elements as it
happens in the leading and the trailing edges of the airfoil for the considered example.
Conversely, these areas with highly deformed elements can also be identified using a
simpler indicator such as the maximum and the minimam angles of the eiements.

Different numerical experiments performed by using four different Poisson ratios
have shown that a Poisson ratio of v =0.32 provides the best results for ail steategies.
Due to that reason, the foilowing results for the different strategies were obtained with
this value of the Poisson ratio.

The configurations corresponding te the maximum vertical displacement of the
airfoil trailing edge {first example) and to the maximum vertical displacement of the
entire airfoil (second example) without element intersection have been identified for the
eight strategies above described. The maximum displacement values for these
configurations have been evaluated with reference to the airfoil chord, The results
obtained ate summarised in Table 2.

It is pecessary to remember that in the first example the maximum displacement
achievable by the airfoil before reaching the fluid domain boundaries is only the 94% of
its chord due to its thickness.

For each strategy, the quality parameters defined above have been evaluated in
corespondence of two reference displacements. These reference displacements have
been defined as:

The maximum displacement achieved with the strategy based on a uniform Young
modulus distribution law (strategy 1)

A 50% chord length displacement of the airfoil.

The first reference displacement allows to compare the results obtained with the first
strategy and those obtained with the other ones. The second reference displacement
allows to compare belween the best strategies analysed. In this way, it is possible to
verify the differences in the mesh quality obtained with large displacements of the
airfoil for the different strategics.

Table 3 summarises the results obtained by using the first example concerning the
airfoil rotation. They have been evaluated for a vertical displacement of the trailing
airfoil edge equal to the maximum allowable obtained with steategy 1 (18% of the
airfoil chord length) and for a 50% reference vertical displacement. The values of the
quality parameters for the starting mesh are shown in the first column.

The quality parameters for the second example concerning the airfoil vertical
displacement are shown in Table 4. They have been evaluated for a vertical
displacement of the airfoil equal to the maximum allowable obtained with strategy 1
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(24% of the airfoil chord length) and for a 50% reference vertical displacement. The

sirategy

initial | 1 2 3 4 5 6 7 8

18% airfoil chord | By [ 105.0 [ 1693113341 119.61113.7] 110.8 | 107.3 |107.5/106,6

tength reference | o 1 30, | 1o | 59 | w6 | 227 | 274 | 271 | 270|273
displacement

MOI[ 8.7 10.9 10.6 §0.0 10.5 10.1 100 101 ] 99

50% airfoil chord | 0,0, | 1050 - - —~ | 1645 | 1727 | 1368 [134.6]135.2
Jength reference

displacement O | 304 - - - 47 189 | 144 | 53] 150

MOQI| 87 - -- - 18.9 17.0 17.0 | i6.2 | 16.2

Tabie 3: Values of the maximum angle, {he minimum angle and the mesh quality indicator MQE for
the initinl and the deformied meshes of the airfoil trailing edge vertical displacement. Dala have been
evaluated by using all strategies and with the 18% and 50% airfoil chord fength references.

values of the quality parameters for the starting mesh are shown in the first columa.

The results represented in Tables 2, 3 and 4 allow to exiract the following
conclusion:

Strategies 2 and 3, respectively based on the linear and quadratic variation of the
Young modulus, produce a slight improvement with respect to strategy 1. Nevertheless,
this improvement is not large enough to allow for a 50% airfoil chord length movement.

Strategy 4 is the best of all strategies based on geometrical ¢riteria, It allows for a
50% airfoil chord length movement, but it is not as good as sirategies 6, 7 or 8.

Strategy 5 is not better than strategy 4.

Strategies 6, 7 and 8 provide results that are significantly better than the rest, The
differences between these three strategies are small in comparison with the
improvements they produce in comparison with the rest.

The strategy based on an isotropic homogeneous material (strategy 1) leads to &
sirong deformation of the elements near the airfoil boundaries, The maximum
displacement the airfoil can be subjected to is very small. In Figure I the original
NACAG012 mesh is shown (first row). The second and third rows show the trailing
edge vertical displacement and the vertical position change including a general view of
the mesh and a detail of the most distorted elements, The maximum trailing edge
vertical displacement before element intersection found is about 18% of the chord
length (second row). The maximum vertical dispiacemeat of the airfoil before element
intersection found is about 24% of the chord length (third row).

The maximum displacements obtained by using strategy 1 {second row), and the
50% chord length displacement have been taken as reference displacements for
comparison with results obtained with the different strategies. The maximum
displacement that can be cbiained with each strategy will be shown in the fourth row of
each figure.

Comparing the geometrical criteria (strategies (2-4)), the criterion based on the
square of the distance of each element to the nearest modified surface (strategy 4)
showed the best results. The results obtained using this strategy,are shown in Figures 2-
3. Note the uniformity of the mesh compared to the solution obtained using an isotropic
homogenous material (Figure I). This strategy is very effective in the second example
concerning the airfoil vertical displacement whereas some difficulties due to the
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presence of a highly deformed area around the trailing edge of the airfoil are shown in
the first one.

The strategy based on the evaluation of the norm of the principal strains of each
element (strategy 5) shows an extremely different behaviour in the two examples
analysed. In the second one it behaves very well, whereas in the first example it shows a
worse performance. )

The results obtained with strategy 6 based on the element strain energy density are
shown in Figures 4-5, The results obtained with strategy 7 based on the clement
distortion energy density and the ones obtained with strategy 8 based on the square of
the strain vector norm are shown in Figures 6-7 and Figures 8-9 respectively. Globally,
these last three strategies have provided the best results in the two examples analysed
with very small differences between them. They can be considered as the most efficient.

sirategy

mitial] 1 | 2 | 31 4| 5 ] 6 718
18% airfoil chord | Bme | 105.0 | 177.8 | 167.9|143.8116.71125.2 | 112.6 |112.0]111.9
fengthreference | o | 304 | 06 | 46 | 162 | 233 | 254 | 25,0 |23.9|24.4

displacement

MQI| 87 {149 | 13.9 | 1222 | 13.7 ] 13.2 ] 13.0 |129(129
50% airfoif chord | Ba | 105.0| - - - | 148,91154.71134.91133,3]133.0
length reference
displacement Omin | 304 - - - 124 1 10.1 5 150 [12.7]13.8

MQli 87 - - - 235 12271221 1222(22.1

Table 4: Values of the maximum angle, the minimum angle and the mesh quality indicator MQI for
the initial and the deformed meshes of the airfoil vertical displacement. Data have been evaluated by
using all strategies and with the 24% and 50% airfoil chord length references.

4, CONCLAUSIONS

The proposed method for mesh updating can be used to eliminate the need of
remeshing in the solution of shape optimisation problems. It can also be applied to
reduce the remeshing steps in the solution of coupled fluid-siructure problems
accounting for the moverment of bodies,

The application of the different strategies to select the artificial Young modulus to be
assigned to the pseudo-structural mesh elements shows that the geometric criteria are
not effective if compared with the criteria based on structural parameters such as the
strain field or the strain energy density.

Strategies based on the strain energy density, on the distortion energy density and on
the square norm of the principle strains with a Poisson cocfficient v =0.32 showed the
best results. The overall results obtained with the three strategies are very similar
leaving fo the programmer the choice of which one to implement.
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Figure 1: Original NACAD012 airfoil discrete model (first row). Tuil vertical displacement and
vertical change of position of the airfoit obtained for strategy 1 (general view and detaii area with the
most distorted elements). The maximum tai} vertical displacement before element intersection has
been about 18% of the chord lengilh (second row). The maximum vertical displacement of the nirfoil
before element intersection bas been abeut 24% of the chord fength (third row). The 18% and the 24%
chord length displacements for the two examples respectively will be used as a sreference for the
comparisons with results obtained with the other shategies.
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Figure 5: Original NACAQ012 airfoil discrete modgl {First row). yerticnl chﬂngtle of ;Eolslmoln nf; ;l::
airfoil using a Young modulus distribution dep.e,ndmg on the strain energy density ; ldeﬂeie(;nm“;
(strategy 6). The 24% and 50% chord length dlsplgc.:emem are shown in the secon ]ian A ;e ; v
respectively, The maximum vertical change of position before element intersection has be

85% of the chord fength (fourth row).



164 INNOVATIVE TOOLS FOR SCIENTIFIC COMPUTATION IN AERONAUTICAL ENGINEERING

TRRRey
& "'.f\ ,'l\'l/.“v“ !

Figore 6: Original NACAOG12 airfoil discrete model (first row). Tail vertical displacement of the
airfoil using a Young modulus distribution proportional to the distortion energy densily of the
elements (strategy 7). The 18% and 50% chord lengths displacement are shown in the second and third
row tespectively. The maxinmum tail vertical displacerent before element intersection has been abrout
82% of the chord length {fourth TOW},

G. CHIANDUSSI el al. / Aulomalic adaption of finite element meshes 165

Figure 7: Original NACADO!2 airfoil discrete modsl .(ﬁrs( row), V_erlics_tl change Ggpos'l:m“f(:]{éha
ajrfoil using a Young medulus distribution propurtl(_)nal to the distegtion en.ergi; ensi| ydo e
clemenis (strategy 7). The 24% and 50% cliord length dlsl.)i.acemenl are shu\vn_ in the se.coni anb o
Tow respectively. The maximum vertical change ofposmol} befere element intersection has
about 80% of the chord length (fourth row).
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(first row), Tail vertical displacement of the

Figure 8: Original NACA00}2 sirfoil discrete model
airfoil using a Young medulus distribution depending on the square norm of the principal strains
(strategy B). The 18% and 50% chord length displacement are shown in the second and third row
respectively. The maximurm tail vertical displacement before element intersection has been abous 7%
of the chord tength (fourth row).
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Figure 9: Original NACAD012 airfoil discrete model (first row). Vertical change of_po§iii0n ofthc
airfoil using a Young modulus distiibution depending on tlu_a SquAre norm of the pnnclpa!‘ strains
{strategy 8). The 24% and 50% chord leugth displacement is shown in the secqnd and third row

respectively. The maximum vertical change of position before element intersection hag been about

81% of the chord length {fourth row).




