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Chapter 1

Introduction

Computational Failure Mechanies has atiracted increasing interest over the past
vears, However, there are still many aspects of this science that remain as open
tasks. The study of the posteritical behavior of solids 18 by no means trivial and
involves problems that range from finding an appropriate physical conception of
the phenomenon to formulating correct and efficient mathematical and numerical
models Lo describe it.

From the Continuum Mechanics point of view, failure is tightly related to stramn
localization, which can be defined as a material instability characterized by the
presence of modes of intense deformation restricted to narrow regions in a solid.
This general definition includes phenomena such as slip-lines in metals, shear bands
in soils, and eracking in quasibrittle materials,

Perhaps, the most remarkable characteristic of localization is that it ean occur
withont the presence of special boundary conditions (it can ocenr even in homoge-
neous fields). In light of this feature, strain localization, as a material phenomenaon,
ia related to constitutive models with strain softening or with non-associative How
ritles.  From the mathematical point of view, when dealing with inviscid materi-
als, the governing equations change of type when localization appears, rendering
the Initial Boundary Value Problem (IBVP) ill-posed. The absence of an internal
length scale leaves the width of the localization band undefined, which makes the
mathematical description of the problem become meaningless.  As a consequence,
the corresponding numerical model may undergo pathological behavior if no precau-
tion is taken. For instance, when a standard Finite Element formulation is used,
a gpurious strong dependence on the mesh size is observed.  This manifold nature
of strain localization has resulted in the appearance of a variety of approaches to
atudy it.

The remaining of this chapter is organized as follows, Some approaches to Failure
Mechanics are briefly reviewed in Section 1.1, In Section 1.2, the approach adopted



2 CHAPTIE o INTIRODUETON

in this monograph is laid out. The objectives of this study are stated in Section
1.3. Section 1.4 gives an outline of the strmeture of this work.

1.1 Review of some approaches to failure mechan-

1C5

As said above, many ways of approaching the study of failure and strain localization
have been proposed. A precise and exhanstive account of all of them goes heyond
the scope of this monograph. However, here we try to classify them into general
groups.  The boundaries between these groups are not completely elear and they
are likely to overlap each other,

1.1.1 Discrete Approaches.

These approaches are also known as colesive crack models,  For a deeper review
of this type of models, the reader is referved to [Elices ef al., 2002]. They were
introdueed in the early sixties by [Dugdale, 1960] and [Barenblatt, 1962]. The ex-
tension to the study of failiure in conerete can be found in [Hillerborg et al., 1976].
The basic idea is to introduce a discontinuity interface governed by a traction-
separation law within the solid when certain failure criterion is fulfilled.  Discrete
crack models have Leen related to the use of interface elements that allow the in-
troduction of the discontinuity interface in Finite Element simulations (see, e.g.,
[Steinmann, 1999]). This entails that the placement of the discontinuity has to be
known in advance or the necessity of using remeshing techniques in order to follow
the discontinuity path, which can represent a major drawback from the compu-
tational cost point of view. However, the appearance of the so-called embedded
elements ([Dvorkin et al,, 1990],[Kliginski et al., 1991]), which introduce the discon-
tinuity within the domain of an element, has been a crueial ingredient for the in-
creasing popularity of cohesive erack models.  More recently the use of enrichment
based on the partition of unity concept (the resulting method has some times been
termed Extended Finite Elements, X-Fem, |HF|yl‘.Ht‘.hku et al., QUUI.D has also been
nsed in the context of discrete approaches ([Wells and Sluys, 2001]).

1.1.2  Approaches based on Classical Continuum

Classical Continnum Approaches to failure are based on the introduction of strain
softening vin the so-called smeared crack models ( [Rashid, 1968]). In classical con-
tinuum, this leads to the above mentioned ill-posedness of the governing equations
and the subsequent lack of objectivity of the corresponding spatial discretization.
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To overcome these difficulties several strategies have been proposed, Among them,
one ean find approaches like the crack band models ([Bazant, 1983]). The idea here
is to spread the energy release along the width of the localization band, so that it. be
objective. One way to do this is by nsing the Fractiure Energy concept. The width
of the band is computed in such a way that the dissipated energy is the correct one.
This introduces a length parameter (|Oliver, 1989]) that depends on the size of the
clements of the mesh nsed.

1.1.3 Enriched Continua

Enriched continna are based on introducing modifications to the classical continuum
or on making use of more general continua in order to regularize the underlying
governing equations,  Usually they introduce a length scale, which determines the
wieth of the loealization band.

One example of a generalized continnum is the Cosseral conlinwwn. It is part
of the more general micro-polar theory and consists in angmenting the translational
degrees of freedom by rotational degrees of freedom, 1t makes this approach spe-
cially suitable for the study of granular materials ( [Vardoulakis, 1989]). However,
the inclusion of additional degrees of freedom and the necessity of remeshing to
improve the resolution of the loealization band are important drawbacks that have
diminished its nse.

A way of enriching the continunm is by adding higher order spafial derivatives
in guantities involved in the constitutive models (|de Borst and Mulhans, 1992]).
These strategies have some common features with the so-called non-local models
(|Pjaudier-Cabot and Bazant, 1997]). For them, the stress at a given material point,
depends not only on the strain (and internal variables) at that point but also on the
strain (and internal variables) in the neighborhood of that point or on some type
of average strain (or average of some internal variable) of the neighborhood,  This
kind of approaches have a smoothing effect in the high displacement gradients that
appear in the localization band, One of its drawbacks is the need of refinement. to
capture the behavior in the localization band properly.

Although the nse of viscous regularization eannof. be considered, in strict sense, as
an enrichment of the Classical Continuum, we include it in this group of approaches
due to some of it characteristics.  An internal length seale ig introduced and the
governing equations remain well posed when localization appears, Besides, it can be
interpreted as adding higher order time derivatives as pointed out, in [Sliys, 1992].
Again remeshing is needed in the localization band.
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1.1.4 Fundamental approaches

The microstructure (in the case of materials such as metals) or the mesostructure
(in materials such as conerete) of the material is modelled in order to account for the
micro{meso)mechanical changes that trigger the appearance of failure in solids. A
very interesting approach is the one based on the so-ealled quasi-continuum method
which bridges the continnum and the atomistic realms ([Knap and Ortiz, BUUI])-
This type of approaches are certainly appealing; however they are still in a devel-
oping phase that make them unaffordable in most of the cases.

1.2 Approach Adopted

The approach adopted in this work is the so-called conlinuum strong disconlinuily
approach (CSDA). The CSDA remains within the general framework of classical
continuum mechanics, Tt ig baged on the inclusion of jumps in the displacement
feld. Thus, the localization zone is modelled as having null width, i.e., as a surface
in three dimensions or as a curve in two dimensions.  This approach was first
proposed in the pioneering work by [Simo et al., 1993]. Whereas classically strain
localization had been treated as o weak discontinuwily, 1.e., as a discontinuity in the
strain field, the use of strong discontinuities was justified by the results obiained
in the context of functional analysis indicating that the proper space for classical
inviscid plasticity was the so-called space of bounded deformations (BD{ 1) (see
[Temam, 1983]). This space admits discontinnons solutions whose corresponding
atrains are bonunded measures, which include Dirac delta (generalized) functions,

Thongh, as mentioned above, this approach remains within the realm of the clas-
sical continuum, its relationship with discrete approaches (or cohesive models) has
been pointed out by [Oliver, 2000]. Cohesive traction-separation laws can be seen
as “projections” of the original continnum stress-strain laws into the discontinuity
interface,

Although the continuum strong discontinuity approach is, in principle, indepen-
dent of the numerical model nsed, it has been tightly related to the use of Finite
Elements with embedded discontinuities. In this work this kind of finite elements
are adopted for the numerical simulation of strong discontinuities in solids.

1.3 Objectives

Based on the continuum strong discontinuity approach proposed in [Simo ef al., 1993]
and more deeply explained and developed in [Oliver, 1996a] and [Oliver, 1996, the
present study has the following as its objectives:
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e To review the state of the art of the continnum strong discontinuity approach,
aiming at contributing to ite development for the simulation of complex prob-
lems,

¢ To compare and analyze the existing families of finite elements with embedded
discontinuities within a general framework,

e To explore the possibility of devising a finite element with embedded dis-
continuities that eaptures the appearance of strong discontinuities in solids
properly,

e To propose o strategy that allows to manage the propagation of several dis-
continnity interfaces in a solid.

e To improve the robustness of the algorithms enrrently used to simulate strong
discontinuities in solids, so that complex problems, specially those involving
multiple discontinuities, can be tackled.

These objectives are oriented to getting an efficient and robust computational
tool that allows the simulation of complex problems in which strain localization
appears.  All this relying on a mathematical model consistent from the classical
continuum mechanics point of view.

1.4 Outline

The remaining of this monograph will be organized as follows.  In Chapter 2, a
review of some fundamental concepts about the mathematical conditions for the
appenrance of strain localization is made, The relationship between strain localiza-
tion and constitutive models with strain softening is explained. A representative
isotropic continuum damage model is studied within the confext of classical dis-
continnous bifurcation analysis. The methodology to obtain the conditions for the
inception of a localization band in a solid and the propagation direction of the dis-
continuity are explained and applied to the above mentioned continnum damage
model.  Chapter 3 will be devoted to the theoretical aspects of the continnum
strong discontinnity approach. The strong discontinuity kinematics will be intro-
duced. The regularized version of that kinematics is presented in such a format
that it can represent. both weak and strong discontinuities. The so-called slrong
dizcontinuily analysis ig explained and then applied to a representative isotropic
continunm damage model. The formulation of finite elements with embedded dis-
continuities will be addressed in Chapter 4. A general framework based on the
multi-field statement of the governing equations is presented, From that general
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framework, the formulation of various finite elements with embedded discontinuities
is tackled, The peculiarities of those formulations are analyzed. The locking effect
observed in the so-called statically optimal symmetric element ia stndied and some
remedies to this pathologieal behavior ave proposed. The limitations of this type of
elements are pointed out, Chapter § is devoted to studying some strategies to man-
age the simulation of the propagation of discontinuities when finite elements with
embedded discontinuities are used. The concepts of “local” and “global™ tracking
alporithme are explained. Then a global tracking algorithm based on solving a heat-
condnetion-like boundary value problem is proposed. Iis advantages in managing
the propagation of multiple discontinuity paths are pointed out. Motivated by the
complexity that the appearance of several discontinuity paths entails, Chapter 6
deals with some issues related with stability and uniqueness that can lead to the
lack of rolbmstness of the numerical model. An strategy based on adding an artificial
regularizing damping ig proposed. In Chapter 7, the concepts developed thronghout
this monograph are applied to the resolution of some numerical examples specially
chosen due to its complexity, Finally, Chapter 8 presents the conclusions of this
work and proposes some possible lines of future research.



Chapter 2

Strain localization

Failure in solids is related to the appearance of regions in which high gradients of
the displacement field are observed. When these intense modes of deformation are
concentrated in narrow bands, the solid is said to undergo strain localizalion,  As
mentioned in Chapter 1, it is a material instability related with constitutive models
either equipped with strain softening or having non-associative flow rules. The
material character of this type of instability becomes clear when one considers that,
even in the presence of homogeneons stress states, the use of constitutive models
including strain softening can lead to the appearance of atrain localization.  An
illustrative one-dimensional example of this can be found in [Oliver et al,, 1998,

The modelling of failure in solids requires information about the time at which
a material point becomes part of a localization band and the direction in which
that band evolves, In a context fully consistent with classical continunm mechan-
ics, this information comes from the so ealled  disconlinuous bifurcalion analysis
([Runesson et al., 1991}).

In thisz chapter, the mathematical conditions for the appearance of strain lo-
calization are studied within the framework of the discontinnous bifureation anal-
yaig, The analysis is limited to infinitegimal strain and to rate independent ma-
terials and follows the guidelines of classical studies about strain localization for
quasistatic problems such as the ones presented in [Rice and Rudnicki, 1980] and
|Ottosen and Runesson, 1991].

In Section 2.1 the fundamentals of the discontinuous hifureation analysis are
laid out. Section 2.2 presents n representative continnum damage model,  The
discontinnous bifureation analysis is applied to this model in section 2.3.

7
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Fipgure 2.1: Continunm with a loealization band.

2.1 Discontinuous bifurcation analysis

The problem of finding the conditions for the appearance of strain localization can
e atated as follows:

Consider a homogeneous domain {2 undergoing uniform strains at a given time,
Then, find the conditions under which the strain rate, &, may become nonuniform,
varying in a planar band €, 2 bounded by two parallel planes (as shown in Fig.
(2.1)), and remaining uniform ontside that band.

To establish these conditions precisely, consider an orthonormal basis {n,t,p},
where n i8 the normal to the middle plane of the band £2;,, and t and p are two
vectors lying on that plane. The direetional derivatives of the veloeity (displacement
rate) field 11 in the direction of p and t are assumed to be uniform, so we have that

[a)=[(he V) p]=[ne V]p =0 (2.1)

[aa]=[(n@ V) t]=[u= V]t =0 (2.2)
where [o] denotes the difference Letween the values of (e) in §2;, and (238, 9,(s) and
() are the directional derivatives of () in the direction of p and t, respectively.
From (2.1) and (2.2) (see them as orthogonality conditions), it follows that

[i@V]|=8&n

where 3 is an arbitrary vector.
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As a consequence the strain rate has to fulfill the following condition:

[£]=[V*t]=(8 @ n)" (2.3)

where (o)" stands for the symmetric part of (s). Equation (2.3) is the so-called
Maxwell's kinematical compatibility condition.

Besides this kinematical condition, equilibrinm of the traction vector rate he-
tween £, and 2\§2), must hold!:

[T]=[é - n}=[o]n =0 (2.4)

Suppose that we are dealing with an inerementally linear material (which is the
case of classieal inviseid materialg), then we can write the following incremental
constitutive relation:

o=0":¢ (2.5)

where C' ig the fourth order tangent constitutive tensor (also called ineremental or
tangent constitutive operator). Then two bifureation scenarios, depending on the
material behavior outside and inside the Land, can be considered.

In the first scenario the tangent operator is the same inside the band as outside
the band. From (2.5) and (2.3), we have that

[¢]= C:[¢]=C": (B&n)" (2.6)

Substituting (2.6) into (2.4) and considering the symmetry of &, we obtain

[6]n=m Cn).B=0

Knowing that Q(n) = n- C'n, which is the so called Localization Tensor, we have
that

Qn) - 4=0 (2.7)

The trivial solution of (2.7), B = 0, will entail [£] = 0. As a consequence, strain
localization will take place only if Q is singular. Then, a necessary condition for
strain localization to take place is that for some n

"Phis condition will be studied more deeply in Chapters 3 and 4.
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det[Q(n)] =0 (2.8)

An alternative scenario is the one in which the tangent operator inside the band
i different from the tangent operator ontside the band. Let £ be the strain rate in
£\, then we have that

E
|

ilh E (E '}' Eéi‘) o G;I\“h H E
by 1 [E+ (BeN)|-Chyg, 1 & (2.9)

where Cf-,h ane C}l\s'ah are the tangent operator inside and outside the Land, respee-
tively. Replacing (2.9) in (2.4), we obtain

(- Chﬂ-n] B4 n|ClE=0

Defining Qq, = (n- C;'-ah-n), we obtain

QHJ. ‘,H = - -n-ﬂC"]:é

Remark 1 With regard lo the lwo  bifurcation scenarios studied, il s
importand lo mendion that — in  [Itice and Rudnicki, 1980 afid
[Ottosen and Runesson, 1991 J, it was pointed oul thal the case in which the lan-
genl operalor is the same inside and outside the band is o limil case (the mosl
unfavorable) of the scenario with different tangenl operators. So, according to this
resull, condition (2.7) is the eritical one and bifurcalion will be ruled by .

Remark 2 As mentioned above, the resulls presented in this seclion are derived
wilhin the conlext of quasistatic problems.  For the dynamical case, the appearance
of strain localization has been analyzed in classical works such as [HHll, H}ﬁﬁj. There,
the study of acceleration waves is used and localizalion corresponds Lo “stalionary
waves”.  The vesulling condition for the appearance of strain localization is the
singularity of the so called Acoustic Tensor, whosc capression i the same as the
one of the Localization Tensor.  Moreaver, this same condilion coincides wilh the
loss of strong ellipticity (sce [Ogden, 1984] [or a discussion on the concepl of slrong
ellipticity) of the incremental constitutive relation,
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2.2 A representative continuum damage model

Continnnm damage models are intended to describe the degradation of the me-
chanical propertieg of a solid prior to the formation of macrocracks®,  Extensive
information abont Continunm Damage Mechanics can be found in [Lemaitre, 1996].
Here we will present an isotropic eontinunm damage model based on the ideas pre-
sented in [Oliver et al., 1990],

2.2.1 Ingredients of the model

The expression of the Helmholtz free energy density of the model is the following;

bler) = [1—d())sy (2.10)

where d € [0, 1] is the so-called damage variable (this variable determines the amount
of losg of atiffness of the material point considered), r is a strain-like internal variable
and 1y, is the elastic free energy, whose definition is

1
Pole) = E(E :Cg) (2.11)

where C is the elastic fourth order constitutive tensor, defined by € =A1 @ 1424,
with 1 and T being the second and fourth order nnit tensors, respectively, and A and
ji the Lamé parameters.

From the definition of the free energy made in (2.10), the following constitutive
equation ig derived:

o =d(er)=(1-d)C:e (2.12)

The damage variable, d, is defined in terms of 7

d=1- 9‘—(-[)- (2.13)

where ¢ is a stress-like internal variable.
The internal variable r has the following evolution law:

jld“-ﬂl' on i this thosis, we will Hevr liow 6 conilinm couatitutive modeal |1|I.I.H Lhe inclusion of
the go-callod Strong Discontinuity Kinematics can be e for modolling munerocracks
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P A (2.14)

with 7 € [rp, 00) and 1 = rfpo = a./VE (@, is the peak stress and [ is the Young
modulus).
The damage function (in stress space) nsed is

o) =7s — 4 (2.15)

where 7, = |l&|lg = Vo :C Uia. The symbol ||e]|o 1 denotes the norm of (e)
in the Riemannian metric defined by €', This metric is such that the damage
anrface

OB, = {a | [(e.q) =T, — q =0} (2.16)

is an ellipsoid in the prineipal stress space.
To these ingredients one must acdd the loading/unloading conditions:

[<0; Az0; A =0 (2.17)

and the consistency condition:

Al =0 (2.18)

Schematically the behavior of this model regarding loading and unloading is the
following:

( [<0 er A=0 =37 =0 (damage does not evolve)
'4 j < () == A=[ = o= () {ll)'l‘(_)i‘l.{lll'lg) (2”‘3)
/=0 i A=0 =+ ¢ =0 (neutral loading)
L J = A=0 =+ 7= 0 (loading)

Only the definition of ¢ remains to be made. It will depend on the type of
hardening /softening rule used. Here we write the incremental expression of it:

q = MH(r)r (2.20)
where H is the hardening/softening incremental parameter. In addition go = qf0 =

T
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T, X

1\

Figure 2.2: Inlegration ol the damnge internal variable in time,
2.2.2 Time integration of the evolution law

One of the most interesting features of this model is that (2.14) can be integrated
in (psendo)time in closed form. Here we find the resilting expression,
Let na define

fe=gllg=ve:C:e (2.21)

It can be easily proven that

To = (1 = d)7e (2.22)

Then, it follows that

floeg) =T, =q=0& filer)i=reg—r=10 (2.23)

Thus the damage criterion can be posed in strain space [Simo and Ju, 1987], ob-
faining, ag in the stress space formulation, a damage surface with the form of an
ellipsoid in the principal strain space.

Consider the case of inelastic loading, then A = ¢ = 0.  Therefore, in light
of (217), [ = 0 and r = 7,. Now, notice that, from (2.17) and (2.18), » grows
in loading and does not change in unloading, but never decreases, Thus, the
expresgion, in closed form, for r at a given (pseudo)time is

r(t) =7y = ﬂ.‘ﬁ.’ft{ ro, Te(8) ] (2.24)
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Sinee the hardening /softening law is supposed to be given, then the whole constitu-
tive model can be golved in closed form. A schematic picture of the evolution of »
along time can be seen in Fig, 2.2,
2.2.3 Incremental constitutive relation
For the discontinnous bifurcation analysis that will be performed in the next section,
if, is important to have the expression of the incremental constitutive law. In the
elastic regime this relation is

o=0;:¢

C Leing the elastic fourth order constitutive tensor; wherens in damage regime
F=Cl:¢ (2.25)
where

= i-de-1=Ms00 (2.26)

q'..!.!.

is the damage tangent operator.

2.3 Discontinuous bifurcation in continuum dam-
age
In this section, the discontinnous bifureation analysis is applied to the above contin-

wim damage model, First, the general three-dimensional problem is tackled. Then
the analysis is restricted to plane strain and plane stress.

2.3.1 The general 3-D problem

As stated in (2.7), a necessary condition for the appearance of localization is the
singularity of the Localization tensor, regarded as a function of the unit normal to
the smface of localization, n, and of the hardening/softening parameter, H. That
15 to say,

det|Q(H. n)| =0 (2.27)
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After defining the so-called effective stress & = C : g, and nsing (2.12) and (2.13),
we can rewrite (2.26):

~ :’C——E- ® & (2.28)
e

Henee,

q—'H:r

Q,;=g(“ ;i) (n:&@d-n) (2.29)

where Q7 is the Localization Tensor for damage. Let us now define the elas-
tic acoustic-like tensor ng Q° = n-Cin and the “effective” traction vector as
T(n)= & n. 5o we have that

Qr.l:;_{Qﬂ__r --—(TWT) (2.30)

Then, considering the symmetry of Q°, we arrive to the following expression of the
loealization tensor:

Qrf = %qu‘ {1 . f!_.-_- [T (Q LJ @IT}

Henee,

Llf:i'.(Q"‘) = :’ det(Q") det {1 - ) l| IR‘JT} (2.31)

Sinee we know that 7, g, and det(Q®) are always positive, the condition (2.27)

reduces Lo

fﬂ"!

dpt{ el B0 wf} =0 (2.:32)

Which yields®

M'he following ident |Iu.m1.'r ta b nsed:
1) det{A - B) = det{A)det(B); A and 1B being two arbitrary second ovder lensors,
2)dot(l1 —n@b)=1=n. Iy s and b being two arbiteary voetors,
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| - "_'7:“ T(QY) V| =0 (2.33)
e [Sse—
.r:j

whete 77 1= | Tl gyt = /T - (@) T

Based on (2.33), we arrive to an expression for the values of the softening pa-
rameter, H, for which the bifurcation condition (2.27) would be satisfied for a given
atress state in terms of arbitrary values of the unit normal, i:

H(h) = :’ [l. ~ L] (2.34)

75.(i)

2.3.2 Determination of the critical values of 'H and n

Now, let us define G as the set of values H(f) obtained from (2.34) for all the
possible fi at a given time and at a given material point of a solid. Formally,

v = dH(R) € & el 1Al =17 =11 - r 2.5
t(v.—{H( )€ R | 30 eRMm,[[A] = 1,7 =7 [1 [T_]_(ﬁ)lg} (2.35)

where nyj, is the number of dimensions of the problem and [|s] is the Enclidean
norm of (e),

Therefore, the problem of finding the critical value of the softening parameter
H at a given time and at a given material point can be stated as a maximization
problem:

HO = max H(RH) (2.36)
Hin)et

The corresponding critical value of n has the following definition

n®" .= fi auch that H(n) o A (2.37)

Hence, the bifurcation time, £, for a material point, x, can be defined as the time
at which the hardening/softening parameter 7 equals 1™, ie.,

ly := L € R, such that H(t) = Mo (2.38)
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Remark 3 The determination of M and n™"* is erucial for the inception and
propagation of a localization band. In Chapler 5 the émporlance of this information
in the contexl of lracking algorithms for managing crack propagalion is resnarked.

2.3.3 Two-dimensional settings

Explicit expressions for H" and n* in the context of plane sfress and plane stress
are derived here,

Plane Strain

For the analysis the vectors and tensors involved are expressed in the orthonormal
basis {nt, p}, where n is the unit normal to the localization line, t is the tangent
to that localization line, and p i the normal to the plane in which the localization
line lies. Then we have that

| Enn Em 0
{“I =¢ 0 23 lE] = | &y ex 01|
8] 0 0 0

(2.39)
Ty O U
la'] =| 0w Gu 0
0 0 ﬁ';ap

Thus, the expression of Q° = (,k + p)n @ npl in this basis is

A2 00
Q] 0 0 (2.40)
0 0 p

Henee,

/(A4+2¢) 0 0
Q) ' = 0 I/ 0 (2.41)
0 0 1/p

and the expression of the effective traction vector is

. ﬁ‘;m
[T]=3 (2.42)
0
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Henee,

1 g | .
a8, + =85, (2.43)
A+ 2u H

Considering the definition of effective stress, @ = C 1 e, the definition of the
norm 7, (2.21), and that, in loading, r = 7., we can write

=T QY T=

H=F.C1. & (2.44)
with
” A i f
=1 @141 (2.45)
2u(3N + 2p) 24
Hence,

-

2 A

=g b
—— (@) 4 ||& (2.46
21(3\ + 2p1) (@) 2p I )
where T'r(e) denotes the trace of ().
Equations (2.43) and (2.46) can be rephrased using, as the elastic material pa-
rameters, the Young modulus and the Poisson’s ratio as follows:

s (L+w)( —2;1)5.3 " 21+ ),

Tg = ([ - .U).f'.: nn ) au ('2‘47]
f | L .- : 1 + ). . y .
= = 5@+ Fut dw)”(_i';" (@ + % + 0+ 26%) (2.48)

Then it ean be proven that the following identity holds:

Jr

; ORI :
e (2.49)

Let ng now consider the orthonormal basis {&,, &, p}, coinciding with the prinei-
pal strains divections. Vector & corresponds to the direction of the maximum princi-
pal strain. Let @ be the angle of n with respect to &, such that n = cos0é, +sin 0&;,
Then £y can be expressed as follows:
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e i P

en(f) = (g1 = £3)8in" 8 + &3 (2.50)

where £y and £4 are the principal strains, with £, = 24
Considering the fact that for two-dimensional cases the normal n is defined Ly
f, problem (2.36) can be stated as follows:

H = max H(6) (2.51)
TR
with

i~
4 i 1
| o i 2.52
H(e) [I ';'1 - l:t;" E}ff(ﬂ)] ( 2 )

where identity (2.49) and (2.34) have been nsed.
In light of (2.52), it follows that (2.51) reduces to minimizing e for 8 € [-m, 7.
The condition for an optimal point is

23 2
tﬂ)‘l E:TEI)’;;L) = 2'("‘71 e E.g) E':lilll"3 i + E'g](t"l — .'39) = (_} (2“53]

which yields

£y

ro | y
gin‘l = == — 2.54
&) (2.54)
Congidering that
P(e) ;
—— = — 1) 20 2 55
A(sin® 0)? (E1 — )" = (2.55)
then, condition (2.53) gives ng a minimum.  Since, sin? @ € [0, 1], we have
. =) if 0% - s1
fﬁil‘l3 (J’“IN' = 1 it — mﬂﬁ_ﬂ) - B - (2‘55)

0 if — ﬁ;ﬁ =0

By replacing 07, obtained by (2.56), in (2.50) and then in (2.62), we obtain M.
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Plane stress

For the plane stress analysis, the components of the vectors and tensors correspond-
ing to the direction outside the plane are not involved. Thus, we can make nse of
basis {n t}, where n is the unit normal to the loealization line and t is the tangent
to that localization line. Then we have

[n] ={ (1) }a ] = [ ‘:r”: ';‘::‘ ] (2.57)

Considering that, for plane stress, the expreasion of the elastic tensor i

I
L = 5 — ‘
C=1—shieli-ul (2.58)
we obtain
Q" B T L P n+ =) (2.59)
C1—2 2 " 2 .
Henee,
gy X=ptT1 B A
@M ==%"0 2 (2:40)
4 ()

The expression of the effective traction vector is

= i .
T s _HH 261

[ ] { i } ( )
Thus,

1 =2 21+ 1) . ;
_ff; fm ﬁ:_'n;ll& (z'ﬁ‘z)

T =
From (2.46), we have

. Iy g o (kb)) Qo o
rt = —-E(mm I al.i'.)‘!"'(_ﬁ;' )(Ff.,, +af + ‘!"ﬁf.) (2.63)
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By using (2.62) and (2.63), after some algebra, we obtain the following identity:

1?2 — 13 = ey (2.64)

Analogously to the plain strain case, let ns consider the orthonormal basis
{&,82) with & and &, corresponding to the principal strains directions. Vec-
tor & corresponds to the direction of the maximum principal strain.  Let # be the
angle of n with respect to &, such that n = cosflé; + sinfléy. Then we can write:

eu(8) = (g) — £a) sin* 0 + &y (2.65)

where £, and £5 are the principal strains, with £, = £
Considering again that for two-dimensional cases the normal n is defined by 0,
problem (2.36) can be stated as written in (2.51), with

..,.'.2 )
AR, 2 G
'f'£ Hﬂ‘”(ﬂ) (
where identity (2.64) and (2.34) have heen used.

Problem (2'5‘[) 1'(-?(1"’.(!(;‘5, as in the Ph],in strain case, to minimizing ""HEI'. for # €
|=#,7]. Hence, the value of 87" can be computed using the same expressions as in
plane strain.

“H(o).—.;{ [1 -

Remark 4 Notice that, in both (2.52) and (2.66), H(8) can only take negalive
values, which implics thal bifurcalion cannol lake place in hardening.
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Chapter 3

The continuum strong
discontinuity approach

In Chapter 2, the study of strain localization was tackled, 1t was based on deter-
mining the necessary conditions for the appearance of a band in which the strain
field becomes discontinuous.  These discontinuities in the strain field are termed
weak discontinuitics. Their use has been classical in modelling strain localization.
However, due to the absence of an internal length scale, the width of the loealiza-
tion band remains undetermined in the classical continuum context. In light of this,
the limiting case in which the band of localization collapses into a surface of zero
thickness emerges as a natural option. Then, the displacement field is discontinu-
ong across this surface.  This new type of discontinuities are referred to as strong
digeonlinuilics,

In the pioneering work by [Simo et al., 1993, the issue of modelling strain loeal-
ization by means of strong discontinuities was dealt with. The space of bounded
deformations B1(§2) (see [Temam, 1983]), developed in the context of classical per-
fect plasticity, was adopted as the appropriate functional framework. Thus, the
displacement field may be discontinuons and the corresponding straing are hounded
mensnres, which include the Dirac delta,  However, the sfresses were assumed o
be regular, which led to the necessity of reinterpreting the softening parameter in a
distributional sense. A very interesting consequence of this interpretation is that
diggipation can oeenr in a region of (Lebesgue) measire zero. The dissipation tak-
ing place in the discontinuity aupface can then be related to the concept of fractine
energy (which is energy per unit area) in o straightforward manner. Thus the api-
rious dependence of the energy released with respect to the width of the localization
band is overcome (see [Oliver et al., 1998]).

The regnlarized version of the strong digeontinuity kinematics was taken advan-
tage of in [Oliver ef al., 1997] to propose a transition between the weak and strong

23
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discontinuity regimes. The issue of the conditions that must be fulfilled to allow the
inclugion of strong discontinuities was analyzed. Later, in [Oliver, 2000, the same
framework was nsed in order to show how the discrete (cohesive) constitutive models
can be regarded as “projections” onto the discontinuity surface of continuum consti-
tutive models when the strong discontinuity kinematics is adopted. The extension
of the so-called Strong Discondinuily Analysis to large deformation settings has been
tackled in [Oliver et al, 2002L], Important contributions to the modelling of strong
digcontinnities in finite strain settings can be found in [Armero and Garikipati, 1996]
and [Larsson et al., 1999], among others.

Thronghout this chapter, the use of strong discontinuities and its implieations
are explored within the context of eontinuons constitutive modelling. — However,
modelling strong discontinuities in solids ean be tackled from other standpoints. In
[Oliver et al., 2002L] a classification of the possible ways of undertaking this task
was presented and three main groups were identified:

Discrele approaches (e.q. [Alfaiate et al,, 2002]): the adoption and introduction of
the diserete constitutive model at the interface is done without resorting to the
contimmm one.  Their connection with the strong disconfinuity kinematics
is limited to numerical aspects, mainly to the use of some kind of enriched
elementa to capture discontinuities,

Diserele-continuum approaches (e |Steinmann, 1999]): the diserete model is de-
rived from a continium one and then introduced in the discontinuity interface
regardless the fulfillment of the necessary conditions for the inception of a
strong discontinuity'.

Continuum approaches: the discrete constitntive model is fully consistent with the
continnum one.  In fact, the former does not need to be explicitly introduced,
ut it is induced from the adoption of the latter,

The last approach is the one adopted in this study and will be called, from now
on, Continuum Strong Discontinuily Approach (CS1A ).

The poverning equations of the boundary value problem are stated in Section
3.1, Section 3.2 is devoted to presenting the kinematics of discontimous media,
First the strong discontinuity kinematics is presented. Later the wealk discontinuity
kinematics is laid out, Then the regularized version of the strong discontinuity
kinematics is presented as a limit case of the weak discontinuity kinematics when
the width of the discontinuity band tends to zero. In Section 3.3 the implications of
the adoption of the strong discontinuity kinematics in continumm constitutive models
are studied, Finally, in Section 3.4 a relationship between the strong discontinuity
approach and the concept of fracture energy is established,

FPheso aee e so-ealled strong discontinuity conditions (soe [Qliver of al,, 19977
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Figure 3.1: Solid with an internal boundary.

3.1 The Boundary Value Problem

Consider the open domain £, with elements x (ealled material points), whose bound-
ary is I' (see Fig. 3.1). The boundary is composed of the open sets ', and I', such
that T, N 1% = 0 and T, U, = I The prescribed rate of displacements, 0, is
imposed on I, whereas the prescribed rate of tractions is imposed on I';. Consider,
also, the internal boundary S?, which partitions (0 into ' and @ (see Fig. 3.1).
Then, the equilibrinm equations® and boundary conditions in rates format are

V.oa+h=0 in O\&  (equilibrinm equation)

Fem = dgen ond (inner traction continuity)
(3.1)
q = 1 I’ i
{ ::, o e b :j: l‘: (Lboundary conditions)

where & ia the Canchy stress tensor rate, b is the body force density rate, n is the
unit normal to S pointing to €2, and » is the unit outward normal fo I (see Fig.
3.1).

The hypothesis of small straing is adopted throughout this monograph, then the
kinematics equation is

|T|-

V' in 2 (kinematics equation) (3.2)

The relationship between the stress, o, and the strain, &, fields is given by some
constitutive madel, for instance, the one presented in Section 2.2.

HMiging Continuum Mechanies Lerminology, S 18 o material surlace,
Lo inner traction continuity i characteristic of problems involving discontinuonus kincmatics,
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3.2 Strong and weak discontinuity kinematics

The kinematics of a continuum undergoing discontinuities is analyzed in this section.
As a resull the link between weak and strong discontinuities is established.

3.2.1 Strong discontinuity kinematics

Consider now that €2 is split by S (ealled discontinuity interface’) into ' (pointed
by the unit normal n) and @~ (see Fig. 3.2-a), then the following structure for the
rate of displacement field, 0 ; xR, — R0 (ngy,, 18 the number of the dimensions
of the problem), is proposed:

i(x, 1) = i(x, 1) + Hs [a)(x, 1) (3.3)

where g is the Heaviside function acting on & (Hs = 1 Vx €' and lg =
vx €07 and [u] : 2 x R, — R™= is the rate of displacement jump lnnvium
Funetions 1 and [u] are considered to be smooth®. From (3.3) and (3.2), we obtain
the following expression for the strain rate field:

&(x,1)=V'a= V" + /s V'[a] + bs([0] ©n)’ (3.4)
F (rl-r:::lnﬂ Nﬂ [Hi-:l-uul“r}

where ds ia the Dirac delta function acting on 5.

Remark 5 The structure of the strain tensor can be expressed as the sum of a term
including only reqular distributions and a lerm which includes a singular distribution
(the Lerm conlaining the Dirac della).

Remark 6 Notice that the restriction of function [a] to the disconlinuly interfoce
S (ic., [a)s) defines the “ump” in the rate of displacement field, i, across 8, and
henee the symbol used lo denole i,

iseontinuity surface in 313 and discontinuity Fine in 2-13,

Bl jusue of the smoothness of the fields involved in the gtrong discontinuily kinematis is
fnckled in chapter 4. For the moment, a smooth function ean b wnderstond ns o lnetion whose
{irat devivatived aro pot singalar distrilbations,

A yegular disteibution is a distribution that ean be gonerated by a (Lebesgue) locally integrable
funetion (see [Reddy, 1998]), whereas a singular distribution camot,  Roughly speaking, reggular
distributions correspond (o “normal” funetions, while singular distributions cors respond Lo “special”
fimctions like the Divae delti



27

A EPRONC AND WEAK DHBCONTINUITY KINEMATICS

i)
W
------ Ayl e '
e I —
&
i
Iy !
AiE=5)
2h ., —_AL,.-""'M lu
a0 1 i
e !' L
l : l;lldqm'
=.l._ i
8 3 &
[ }] .
_—-l_—Ll__'_._.
5 ful
"’____ﬂ ________.— — .
i
/ |1l.||-|n|'
. »

&

Figuro 3.2: Discontinnons kinematics: n) strong discontinuity, b) wenk discontinuity, o)
regularized strong discontinuity.
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3.2.2  Weak discontinuity kinematics

The definition of the weak discontinnity kinematics [Oliver et al., 1997 is made only
for the two-dimensional case. Extension to three dimensions is straightforward.

Let {£.1} be n eurvilinear coordinate system such that 5 coincides with the
coordinate line 7 (see Fig. 3.2-1), i.e,

§ ={x(&n) | £ =0}

Then, let {&.8,) be the orthonormal basis associated with the above coordinate
aystemn and let 1¢(£, 1) and 7,(£, 1) be the corresponding seale factors, such that
dsg = redé and ds, = rydn, where ds; and ds, are, respectively, the differential are
length along the coordinate lines £ and 7. Consider now the lines S and 5 which
coincide with the coordinate lines £ = £' and £ = £, respectively, and define the
limits of the discontinuity band 2" == {x(.ﬁ,r‘;) | £ € it: '1E']}, whose representative
width h(n), from now on called bandwidlh, is defined as h(n) = 1(0, 7)€" —£7).

Consider, then, the following description of the rate of displacement field in €

ﬂ(x. i'-) 8 ifl(f.’(. ” + H“M (:‘:, () “Ul(?}" ’.) (:iﬁ‘)
where Hgn (£, 1) denotes the ramp function, defined Ly
0 xeQ\Q" (=€)
Hen = 1 x € QN\Q" (£ =€) (3.6)
{ﬁ‘ﬁg— xe"(E <<t

It ig easy to see that Mg exhibits a unit jump, 1e., the difference of its valnes
at &' and S for the same eoordinate line € is equal to one ([Han] = Han(€',1) -
Hon(£7,1) = 1 ¥). Hence, the corresponding gradient is

]. Hf!uh M l f)ff“h . : _l._
V”ﬂ" ?TE f){ ag-r '._” H“ @ I = Hiph h{a £
he(6om) = me(€m) (£ —&7)
he(0,m) = re(0,m) (€7 =& ) = hin)

where i is a collocation function placed on Q" (pgn = 1 if x e and g = 0 if
x ¢0"). From (3.2), (3.5), and (3.7), we obtain

(3.7)

- 3 L :
E(x,1) = V" = V"0 + Hy V[a] + pign E([u]] & &)" (3.8)

& {eontinmons) ¥

4] (:Iim:'::;lLi“llulln)
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Remark 7 The sirain lensor corresponding to the weak discontinuity kinemalics is
capressed as the sum of a continnous levm, &, plus a disconbmuons one, [€]. Ne
stngular Lerm i presend.

3.2.3 Regularized strong discontinuity kinematics

Now, we define the regnlarized version of the strong digcontinnity kinematics as the
limit case of the wenk discontinuity kinematics when h(y) tends to zero (see Fig.
3.2.¢). Thug, the expression of the displacement rafe is the following:

u(x, 1) = u(x, 1) + Hs [a](x, 1) (3.9)

On the basis of (3.8), the corresponding strains rate is assimed Lo be

& (x,0) = V"G + Hs V*[a] + u.ﬁ}%”)-(ummr (3.10)

£ (Lounded )

=l
[& | Qunbounided when hiy)-a0)

where pig is o collocation function placed on & (e = 1 if x €8 and g = 0if x ¢5)

Remark 8 When the bandwidth, h(n), tends to zero, (;.t.m;--(i'-ﬁ) — bg.  Thus, the
kinematics defined by (3.9) and (3.10) becomes equivalent. to thal defined by (3.3)
and (3.4).

Remark 9 Nolice that h(n)=he(0,5) and thal n =¢¢ al 5. This means that (3.5)
and (3.8) lend to be equivalent lo (.9) and (3.10), respectively, as the disconlinuly
band collapses into surface S.

Remark 10 From remarks (8) and (9), one can conclude that the kinemalics de-
seribed by (3.9) and (3.10) are vepresentative of both the weak discontinuily Kinemal-
ien and the strong discontinuily kinemalics for hi(n) relatively small in comparison
with the dimensions of the solid.

Remark 11 The rale of strain field (3.10) is not kinematically compalible with the
vale  of displacement  field  (3.9) in the sense  thal & Vi, since
Y H=6sn £pug|l/h(n)|n. Compatibility s only altained when h(n) — 0.
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3.2.4 A variable bandwidth model

In [Oliver et al., 1997], the fact that discontinnons bifurcation was a necessary bt
not sufficient condition for the inception of a strong discontinuity was pointed out.
Then specific conditions for the appearance of strong discontinnities were derived
(the so-called Strong Discontinuily ( ‘onditions” ). In order to reach the necessary
conditions for the appearance of strong discontinuities, a transition from weak o
strong discontinuities was devised. Thus, the formation of a strong discontinuity at
a material point x can be modelled as a weak discontinuity at a certain time of the
deformation pracess, At the bifureation time, £, the stress and strain fields bifurcate
according to the kinematics presented in (3.10), with [0] # 0, and with /i, = hin)
of finite width if the strong discontinuity conditions are not mef. In such o case,
for the snbsequent states, the bandwidth decreases ruled by a certain bandwicdth
evolution law (which is regarded as a material property) until (n) = k - 0 at time
L= tgp".
In light of this, time integration of (3.10) for { = Lgp yields

b b | t 4
e(x,)|tstun = Z; Edl 4 ;r...;z (] & n)"di +f15[ i;{ﬂ(l]]'}ﬁn)”rﬂ-

3 | if- Slap
—
YN 1 - H ¥
o g | f;,_,,.ﬂ(a.uun ®n)’ (3.11)

(hnulult:tl low fi ki) =
(unbsoundod for fehestd)

where Afu] := [u](x,1) — [u](x, tsp) is the ineremental jump.

Remark 12 The malerial character of 8 (which implics fi = 0) has been laken dnto
account in the above derivalion.

Remark 18 In (4.11) and in all the devivations velaled with the sirong discontinuily
analysis, the general case in which the strong discontinaaly regime is preceded by o
weak discontinuily regime is considered,

3.3 Strong discontinuity analysis

A crucial issue that arises when the strong discontinuity approach ig adopted is
that of the compatibility of the strong discontinuity kinematics with continunm

Phese conditions will bo discussed Tater onin Uis thesis,
*In its computational implomentation & is as small as allowed by the machine precision,
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constitutive modelling.  The strong discontinuity analysis [Oliver, 2000] aims at
identifying the conditions that make that compatibility possible.  The point of
departure of the analysis is the inner traction continuity stated in (3.1). From this,
the mathematical conditions that make a continnum constitutive model consistent
with the inclusion of discontinuities in the displacement field are derived,

Lot ns state the inner traction continuity and the inner traction rate continnity”:

T(x,1) = as(x, 1)yn(x) = oy 4(x, 1)n(x)

T(x,1) = as(x,l)n(x) = &s]\ﬂ(x,ﬂ)'n(x] VxEd Vel Ry (3:12)
where 7 denotes the traction vector, ag is the stress tensor of the material point
P € 8, and aq\s i8 the stress tensor of a material point in £\S belonging to the
neighborhood of P.

Hence, the following consequences can be inferred:

Since the strain tensor is bounded in Q\S (g = &), the stresses aqgg are also
bounded, Therefore, T(x, t) = apgn is bounded.  We also have that 7(x,1) =
asm. Let us now express 7(x, 1) in the basis formed by the principal directions of
T

T, = any (bounded)
T = craniy (h:‘)lmclerl) (3.13)
Ty = agng  (bounded)

where @y, oa, 7y are the eigenvalues of os. Since ny, ny, ng are bounded by
definition (|[n|| = 1), then a1, o, a3 are also bounded™, and so is the stress tensor
os. Analogous argnments can be used fo prove the houndedness of & 5.

Remark 14 The boundedness of the stress tensor o, despile the unboundedness of
g, is a key resull of the strong disconlinuly anitlysis,

3.3.1 A representative continuum damage model

Before proceeding with the strong discontinuity analysis, we present a summary of
the isotropic continumm damage model laid out in Section 2.2,

“A“.llmlﬂil Lhe inner Lenelion t'.lml-imlil-y is trented as an assumpl 1011 |1t‘1't'.II it ean be ili'll‘iw'tl1
i a vavintional context, from the moment balanee plus the adoption of the strong discontinuity
kinematics, as done in [Simo and Oliver, 1994],

W0 s argaiment is not general, since ny for some @ € {1,3, 3} conld bo zero . Howover, evon i
this ease, the bonundedness of eg can be proven using alternative PONEOTHTEE.
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Free Enetgy  (e) = [1 ()it vfe) = (e :Cre)  (3.14)

Constitutive Eq. a=der)=(1-d)C:e (3.15)
Damage varinble d=1~-qg(r)/r de€]01] (3.16)
Ewvolition law F=A PFE|[moe) = a,,/\/E (3.17)

Damage Criterion  [(eq) =7, —q; 7, =Vea:C .o (3.18)

L/U eonditions J<0;, A=0; Af=0 A =0 (3.19)
—

cunsisleney

Softening Rule q=H(r) q €[00 qleo=r (3.20)

In the remaining of this section the strong discontinnity analysis is applied to
the above constitutive model.

3.3.2 Discrete constitutive equation

Now we can resume the strong discontinuity analysis, applying it to the consti-
tutive model sketched in Subsection 3.3.1. We have that, from the bhoundedness
of g, the bhoundedness of 7, = Ve C o follows immediately.  Moreover,
Fo = [(1/74)(@ : © ' : &) is also bounded. In light of (3.20) and (3.19), ¢ # O only
in loading (#* = A = 0). We also have that, from the consistency condition, [ = 0.
Then, = 74. Hence, § is bounded.

Let us now consider, for a given material point belonging to S, the expression of
the stresges given by (3.15) and use the structure of the strains stated in (3.11):

|
os=(1—d)C:es = gc e+ (Aluls cgon)"]

Suppose that for that material point [ = (gp (which implies /i — 0), then
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: A
T = osn limn - C : E+—(Afu]s @ n)*
h—01g h |

= lim L. gsn - C :[hE+H(A0]s @ n)Y
h 1

g : .
= 'lfln;:l.’.h}: qan -+ C (Ali]s & n)

= lim -}l—{m(p - C f&)'ANﬁ"I‘

h0hrs
Qr

1
= lim | — ) zsQ"Alx], 3.21
hod \ hrg 1sQ [I l*r ( )
Since Q° is positive definite and, therefore, non-singular, Q% Alu]s # 0 unless
Al = 0, but that would contraclict the assumption of { = tgp. Hence er"'A[[‘lllls
iz bounded and different. from zero. Thus the following must hold:

Ilill;l]h-ﬁl"g #£0 if Afafs#£0 (3.22)

sant
Let ug consider the following strueture for vs:

L I
g = T Vi = lwp (3.23)

1

with @l gy, = 0, bwp being the time of the inception of the weak discontinu-
ity regime and @ the discrele internal variable, The rate of the discrete internal
variable, @, ig imposed to be bounded and different, from zero for = tgp.

Now (3.23) can be integrated for [ = Lgp, yielding

i
rg = / Fadi
L]

tan 1. il
wi -+ I/ h(f)‘(.l('f)fﬁ' + I/ W—N'{T)ﬂjf

3 "-u'u' L e 2T
T hask
L 7 } "
Fan + = a(r)dr = rap + EA” (3.24)
L -’-H}'J /

where Ady:= &y — gy and ryp = 1s|e ypp.  Thus, we have that, for £ = Lsp,
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limhre = limkryg
i) b he-al i

iy "
lim [ krwegs + (T )T | = 0 3.25
kl.l.!dlr[ rwp ,L,” hir) il T] (3.25)

Then, replacing (3.25) in (3.24) and then in (3.22), it yields

,linlllh.*."g = .'liu‘ll(h.'r,a,-” + Adv) (3.26)
=t -

Adv
By the definition of &, Ad@ # 0Vt = lyp.  Therefore, (3.23) is compatible with

condition (3.22) and ensures the consistency of (3.21) for Afn]s # 0.
Substituting (3.26) in (3.21), we obtain

T =g*‘:-r Q" Aluls Vi > lsn (3.27)

which is a constitutive equation of the diserete type relating the traction vector, T,
with the differential jump, Aa]s.
Replacing (3.23) in the softening rule (3.20), it yields

di= H(p)t = 'H('r)-;; & (3.28)

Sinee ¢ and & are bounded, "lint\)(Hﬁa) must also be bounded. In order to fulfill
i
this requirement the following structure for the softening parameter is proposed:

H=h(lYH VI = lwp (3.29)

where M < 0 ig defined to be bounded and will be named discrele or anlrinsc
soflening parameler,

Remark 16 When h — 0, H =hH is equivalent Lo the distributional structure of
the soflening parameler proposed by [Simo el al., 1993].  The fact thal i (3.29)
this structure is staled in a regularized way allows for ils extension lo the weak
disconbiniuily regine,



A4 ETRONG DISCONTINUITY ANALYHM 35

Now, by substituting (3.29) in (3.28), the following relationship emerges

q =M, g€ [0,r Yi = lsp (13.30)

which is the diserete counterpart of the softening law stated in (3.20). It can be
integrated in time as follows:

3
is= st [ Halryir (3:31)
Jhap

where gy = '!-'.-“it. bsine B
Clonsider for instance the case of a constant 7, then (3.31) reduces to

s = (fsp + HAG (3.32)

Equation (3.32) illustrates the dependence of gs on Adv for a linear softening law,
but this can be generalized to laws of nonlinear type.
Let ug now define

glAda v
w(Ad&) =1- !(—) (3.33)
&H’
with w(A@) € (—o0,1] and A@ € [0,50). The variable w(Ad) can be regarded as
the diserele damage variable ( whose continunm counterpart is ). Now the digcrete
constitutive equation (3.27) can be rewritten in a more convenient format:

T =(1 —w)Q"-Afuls (3.34)

Thus, the analogy between the expressions of the continuum damage constitu-
tive equation (3.15) and the discrete damage constitutive equation (3.34) is clear.
Furthermore, the correspondence between the variables involved in (3.15) and (3.34)
iz evident:

| Continuum o £ C _,ag__, ?(F o
Discrete T | Afu]s | Q° |w | Aa 3.35)

Remark 16 The discrele constitulive equation can be regarded as a ‘prajection’ of
the continuum consltitutive equation on the discontinuity interface.
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Consider now the bagia {n,t, p}, where n is the unit normal to the discontinuity
interface S at a given material point and t and p are two vectors lying on the
tangential plane to & at that material point. The matrix expression of the elastic
acoustic tensor is

Ab2p 00
Q)= 0 p 0
0 0 p

Then, the expression of diserete constitutive equation (3.34) in components rends

T, = (1 — w)(A + 2)Afuly
T = (1 = w)pdlu] (3.36)
'Tp — (1 = i.tJ)jLA“ﬂﬂn

3.3.3 Discrete free energy

Within the context of thermodynamically consistent constitutive modelling, the def-
inition of continuum free energy density funclions (as the one in (3.14) is a key task.
For isothermal processes and under the assumption of small straing a  free encrgy
density function 1 i formmlated in terms of the strains, €, (acting as the free vari-
able) and a set of internal variables, =. Baged on thermodynamical arguments, the
stresses can be obtained from (g, Z):

o =0, (e, E) (3.37)

Thus the continuum free enerpy density can be regarded as a potential for the atress
field o,

Clonsider the discontinuity interface & and assume that a free energy function
per unit arvea of that surface exists, which will be colled diserele free energy function
and will be denoted by ¢ from now on, then, in the context of the regularized strong
digzeontinnity analysig, it can intuitively be seen as

g = ( free energy ) N ( free energy ) (umh Vi)]llmﬂ) N ““},f""ﬂﬂ (3.38)

nnit surface unit volume / \ unit surface h—s

"

" b
iy fi

where 115 = 1. Thus, considering the regularized strong discontinnity kinematics
presented in (3.11), we ean define
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eﬁ(E, 4{',\[[11]‘51 =) :=I!ini1]h.-r;‘.r3(E(E, Alu]), =) (3.39)
Hence,
Ayt = limhd)g(e, Z):ae
& Bl S et

Tz Fnal)s
= aggn="7T (3.40)

where [(n & 1)*]; = ,-l(é'mu_, ).
Therefore, the diserete free energy is a potential from which the traction vector
field on & is derived, ie.,

T =0t ¥ (3.41)

Consider now the expression of the free energy density in (3.14), then, from
(3.39),

Y= rllil'uh.-r{: = ,“"},M [l (e5: C: ESJJ (3.42)
i

) 7' g 2

Replacing (3.11) and (3.24) in (3.42) and after some algebra, we obtain

P(Afu]gw) = (1 - w)ho(Alul) i
{ Po(Aluls) —-:ﬁﬂ[[uIS-Q"vA[[uls (3.43)

Remark 17 The diserele [ree energy density i (3.43) and the free encrgy den-
sily of the conlinwum parent model (3,14) have analogous formals in levms of he
corresponding variables in (3.35).

3.3.4 Strong discontinuity conditions

The issue of the necessary conditions for the appearance of strong discontinnities is
tackled here. The existence of thig conditions justifies the necessity of the variable
bandwidth model explained in Section 3.2.4, since bifureation might not coineide
with the inception of the strong discontinuity regime, as said before,
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Let us congider the stress field g in the discontinnity interface given by (3.15)
in combination with the expression of the strain field presented in (3.11), then we
can write:

i
Ty = A C:eg
TS

; ( L -
= lim—atr—C; (B2 (A]uls
lim VY [ hl(Allul:‘ & n) .

1 i \hE . H
hran + 'A“C [hE+(Au]s @ n))

= L.o. - :
= Mc.(&[[un...cs:»n) (3.44)

where the expressions (3.16) and (3.24) have been nsed. Hence,

= lim
B0

A v ;
(Afu]s @ n)* = q”-c" Loy = e (3.45)

where Y/ .= C©1 . gy = (1 — d)e is the so called effective sirain field. Due to the
boundedness of &g, E:f;” i also bounded,

Equation (3_.15) ig the so called strong discontinuily equalion [(')I'l\'i-‘l‘, 2000]- et
us now write its matyix expression in the orthonormal basis {n, ¢, p} :

; ] Jr i I
Aluly  5AJul s A[u], Al esff el et
apd, Ton o S Al Al )
{A[], 0 0 aff e el

Equality (3.46) represents a system of six equations with six unknowns. It can
be proven that three of them furnish the expressions for the components of the
digplacement jump and are equivalent to (3.36), whereas the remaining three are
conditions that must be satisfied in the strong disconfinuity regime. These are the
so-called strong discontinuity conditions and read

f;.1frf =, t.‘”{f = F_-}hf;f =0 (:5.-]-7)

Remark 18 The strong discontinuily condilions are vestriclions on the stress state
Jor a strong discontinuity to develop.  This means thal the bifurcalion lime not
necessarily coincides with the bime of inceplion of the strong discontiuily regime,
Therefore, a bransition from weak to strong discontinuities, as the one proposed in
[Oliver b al., 1997 and [Oliver el al., 1 099, becomes necessary.



A, FIRONC INECRINTINUTTY ANALYHIN 39

Twao-dimensional settings

Remember the definition of the effective strain, €%/ = (1 = d)e, then

z-.';:",” = (1 = d)ey
E}'j,"{ = (1 — d)ey

el = (1= d)ey,

Coonsider now the orthonormal basis {n, t, p} , where n and t are vectors coplanar
with the discontinuity line S, the former being the normal to & at a given material
point and the latter being tangent to & at that same material point. Vector p is a
vector normal to the plane in which the discontinuity line lies. In the case of plane
ghrain Epp = 0 and £, = 0. Henee, the atrong discontinnity conditions (3.-17) reduee,
for the case of plane strain, to

Ejf == 0 (:513)
It is ensy to see that the same condition holds for plane stress,

Remark 19 For the isolropic conlinwun damage model deseribed in (3.14) to (3.20),
the strong discontinuily condition (3.48) is the same for plane strain as for plane
slress,

3.3.5 Discrete Damage Criteria

The elastic limit of damage models such as the one that we have heen analyzing
thronghout thig section is determined by damage finetions based on the definition
of energy norms [Simo and Ju, 1987]. One of such energy norms is the one used in
(3.18). Here we examine the effects of the strong discontinuity kinematics on those
norms and on the damage eriteria throngh the representative damage model stated
in (3.14) to (3.20).

From (3.44) and (3.45), we obtain

——
Tag = Vos:C  i0g

3154 /2
K—) (Afu]s @ n)” : C ((Alus @ n)"

Adv
= 25@Mls{n-C-olAfuls)?
L‘I'.

- Z:!? VA[uls Q% Afuls (3.49)
:
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Now, replacing the diserete constitutive equation (3.27) in (3.49), it yields

rag =77 1= | Tligy-s = YT+ (@)T (3.50)
Thus, a discrele energy novim is naturally induced at the discontinuity interface S.
Remark 20 Observe that the correspondence between Lhe variables involved in the
conlinuum model and the discrele one staled in (3.35) also holds for the conlinwum

and the diserele norms

Let ug now define the following norm in &

Tap = [|A[ulsllg = VAu]s Q- Aluls (3.51)

From (3.51), (3.50), and (3.34), the following relationship between the discrete
norm of the displacement jump and the discrete norm of the traction vector ia
obtained:

Tr = (1 = w)Tam (3.52)

which is analogous to the relationship between the continnum norms of the stress
and the strain, respectively, Thus, the damage function can e rephrased as follows:

flos.q) = 1o, —q =1 (T0) =77 — 4 (3.53)

Finally, let ug furnish the continuum damage multiplicr A with the following
structure based on (3.23):

Sgim A i

ks 3.54
I h.u ( ,)

Now we can state the loading/unloading conditions in discrete format:

R

1M

=
o)

20; M =0 M =0 (3.

conslslency

=]
A
(=]
R



A8, NTRUNG DISCONTINUITY ANALYRIN 41

3.3.6 The discrete damage constitutive model

By applying the strong discontinnity analysis to the isotropic continuum damage
model sketched in (3.14) to (3.20) a set of definitions, relationships and equations
that constitute a diserete damage model have been derived. Now a summary of the
ingredients that define this model s presented.

Free energy

D(A)sw) = (1 —w)be(Aluls) (3.56)
ToAluly) = +AulsQ Al

2

Constitutive equation

1 = H"—“'ﬂ“ﬂﬁf}’

T = (1-w)Q"Aluls (3.57)
Damage Variable
q(Adv) .
= ] = 3.68
v Adx (3,58)
with w € (—o0, 1]
Evolution law
dy(Ad) = & =A (3.59)
with Adi € |0, 00)
Damage Criterion
F{Tyg) ¢ =rr=—y (3.60)
rr i = | Tlqy = Y7 Q)T
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Loading/unloading conditions

I < A0 M =0
N =0 (3.61)
S—

conklplency

Softening rule

il Hii
H = }1 H (f!.ﬁﬁ)
?

for q € [0, ysn] and gsi = qle-tan

Remark 21 The discrete damage model presended here ds chavaclerized by the dis-
erete damage variable w and by the diserete secant. constitutive modulus QF =
(1 —w)Q*.  Due lo the initial value of w = —oo, the inilial secant conslitulive
modulus is Q = +0oQ; therefore the model can be classified as a discrele rigid-
damage model as pointed oul by [Oliver, 2000,

3.4 Expended power in SD. Fracture energy

In the previous section, the strong discontinuity analysis was applied to an isotropic
continnum damage model, The main result obtained was a discrete constitutive
model induced in the diseontinuity interface. The dissipative process related with
this model is, therefore, concentrated on a surface'!, which entails energy release
per unit aren.  Thus, the existence of a relationship between the energy released
in the strong discontinuity regime at a discontinnity interface and the concept of
fracture energy seems natural [Oliver, 1996a). This relationship is established in
thie section. One of the most interesting results of this derivation is an expression
which relates the intrinsic softening parameter to the fracture energy.

According to the Theorem of Power Expended [Gurtin, 1981] for quasistatic
problems, in which the kinetic energy can be neglected, the power expended in a
solid §2 by the surface and body forces (t* and b, respectively) is equal to the stress
power, Lo,

Hvlore gonerally in o manifold of dimension n — 1, where n is the dimension ol the ambient
SPILCe,
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/ b 0edf) / thadl = / a @ &dfl (3.63)
411 + 1 Sl

Let us foeus on the strong discontinuity regime and use the expression of the
strain field given by (3.4) for the right hand side of (3.63):

/ o 3 dd0) - /cr-.|é+65 ([4] @ n)*] 42
 §1 AT !

/ o &dl = / a :Erﬂﬂ-ﬁ-/ a5 ([0)s & n)%dS (3.64)
Ja (s Js J
Ps

where Ps is the power expended in the development of the displacement jump in S.
Then, the total energy expended in the development. of the strong discontinuity is
piven by

] .
W = / Pl (3.65)

dbgn

where £, stands for the time at which the displacement jump is fully developed
Moreover, from (3.64), we have that

Ps = [ o5 : ([i)s ©n)ds
J 8

= | Tfifsts (3.66)

L

Then, replacing (3.66) in (3.65) yields

it A
We = / / [i]sdSdt
i

Hi3 ¢ &
/ / T [i]sdtdS (3.67)
PHJJ
f LT

where (g is the energy released on S per unit area in the strong discontinnity
3‘(—!&!;5“‘1(-.!. If we assume that the energy released during the transition between the
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Lifureation time and the inception of the strong discontinuity regime is small with
respect to Gyp, we can readily identify Ggp with the fracture energy Gy

Let ug now find a more convenient expression of the kernel of (3.66) for the
digerete damage model deseribed in (3.56) to (3.62).

From (3.51) and considering that ¢ = lsp,

) el i
'.F'A“““ = ;” (\/&l[u“h-.qf .ﬂ“lllﬂ)

Aluls @ il 359)
T Al

Hence,

Afuls Q" [a]s = TamT A

Thus, in light of the discrete constitutive equation (3.57), the following equality
holels:

; { o\ g q ;. .
T fils = (4= AlulsQ)-fils = 5 (Fatiraim) (3.69)
2

By using the relation (3.52) and (3.58), we can prove that, for inelastic loading,

and that

F A”ul[&ﬂl.lns,ﬂﬁ) = TAlu] — d (3.71)

From (3.61) we have that for loading / (7 ) = [ (7T ,q) =0. Then from (3.70)
and (3.71), equation (3.69) can he rewritfen as

T [a]s = gi (3.72)

By replacing (3.72) in the expression of Gigp in (3.67), we obtain
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ow s &
Gisn = / m"-':df.=/ g dl

bah fxis

"
= / q,—';-{f dy (3.73)

U ETE]

where the diserete softening law (3.62) has been used. Now, noticing that ¢, = 0
and considering the case of 7 constant, equation (3.73) yields

Elgpy = —A2D (3.74)

For the ease of Gep = G, qsp &= go = 1o, Since ry = r:r,,f\/i'._';'. then the following
equality can be obtained from (3.74):

H= —eati (3.75)

Remark 22 Fepression (3.75) reveals that the intrinsic softening modulus is en-
dowed with the characler of o malerial property.
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Chapter 4

Finite elements with embedded
discontinuities: elemental
enrichment

The numerical modelling of strong discontinuities in solids requires the nse of non-
stancard formulations to enable the sharp resolution of jumps in the displacement
field, Here, we study some of them within the context of the finite element method.
However, it is important to mention that the strong discontinuity approach deseribed
in the preceding chapter was developed without any reference to some specific nu-
merical method and can, therefore, be used as the underlying mathematical model
to develop, in principle, mimerical models based on any numerical method.  In
general, some type of enrichment of the standard finite element. approximation is
necesary to include discontinuities within an element domain.  Multiple frame-
works have been employed for attaining this goal. In [Simo and Oliver, 1994], the
assumed enhanced strain method [Simo and Rifai, 1990] was nsed in order to model
atrong discontinuities, The wvarielional multiscale method [l‘lllk‘:hﬂﬂ, 19!‘)5] has
also Leen used in [Garikipati and Hughes, 2000] to include discontinuities within
an element domain, Lately, the partition of unit concept has been exploited
for the inclusion of strong discontinuities, firat in the context of Linear Fracture
Mechanics [Belytschko et al., 2001], and then in the context of cohesive models
[Wells and Sluys, 2001]. Applications of multifield variational principles’ to embed
discontinnities inside an element can be found in [Oliver et al, 2003] and
[Spencer, 2002].

Although, as mentioned above, the strong discontinuity approach is indepen-
dent of the numerical method nsed, it has classically been related to the use of

FAs iomatier of [aet, the sssumed enhanced atrain mothod itsell is baged ona multifield vircia-
tional principle,

47
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the so-called Iﬁ-n,-j{,r: elements with embedded discontinuilics”. One of such elements
wag proposed for the first time in [Ortiz et al., 1987] to capture weak discontini-
ities. The inclugion of strong discontinnities was tackled in [Dvorkin et al,, 1990]
for guadrilaterals and in [Kliginski et al., 1991] for linear triangles. A general frame-
work for the development of finite elements with embedded strong discontinuities
regardless of the parent element. was sketched in [Simo et al., 1993] and extensively
explained in |Oliver, 19961,

In [Jirasek, 2000a] a fairly comprehensive study of this type of elements can be
found. There, they were clagsified into three groups:

e Statically optimal symmelric elements: the traction vector continuity is explie-
itly enforced at element level. Nevertheless, the symmetry of the formulation
entails that the discontinuons kinematies does not guarantee free rigid motions
of the two parts in which the element is split up by the discontinuity.

e Kinematically optimal symanetric clements: the kinematies allows to eapture
the free rigid motions of the two parts of an element crossed by a discontinuity
line. However, beeanse of the symmetric character of these elements, the
traction vector continnity ig not enforced at element. level.

o Kinematically and statically optimal non-symmetric elemends: both the kine-
matics that allows for rigid body relative motions and the enforcement of the
traction continuity are introduced at element level.  As a consequence, the
restilting formulation is non-symmetrie,

Based on this classifieation and using the multifield variational statement of the
boundary value problem, [Oliver et al., 2003 studied the first and the third families
of elements,  The statically optimal symmetric formulation was shown to exhibit
atress locking behavior, Then, the possibility of devising a statically optimal sym-
metric element not suffering from this pathological behavior was explored.  This
was motivated by the fact that, even though the kinematically and statically optimal
non-symmetric formulation has shown the best performance, its optimal implemen-
tation entails the use of an algorithm for tracking the discontinuity®. These algo-
rithms can become very cumbersome when the ineeption and propagation of multi-
ple discontinuities has to be managed. Statically optimal symmetrie elements seem
not. to need a tracking algorithm and would have, in principle, a self-propagating
behavior, which conld be exploited for simulating multiple discontinuities,

TPhe term findle elements with embedded discontinuities is voserved in the literature for for-
mulations bisged on the elemental eprichment of the standard finite element approximation.  In
this chaptor, we follow this convention.  However, the term also seems adequate o eefer to nedad
(partition of unily based) envichment (seo Appendix B),

SChapter § is devotied Lo studying such algorithms,
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This chapter presents a atitdy on finite elements with embedded discontinnities,
In Section 4.1 the bonndary value problem (BVP) is stated in o very general mul-
tifield format. Then the non-symmetric formulation is studied in Section 4.2, Its
continuons and diserete! versions are stated. Section 4.3 presents a symmetric for-
mulation consistent with the strong discontinuity kinematics (the kinemalically op-
Lrmal sipmnelric r:lr:mr.'nf-), again in both its continuons and diserete version, Some-
thing similar is done in Section 4.4 for a symmetric element based on the assumed
enhanced strain method (the statically oplimal symmetric element). The question
of the possibility of a self-propagating element is posed in Section 4.5. While ex-
ploring whether the statically optimal symmetric element is one of such elements,
the problem of the stress locking effect arises and is illustrated throngh a represen-
tative numerical test, In Section 4.6. a mixed approach is proposed as o remedy for
this stress locking, whereas in Section 4.7 an assumed re-enhanced strain strategy is
presented with the same goal. The assessment of the performance of these elements
is done in Section 4.8

4.1 The boundary value problem. Multifield for-
mat

Here, we reformulate the houndary value problem presented in chapter 3 as a mul-
tifield problem.

Congider the open domain §2, with elements x (called maferial points), whose
boundary is 1. The Loundary is composed of the open sets I, and I, such that
Ml =0 and T, UT, = 1. Preseribed displacement rates, 11, are imposed on
[',, and prescribed traction rates are imposed on I';.  The material line S crosses
Q) splitting it up into ' and 2 (as shown in Fig. 4.1),

In Chapter 3, the structure of the displacement field for the strong discontinuity
kinematics has been presented:

u(x, 1) = alx, 1) + Hs [a](x, 1) (4.1)

1
£y

Consider, now, the following vector-valued function 01 : 2 % |, — 7w (1, 18
the number of dimensions of the problem), defined as

Gi(x, 1) := 1(x, 1) + [a](x, )e(x) (4.2)

i this chapior the torm discrete refors, hereafter, to the lnite eloment (diserolized) version of
a bovndary value problen aid not 1o o diserete (coliesive) constitutive model as in the preeeding
chapter.
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Figure 4.1: Solid witli a sivong discontinnily interface.

where ¢ is some smooth function fulfilling the following conditions:

1 Vxe"\2,
P} = { 0 Vx e\ (4.3)

with €2, denoting a compact domain such that 2, © 2 and & € §2, in such way
that 2, is partitioned by S,
Now 4.1 can be rewritten as

afx, 1) = ialx, 1) + Me(x) [a](x, 1) (4.4)

where Mg(x) :=1s — p(x).

Remark 23 Funclion Mg has 2, as s suppord, i.e,, Ms(x) = 0Vx €O\, Ths
entails that, for a convenient choice of Q,, the Dirichlel boundary condilions need
lo be pre -;(w(mf! only for @t and nol for 0] end thal 0(x, 1) = fi(x, 1) Vx e\,

Let us define S as the space of second order symmetrie tensors, Consider, for a
given time 1 € B, the following, in principle, independent fields: the displacement
rate field (e, £):00 — @™ the stress rate field, &(e,1):£2 — 5, and the strain
rate field, (e, 1):£2 — & Then, the following incremental three field quasistatic
boundary value problem can be stated in strong form:
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1

1
FIND : ¢ & satisfying

o
T4+ kim0 in SL\S (internal equilibrinm) ()
g =Vii=0 i §1 (kinematical compatibility) (k)
a—3Ee)=0 in 2 (eonstitutive compatibility) (¢ (4.5)
&=t o 1, (external equilibrim) (d)
ggrn=dg =0 on S (outer traction continuity  (¢)

=: |l 0
Ggoon—ds-n=0 on 5 (inner traction continuity)  (/f)

= ]]rfr],g n

where Dy is the body force density rate, £* is the traction rate prescribed on I';, n
i the unit normal to & pointing to 27, # ia the unit outward normal to 1", and
%1 stands for the time derivative of the constitutive function ¥, which returns the
stresses, 33(e), for some given strains®, €.

Remark 24 The function spaces for 0, &, and & are asswmed lo be defined in such
a way that the Dirichlel type boundary conditions are aulomalically fulfilled.

Remark 25 The above very general stalement of a quasistatic boundary value prob-
lem furnishes a framework thal allows lo consider other possible slalemenls as par-

ticular cases of 4.5.

Remark 26 7The inner lraction conlinuily stated in (4.5-f) is non-standard in Solid
Mechanics problems and is tightly relaled Lo the strong discontinuily kinemalics.

One of the possible simplifications of the above BVP statement is assuming that
(4.5-¢) is imposed explicitly. Then the following two field, i — &, problem can be
atated:

By instanee, ¥ could be the streases obtained by merns of Lhe continium damage constitutive
modol doseribed in section 2.2,
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FIND : sntisfying

V.3 - bh=0 i O\S  (internal equilibrium) (a)
E—-V=0 i §1 (kinematical compatibility) (0)
Viop =t on [, (external equilibrim) ()
§31'1| ‘n - ):’.“ 'n=0 on & (outer traction continuity  (d) (4.6)

A e
= I]}.:l“\‘:,‘ 11
2o n—Yg-n=0 on 8 (inner traction continnity)  (¢)

e

= [¥]s n

4.2 Non-symmetric formulation

Baged on (4.6), a convenient. weak form is devised in this section, First of all, let
ug work with the displacement field stated in (4.4). In light of that kinematics, let
us define the space of the displacement rate as follows:

Vo= YV @ Vi (47)

with

Vai={f € H(@Q)n ; #l, =’} (4.8)

where 11" stands for the essential boundary eonditions preseribed on I', and H'($2)
is the space of aquare integrable functions defined in {2 whose first derivatives are
also square integrable”, and

Vo= =Mz ;a5 = s € Va (4.9)

where

Vo 1= [La(S)]"0 (4.10)

La(S) stands for the space of square integrable functions defined on S,

%Iy one dimension the functions in H'(§2) are continnous,
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Remark 27 Erpression (4.7) can be understood within the framework of the vari-
ational multiscale method [Hughes, 1995 as the additive decomposition of the dis-
placement field inlo a conrse scale and o fine seale, the laller resolves the jumps in
the displacement field,

Let us, now, define the space of admissible displacement. rate variations, Vy, as

Vo= {n € H'(@)]" ;5 al, =0} (4.11)

4.2.1 Continuum Problem

Assnming the kinematical compatibility (4.6-1) ag explicitly imposed, then, with
the above definitions in hand, let ug state the following problem:

FIND

SUCH THAT

/ H(V5) : VA = Gou(®) =0 VRHEVy (a)
J s (4.12)
as [B]s ndS =0 Vas € Vo (B)
5
where Gl (77) = [0 DA+ [ 8 Rl
By using standard argnments, one can prove that the strong form of (4.12-a) is

V. N(Viu) 4+ b=0 in O\S
=% on Iy
[Flgs-m=0 on 8

whereas the strong form of (4.12-D) is

Ifll]‘-_; n=0 on &

Remark 28 The choice of the spaces V,, and Vy and lhe particular way of impos-
ing the itnner traction conlinuity in (4.12-b) are determinanlt for the nonsymmetric
character of this formalalion.
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Remark 29 For the expression (4.12-b) to make sense, ﬂiﬁjh.;]] € La(8;8) must hold,
This smoothness of |Ls] can be guaranteed on the hasis af the resulls oblained,
by means of the strong discontinuily analysis, in the preceding chapler stating lhe
bounded character of the stresses, despite the wnbownded characler af the strains in
S.

4.2.2 Finite element discretization

With regard to the discretized versions of the problems presented in this chapter,
only the two-dimensional case is treated. Thus, consider a two-dimensional domain
§2 diseretized into a finite element mesh with Ttery four-noded elements” and 1,4,
nodes and crossed by the interface S. Then, assume that some bracking algorithm
determines the set 7 of elements crossed by the discontinnity interface at a given
time £, ie,,

J = {e | NS #0) (4.13)

Lt us also define

I : {1: "vlll”'c:h'mJ ('l"]-l}

The above mentioned tracking algorithm also provides the position of the elemental
discontinuity S, of length [, within an element. domain, £2,., which defines the domains
20 =0'N%, and 0, := Q" N, and the nodes i' € O and i~ € . With
this in hand, the finite element approximation for the displacement rate field, 1,
proposed in [Oliver, 1996b), is adopted:

W, 1) = 2E L N0 + ME (x) [[i])o (1) (4.15)
(',lh"' I:I"hm

A hlo) ) ; . : -
where G s the standard C" elemental approximation of the rate of digplacement
field, interpolated Ly the bilinear element shape functions, NI(”), N.j“J, N;E“), N,f"‘)1
and parametrized by the nodal values of the displacement rate dy(t), fori € {1,..,4}.

AP . : i . :
The term o' resolves the jumps in the rate o displacement field in terms of the

"Only lonr-noded quadsilaterals are considered ps parent elements in this chapter, Howover, the
application of the ideas presented here to formulations having linear trinnglos ns parent elements
i mtrnightforwaid,
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elemental displacement rate jump [a]., which is element-wise constant, with MS.:’
defined ag follows:

0 Ve ¢ J
MO =q 1700 - ¢ e @ 2 (4.16)
& Ve & .
(¢ =T Nis)
n,! stands for the number of nodes of element ¢ that belong to 0, and ”.é"] is the

step function acting on &,
From (4.6-b), (4.15), and (4.16) the discrete strain rate field at element level
reads

2] = 51 (VN @ di)? - (Vo' @ [ul,)* + uf *(uﬁu‘,m)* (4.17)

where for numerical purposes, the regularized version of the Dirac delta, b5, has
been adopted:

b(i} ﬂf‘;):; (4.18)

with ;1. ]_;un!a a collocation function whose support is a band S of thickness &
having S, ag its middle line. This collocation function is defined as

) =1 ¥Yxest

s 4.19
WO(x) =0 Vx¢ Sk Wel3)

Remark 30 The reqularizalion parameler k does nol depend on the dimensions of

the element and can be as small as allowed by the machine precision.

Moreover, the element, is furnished with an additional sampling point, named S5P
(singular sampling point) and placed at the centroid of the element, that represents
the material points in S} and whose associated area is

meas(8Y) = ki, (4.20)

A sampling point representing the stress state of the material points in O\SF,
named RSP (regular sampling point) and placed at the centroid of the element as
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well, is also added, The discontinnous bifureation analysis studied in Chapter 2 is
performed in RSP. This entails the normal, n, being element-wise constant.

Now, based on the finite element approximation of the displacement rate field
presented in (4.15), we can define the following function spaces:

Vi= VsV, (4.21)

W]l'l‘l'(."

WA i Fq“; al(x) = a, Yee J; al(x)=0 Vo d .7}
o = {0"; f"(x) = BiZ{m Ni(x) f; #y, = 00} (4.22)

0o
M {Tf"'; 'r;'-"(x) = Deed Mg")(x)ﬁx,,}

with e, m, € R? and

'1.3'}; = {ﬁh; ﬁn(x) = ‘._:f Tn.um N{(K) ﬁi : ﬁf'ru _ 0} “..M)

where i e B2,

4.2.3 Discrete non-symmetric problem

Now the following discrete problem can be stated:
FIND:

) R i ey .
u E']“"‘u LR '_II.IH"IEJ]S" ("1'-2")

SUCH THAT:

Y™™ [ VI N = Gu(@) =0 V" e Vi

o (4.25)
Yee s / al. ,ﬁ{:ls sndS =0 Va' & pr{:
o &

4.2.4 Matrix representation

Using the standard 1i-formal IHIIH']'IE.'H, |.5-)87], the matrix representation of the dis-
crete strain rate field (1.17) reads
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s (e ) Jie L 1 : 1 X L
{€}© = BWd“4 (Hft:’;; ] ~ [Vl }]) [al. (4.26)

where

d@ =[ar, a, ar, a7 (4.27)

with ()" denoting the transpose of (e),

B(r‘) — [B&rr)‘ B:Tlm ‘l:';:f‘t‘}‘ B_.(;!?]

N 0 .
(g) - A . {a) “"28)
H,‘ — 0] f)y N‘
t:'jy N;.{“) I‘.'-},. N,'(“)

and

Ape'®) 0 n. 0
[V = | 0 B |7 m@=]0 n, (4.20)
dypl®) Bl Ty T

We also have that, in matrix form,

[V-‘i'ﬁ] et B(fi}{ﬁ}(“) (vlf!tl]

with

: o W e Uil S ;
(a9 =[af, #i. @, 4] (4.31)
Now, we can write the expression of the element level ineremental residual forces
corresponding to (4.25):
RO = / BO" (1) g — 1) (a)
oy

. § . (4.32)
He) /‘, ] [{Ssﬁ-ﬂ}('*}—{xnl}‘“’] ds  (b)
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where Ff',j, i# the vector of incremental external forees at element, level.
Assume that the constitutive function rate (which in this formulation coincides

with the stress rate field), Y, can be expressed in matrix form as

(510 = D{g} (4.33)
with D being the matrix representation of the constitutive tangent operator, as-
sumed to be symmetric,

Now, let. us approximate the stresses in (2 Lelonging to the neighborhood of S,
Lsy

| b cuas W Eaa s
: / ($a+ s = o [ (£} an (4.34)
- S G

where §2, = j;h. d$1 and [, = ’-5’ 5. Hence, the second term of (4.32-b) can bLe
rewritten:

I L . s ol z|: I VAT ¥
/ @9 (fq)@ds = = / @7 {$a, 19d0
’ S0

nn
&
= / Jz— [n] " {£ia, }9dq (4.35)
o 8l U

where the fact of IIIIMI being element-wise constant has been considered.

Remark 31 In case of element-wise constant {Sq ), (4.94) is not an approi-
mation bl an idendily.

Notice that the first term of (4.32-1)) can be expressed as follows:
) )l : ) 1 () LS ; Al
/ (] {35,}dS = [ =[] {8, ) ds? (4.36)
% |

S
where d5* = kdS (k is the regularization parameter).

Remark 32 Fapression (4.36) is convenient for numerical purposes and is compal-
ible with the characler of the singular sampling poinl, SSP, whose associated arca
was defined in (4.20),
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Let us define the following matrices:

i S S A ,
G i= (' — ) Il (437)
and
- 5 1 [ )] i
Gl = f.f-fq}z [n] = [wpt] (4.38)

Then, in light of (4.26), (4.33), (4.35), and (4.36), and considering definitions
(4.37) and (4.38), the elemental residual forces (4.32) can be rephrased as

Ki K, { de } {Pf'vr }._ { 1:1@:} -
K9 KW | ol 0 0

with

Em) = / BO" D B
{t,
/ B@" D G40

n!n

(4.40)

(217

Kl = / G D B@dS2
RN
5:f1=/ G D G0
{1,
Remark 33 The fucl of G’ -r‘ G*" entails that the re sulling langenlt stiffness
madriz of this formulation s non-symmeltrical.

Remark 84 Due to their elemental support, the modes corresponding Lo the dis-
! ! i
placement jumps, [[G]]., can be condensed al element level,

Remark 35 (15 casy lo prove thal I; G*d0 = 0, which ensures the salisfuction
of the patch test (see [Simo and Rifai, ,-'f)f)()j)

In order to express (4.39) in o more compact way, let us define

B“=| B BY, By, BY, G

- N i (4.41)
ﬁiﬂ)= .B(IN). B:(;.}' B:(;.)‘ B.({d), G*(“)



ﬂu CHAPFTER & FINUTE ELEMENTE WEPH KMITSTHIY SCON TINUTTIES ELEMENTAL ENIRITITMENT

and

= {6t}
R

= [ (R @ J’
Fon = | B9)r, or ]! (4.42)
d = [ @9y gt )"
Then (4.39), can be stated in B-bar format [Simo and Hughes, 1998 as

! = i . .} (r‘. LA 1 ft:
/ 80" D B0a"a0 - 7 - 7Y (4.43)
A

Finally, the global system of equations corresponding to (4.25) is given by

ﬁ“/ 80" DA% - 7 o (4.44)
o Ly

a=1

where A is the standard assembly operator [Hughes, 1987].

4.3 Symmetric kinematically consistent formula-
tion
For the symmetric kinematically consistent formulation®, the function space cor-
responding to the displacement rate field is the same as the one defined for the
non-symmetrie formulation presented in Section 4.2:
Vu = Vn o V"f ('l\lﬁ)

with

Vo = {@ € [ 5 #. =0} (4.46)

where 01* stands for the essentinl boundary conditions prescribed on I, and

Mere we use the term consistent (ns in [Oliver et ul,, 2008]) instead of oplimal (as in
[Jirnsek, 1998]), beeanse the former seoms more appropriate in the context of the funetional frane-
work thal we use Livonighait (this elinptor,
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Vw i={n=Msa  as = a|g € V,} (4.47)

with V1= |Ly(S)] e
Nevertheless, this time the function space for the admissible variations of the
displacement rate field is

vrf v p’:l "’.Ih’ 1',“’ (4.-[8)

with

Vo o= {7 € W@ @, =0} (4.49)

Remark 36 The spaces V,, and Vy only differ in the Dirichlet boundary conditions,
which are homogenous for the lalter,  From Whis [acl, one can foresee the symmetric
characier of the resulling formulation.

4.3.1 Continuum Problem

Then the following boundary value problem ean be stated:
FIND

0 eV, & { 111-:'[5 };: (4.50)

SUCH THAT

/ S(VI0) : VIRdD — Gon(@) =0 YREV, (a)
J s (4.51)

.‘il(v"’-u) ; VH:F;’ d§) — Co(n') =0 V' € Ve (D)
4 0

where G\ (e) = [, - (o) 2+ Il i (o) dl.
On the basis of standard argnments, one can prove that the strong form of
(4.51-n) is

VRV +b=0 in O\S (a)
l:.' p =t on 1’y (b) (4.52)
[Elgps-n=0 on & (o)

With regard to (4.51-b), the following proposition can be stated:
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Figure 4.2: Solid with o strong discontinuity interface and surrouneded by Lhe domain
i

Proposition 1 Fquations (4.12-b) and (4.51-b) are equivalent.
Proof:  This proof is based on the one presented in [Simo and Oliver, 1994).
By definition,
7= Msa (4.53)

where, from Section 4.1,

Ms(x) :=Hs — p(x) (4.54)

with y(x) defined in (4.3).
Then, the lelt hand side of (4.51-b) can be rephrased as

% VI A — Gea(n)

Ji, Jsa,

5V dS) - / Ms b e df (4.55)

Ja,

where the fact that supp[Msg] = €2, C 2 and the assumption that I'1§},, is traction
free have been nsed,
From (4.53) and (4.51), we have that

Vi = VIMs®a+ MsVia
= (@ a)’ - (Vo @ a)’+MsVa (4.56)
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Replacing (4.56) into the fivst term of the right hand gide of (4.55) yields

3 VI d =
of Ll

/ 5 [(mqn ® n:) (Ve @ )’ + MV ne] d§l = (4.57)
Ja,

/ [L c(Bsm@a)’ =5 (Vew ) 43 MSV“"Q] ds2

Ja,

Let us work with the second term of (4.57). From (4.52-a) and considering the
svimmetry of )4‘ we have

/ 3 (Vi@ a)d =
s

Lo

/ Vi (i e [(v-f:)-q-:ri::vu]msz:

Ja,

/ @[(xz.q).w mzr-r/ cp[l':um—ﬁ:Va] ) (4.58)
Jan, Ja,

where 0§, denotes the boundary of €2, with outward normal v, It is composed
of the open sets I') and ' such 1]ml ri!! = [ tJfT' s NTs =0, o o §
and I'J € . Muwuvel 2, as said in Ewcrmn 1. l, u-| pmi‘lt ioned I_a\,f S into
1, =8, N0 and 2. =, N8 . Thus, considering that, by definition, gp]ll -]
anel tpl.- = 0, (4.58) can IJP rewritten as

/ 2 (Ve ®a)dd =

by

/ [(L ) '”w] dl’ + [H i [ix -3 :er] Ty (4.59)

From (4.54) and considering the definition of the Heaviside funetion, we can
write

[ P [l-'x - :Vr.\:] d$2 =
Navs

/n,: [[) -3 :Vr_t] A2 — -/l',,. Mg [b ca—-% :er] d§2 (1.60)
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Let ua consider the firat term of (4.57):

/ ¥ (fsn & on)dS) = / (Y5 n) - oued§ (4.61)
1 71

S8

where the symmetry of 32 has Lbeen considered,
Now, let us substitute, first, (1.60) into (1.59); second, the resulting expression
and (4.61) into (4.57), and, finally, into (4.55). This yields

Js,

/ NV AN~ [ MsbadQ
o §ha

./q(L.g cn) oce dlf2 - / (:" cex) s pey, dl

Jrk

- / [h . :Vq] 2 (4.62)
Jib)

Also, we have that

/ z‘::w=/ V(S oa)- | (V.5) «
ok Jq

M Je

= /()i?-u:)-uF /(flul-ms]-n-l- b e (4.63)
Jry s A5y

Finally, substituting (4.63) into the right hand side of (4.62), and considering

(4.51-Db), we can write

/ g - [)_“, I n] =0 Vas€V, (4.64)
S 8
Then proposition (1) follows.

Corollary 2 The system of varialional equations ({.12) and (4.51) are equivalent,

4.3.2  Finite element discretization

The same finite element approximation for the displacement rate field, 11, presented
in Section 4.2 is adopted here:
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- fpiend i _ A i '
0" = BN e)di(t) + MO () [a]" (1) (4.65)
— e
- plud L)
i u'
,:h[H] i 2 3} i " . 1
where i s, again, the standard €% elemental approximation of the rate of cl{:f;—
1

placement field, interpolated by the bilinear element shape funetions, Nf"), N
N:{ﬂ], N,E"}, and parametrized by the nodal values of the displacement rate d, (1), for

i€ 11,..,4}. The term i resolves, as in the preceding formulation, the jumps
in the rate of displacement field in terms of the element-wise constant displacement.
rate jump [a],, with Mf.;’) defined in (4.16).

Then, the discrete strain rate field at element level reads

(6" = 221 (VN @ d)® = (V' @ [1],)F + -f.fﬂﬁl,. @n)¥  (4.66)
Thus, from the finite element approximation of the displacement rate field pre-
sented in (4.65), the definition of the following function spaces can be made:
Vi = ViV (4.67)
where
Vo= Im"; o'(x) = e, Yee J; a’(x)=0 Ve¢ J}

v.ﬂ = F‘i’l; T‘:"’fl\(x) — };: 'Ilumh. NL(K) fh; 7"?'_ o = ':ll} (,_LGH)
2 {ﬂ"’*; N x) = Eieg Mg’)(x)rr,:}

%

with e, n, € IR%, and

Vy = VgV, (4.69)
with
Vg = {0" ") = B0 Nx) @, 2 9l = 0) (4.70)

where 7); ¢ R*.
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4.3.3 Discrete symmetric kinematically consistent problem

Now the following discrete problem can be stated:

FIND:
: Jy
L / i eyt
n' eV, & { e ‘.}:' (4.71)
SUCH THAT:

Z:‘ jllﬂllmI / v"‘lf’ﬂ : i:(eh)r'ﬁz = (":r:lrf.(ﬁh) =0 Vﬁh S v:}'
4 . !:;' 1o, s o " ("L?B)
Lf'l'_-ff " A% 7 B Ydi2=10 Vni eV

where (7, (r") = 0 has been assumed,

4.3.4 Maltrix representation

The diserete strain field in matrix form is the same ag in the non saymmetric problem:

i o ; g
(€19 = BOGO+ (19 1)~ (V9] )l (179
;;:("‘

In this case, the gradient of the displacement. rate variations reads

{v.‘l‘n} - B{n){ﬁ}(n) | G(”JC\:,, (4_7_1)

Henee, the expression of the ineremental vesidual forces al element level correspond-
ing to (4.72) reads

]

1) / B (£} d - FE (a)
iy

g0 (4.75)
i) = / Gl" {(x}e 40 (b)
J o,
where f",('l}f is the vector of incremental external forees at element level.
Assuming an incrementally linear relation between the strains and the stresses

ag the one expressed in (4.33), the residual forees (-1.75) can be rewritien as
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Kl Kl | [ d© ko | [ RO
l m} E'::E "llll (8] [ i.(r:) } (4.76)

with

drr / B ()" D B(“’rm

Kf;n / H(”)' D c.A' }rfﬂ

of (4.77)
K= [ G DB
1,
K / G®" D GMdn
Joa,

Remark 37 The resulting langend stiffness matrviz is symmetrical,

Remark 38 Asin the non-symmetric formulation, due Lo their elemental support,
the modes corresponding lo the displacement jumps, [[0]],, can be condensed al ele-
mend level,

Remark 39 In this formulation lu GO0 = 0 does not always hold,  Tlus
diminishes lhe reproducing possibilitics of this elemend: nol salisfying the palch Lest
implics that constant stresses cannol always be reproduced, which is the cause of the
lack of stalic opltimality suffered by this elemend.

Now, let us define

Bl [ B B'EH)P B:{"}, Eﬂ"’, G‘"’] (4.78)
and
_'{r:) y . iy 8T
R =[(®R®)" i@ ]
 (#) e o i
F\""-" [ {an‘)“: ﬂf ] (‘179J
L)

4" = [ @y [ajr]"
Then , the H-bar format of (xl,?{i) is
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i AT - _.'[' ;(l!) A
/ B p 8O0 - 59 - &Y (4.80)
o,
Finally, the global system of equations corresponding to (4.72) is given by
Matami T = gy s ={a x (it
A [ B89 p B30 - Ff..,,), ~0 (4.81)
: WL 1

4.4 Symmetric assumed enhanced strain approach

Thig formulation is derived in the context of the assumed enhanced strain method
presented in [Simo and Rifai, 1990]. 1t is based on a three-field variational prin-
ciple,  Let us then assume that, for a given time ¢ € R, the displacement rate
field (e, £):02 — R"in the admissible variations of the displacement rate field,
(e, 0):82 — R™in, the stress rate field, (e, 1):2 < §, and the assumed enhanced
strain rate field, (s, 1):02 — § lie on the following function spaces:

Yy i= {'r? & [H(s)]™m l, = ':"} (4.82)
Vy = {7 € [H{(Q)]"~ ; 7] =0} (4.83)
Vo i={T: T €Ly(:8); [[r]]sn =0} (4.84)

where & denotes, as said before, the space of second order saymmetric tensors

Vi i= {& & = E+0s(a @), E€Vy; as eV} (4.85)

with Vi := L3($2; 8) and V,:=[Ly(S)]"n.
Finally, the strain rate field, £:02 x R, — B™ s assumed to have the following
strueture;

E(x, 1) = Vi(x, 1) + £(x, 1) (4.86)

Remark 40 Nolice lhal the singular term, 8s(ac & n)7, of the enhanced strain has
the same struclure as the singular lerm of the strain fleld corresponding lo the strong
disconlinuily kinematics presenled in Section 5.2, 1.

Remark 41 The resulting strain Jield i nol binemabically consistend with the dis-
placement field in the sense thal &(x, 1) # V(% 1).
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4.4.1 Continuum problem

Now the following problem can be stated”:

FIND

uey,
EE Vs (4.87)
eV,

SUCH THAT
/ Si(e) s VAL — Gl =0 VeV, (a)
J g

EiTdQ =0 Vrev, (b) (4.88)
o 1

_/“ (& --}-':) EdY =0 VEeV: (o)

By using standard arguments, we can prove that the strong form of (1.88-a) is

V-EEe)+b=0 in O\S
3w =1 on 1, (4.89)
ﬂiﬂ‘“ﬂ\ﬁ n=0 on S

Special care has to be taken with respect to (4.88-h) and (4.88-¢) due to the
singular term appearing in the expression of the enhanced strain and the enhanced
strain variation. For the expressions ((1.88-D) and (4.88-¢) to make sense, the fact
that [7]s - n =[&]s n = 0 is erncial, beenuse it ensures that both 75 -n and &5 - n
exiat and are bounded. With these concepta in hand we arrive to the strong form

of (4.88-h):

=0 in§ (4.90)

(18

and the strong form of (1.88-c):

G-3=0 in (4.91)

" [Simo and Rifai, 1990], this variational problem was devived from the Ho-Washizn 3-field
variabional prineiple.  Heve we atabe it as the weal fovm of the system of diforential equations 1.6,
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4.4.2 Finite element discretization

Clongider a finite element. diseretization of the domain € into four-noded finite el-
ements, then the following discrete version of the function spaces 4.82 to .85 is
proposed:

S T
k:: "'nllrh' N( )ﬁ’. : ﬁi‘[l‘h — 0}'

Vi = {n"; n"(x)
Vi = % ()

: =i h Akl ¥ ; .92
V= () 8 (x) = 2o Eq’;. LT S
v“l: Hme T.h; h(x ‘ 1‘[1.-.!;.;” xr‘ T" }

where y_ stands for the characterviatic function of §2,, i.e.,

Wi 1 for x € {3,
Xe\®¥) =1 0otherwise
and n,, ;. o € B2 7. € 8.
Let us now assume that the following orthogonalily condition between V! and
V! holds':

¢ VE" e V!
£ 7t d) =0 vrh e V! (4.93)
Jo1, Vl" & I

Remark 42 Due lo the singular termoan Uhe enhanced strain rale, we cannoel talk
aboul Ly—orthogonality, as in [Simo and Rifai, 1990], since the integral in the left
hand side of (4.93) does nol define the Ly dnner product, bul  dualily pairing.

Then the discrete version of (4.88-b) becomes an identity. Moreover, (4.88-¢)
can be worked out as follows:

/ﬂ [dr"— (‘*)} CEdO = /“a' Ean - [ B E an =0 (4.94)

81

which vields

YT his condition is motivated by the satisfaction of the paich test (see [Simo and Rifai, 1990])
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$(eM B =0 (4.95)

Y

It 1 ensy to check that 1L-’E" fulfills condition (4.93):

.r!l Ctd() = >'\r Tyl !' (“{f}j_ = f!- ) (ﬂr- @ “'JH sl =

i .l £

\:: JI! F P / (F_g)k ﬁ ) i} ((1:‘ n) 7= 0 (I.Hﬁ)
of fla ¢

.

(lo—t) O

4.4.3 Discrete Problem

With the above results and definitions in hand, the digerete problem corresponding
Q (-1.98) redinees ta

FIND:
a" e v
ic p (4.97)
SUCH THAT:
S | g "( "dQ — Goa@) =0 VA" € VI
SR (4.98)
St / $i(e") B a0 =0 vE" ey
o Bl
4.4.4 Matrix representation
The discrete atrain field in its matrix representation reads
1) — mOOs (el fe Y e
{E} B d | (F.‘; k SZ") ln] ﬂr!
:E{"J
= BYd“+GYB, (1.99)

where 3, € %

On the other hand, the matrix form of the strain variations is
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(€} B {7} + (€)
= gm{n}m Gl ox, (4.100)

Thus, the following g the expression of the incremental residual forces ab element:
level corresponding to (4.98):

ﬁ.(l'.) — / B(‘)! {S:l'{’) f‘lsz = F.\r(“r).‘ (“'}
R 4400)
Ho) o / 30" {5} dg (b)

ft

where Ff ,){ ig the vector of incremental external forces at element. level,
Assuming, again, an incrementally linear constitutive relation as the one ex-
pressed in (4.33), the system of equations (4.101), can be rewritten as

Kﬂh" Kl(llrr a () - I.T‘S::Jl‘ = 1:":{ %) ; i
[ Kf:rg I":‘{'\"‘I"2 I[-‘il D i.‘l"-} ("ll“.&}

with

K{ = f B®" D BdQ
[

K = / BO" D G0

Tt (4.103)
Ko = / G D B@dQ
Jo0

©_ [ GO D G@dn
§ l'h-

Remark 43 The resulling tangent stiffness matrir @5 symmetrical,

Remark 44 As . the previous formulalions, due lo their elemental support, lhe
modes corresponding Lo the displacement jumnps, 3, can be condensed al elemend
level.,

i

Remark 45 In llas formulabion ] G = 0, which s derived directly from the
orthogonality condilion (4.93) and mmmn!(*{h the salisfaction of the pateh test.
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Remark 46 The malvix form of the three formulations presented so far (i.e., (4.79),
(4.76), and ({.102)) coincide when if;f ] = [Vip]

Now, let ug define

A [Bﬁ"’, By, BY, BY, G(nl] (4.104)
and
ﬁ(r:) - [ (H[”})'f'| i_ctl)'!" ]'{
() PRI, i :
o = [ @), 07 ] (4-105)
2 (i)

d" = [ @y gr’

Then, the B-bar format of (41.102) is

/ BO" D BOA a0 - ) = R (4.106)
o Sy
Finally, the global system of equations corresponding to (4.98), is given by

il

a=]

[ ﬁ(h‘)"" D E{'jahl}dSk A= j;-‘r(:::)l‘ =0 [PII'UT)
o ke

4.5 The possibility of a self propagating element

So far in this chapter, the formulations of the best known families of elements with
embedded discontinuities have been derived from convenient weak statements of the
Loundary value problem (4.5).  In general, the discrete formulations inherit the
character of the corresponding continuum formulations. This gives to each of them
different. characteristics vegarding its performance in simulating discontinnities in
solids.  For instance, the kinematical optimality of the non-symmetrie formulation,
presented in Section 4.2, and of the symmetric kinematically consistent formulation,
presented in Section 4.3, has to do with the consistent way in which the strain field
of those formulations is derived from the displacement, field. Nevertheless, in the
finite element implementation of these formulations, it is necesgory to know, for a
given element e crossed by the discontinuity line, which nodes lie on 21 and which
in £ in order to determine the function ¢, defined in (4.16). This information
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Figure 4.3: Simple traction tedl: a) geometry, mesh, boudary conditions, and material
properties; b) Comparison between the Udn element and the S4n element,

ig provided, as mentioned above, by a tracking algorithm, which entails several
limitations especially for managing multiple discontinuities. The natural option to
pet rid of this tracking algorithm seems to be the symmetric assnmed enhanced strain
based element.  Then, the inception and propagation of discontinuities would he
determined only by the stress state of the solid through the discontinuons bifureation
analysis studied in Chapter 2. However, the performance of this element is very
poor in many cages, due to the appearance of atress locking behavior. We illustrate
thig through a numerical example.

4.5.1 Stress locking behavior

In order to assess the performance of the symmetiic assumed enhanced strain based
element degeribed in Section 4.4, a repregentative numerical simulation is presented
here,  The non-symmetric element is used as the reference element, due to its
statically and kinematically optimal behavior (see [Jirasek, 2000a]).

Based on [Oliver et al., 2003|, the following nomenclature is adopted:

e [/fn for the non-symmetric element

e S4n for the symmetric assumed enhanced strain based element

Let ug, then, congider the rectangular plate whose dimensions and material prop-
erties are shown in Fig. 4.3-a. It is discretized into a non-structured finite element
mesh consisting of four noded bilinear elements.  The plate is fixed on the left
gide and uniformly stretched from the right gide, The izotropic continuum damage
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model presented in Section 2.2, eguipped with a linear softening law is employed
for modelling its material behavior. It ean be shown that the theoretical (exact)
discontinuity path describes a straight vertical line crossing the plate from top to
hottom. The displacement jump is uniform and only its normal component. is dif-
ferent from zero (mode 1), Sinee the stress state is also uniform, the position of the
dizcontinuity line has to be imposed.

The stress va. displacement curves of both the U4n and S4n element are plotied
in Fig. 4.3-L. That figure shows that the (/4n element iz able to reproduce the
theoretical (exact) solution consisting, beyond the peak stress, of a linear softening
Lranch until the total relaxation of the stress i reached. On the other hand, the
curve corresponding to the S{n element undergoes a spurions hardening after the
theoretical peak stress, cansing the stress to reach nnphysical levels.

In order to understand this numerical phenomenon, it is important to mention
that, based on theoretical rensons, an incrementally linear behavior is algorithmically
impoged to O\& after bifureation.  The stress should, then, unload elastically.
However, due to the kinematically inconsistent character of S4n, the atress in \8
prows elastically, which canses the stress locking Lhehavior observed in Fig.4.3-1.

The poor performance of element S4n makes it unsuitable for the numerical
modelling of relatively complex problems. Thus, some alternative formulation have
to be devised in such a way that the stress locking behavior of S4n is overcome,
while keeping its sell’ propagating potentiality.

In the following sections remedies to the stress locking suffered by S4n are pre-
sented.  In order to motivate them, we first present. some comments on the canses
of this phenomenon for a parent four noded bilinear element.:

e Assuming that O\S behaves elastically after bifurcation, the following rela-
tionship hetween the strain rate in Q\& and the stress rate holds:

é‘ﬂ\‘q = # Clué (4.108)

oluslie alrnin
C iz the standard sotropic elastic tensor,

e In the S4n element formulation, the strain rate in O\S has the following
ahrneture;

i W I': ¥ C ;
és = Youl o (B:.8n)’ (4.109)
Hnear 2.

{emlanesmonl ) eonstant
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e Total relaxation of the stress (& = 0) entails the strain rate being zero (g s =
0) from (4.108). However, the eancellation of the two terms appearing in the
vight hand side of (4.109) only ean ocenr in the partienlar cage in which V50
15 constant.  Therefore, due to its kinematics, this formulation 1s unable to
reproduce this stress state,

The stress locking is, at least partially, explained by the above ressoning. 1t
algo sugpests two possible remedies:

1) To decrease the polynomial degree of the conforming term.

2) To increase the polynomial degree of the enhancement.

Both possibilities will be explored: the firat one by means of the mixed ap-
proach proposed in Section 4.6, and the second Ly means of an assumed strain
re-enhancement, proposed in Section 4.7,

4.6 Mixed Approach

Assume that, for a given time I € R, the displacement rate field (1(e, 1):2 < R™m
the admissible variations of the digplacement rate field, f(s, 1):£2 — R the stress
rate field, a(e, 1):02 — &, and the strain rate field, £(e,1):£2 — & lie on the following
function spaces:

Vi 1= [?7 € [HY(@)]*m ; ml., =u’}

(¢
Vy = {7 € [HY(@)" 7, = 0} (b)
Vei= {€ € =E+ds(a@n)® ; E€La(8); a€ (S} (¢ (110)
Vo i= {1'; TEL(8) i ([Tllas n=Irlls n= D} ()

4.6.1 Continuum problem

Now the following three-field variational prineiple can Lie stated:
FIND:

uaey,
£ €V, (4.111)
ael,
SUCH THAT

/ ﬂ.r H VHT' fﬂﬂ 2 {'-‘:(':::I = U Vﬁ € vﬂ (”‘)

J s

/ (é - VHl'l) Tl =10 Vrel, (b) (4.112)

J g

/ (far £ .\':) Ed) =0 VEEY, (o)

0
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The atrong form corresponding fo (4.112-a) is

Veag+h=0 in O\S
oot on 1, (4.113)
ﬂ'}lu\s n=0 on &

and the strong forms of (4.112-b) and (4.112-¢) are

¢ =V in 2 (4.114)

a="% in (4.115)

Thus, equations (4.5-a) to (4.5-¢) follow from the variational problem (4.112),
whereas (4.5-¢) is antomatically imposed Ly the definition of V,.

4.6.2 Finite element discretization

Jonsidering again a diseretization of £2 into four-noded bilinear finite elements, the
following function spaces are proposed as the diserete version of 4.110:

V= {ghy nh(x) = B0 Nx)n, e, = at} (a)
Vo = {f" " (x) = B0 Ni(x) f ; lre, = 0f (b)
Vii={gh €)=Y 1) (& + i e @)} (@
( ) L nin (

:)_.‘., i Xr-(x) Te }

(4.116)

[

Vf; = ['r"‘; " rﬁ)

where

() e { | for x €42,

0 otherwise

and 0, 7. o € R r., £ €8,

4.6.3 Discrete problem

Now the following digcrete problem can be stated:
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FIND:

WV (a)
eyt (b) (4.117)
g'eVy (o)

SUCH THAT:

L

Brae /

th.
5Nt ( "_1‘) £" ) = 0 vehev! (o)
o= | J n ! ' o * 4

- “ o [ v‘- gy — ('r.il{ﬂh) 4] Vﬁhf:'p# ()

Sl ) = 0 vrhevh (b (4.118)

From equation (4.118-h), it follows that

/ [ B+ LB, c:mn)”) = v“‘a“] c,d =10
i,
Vr.e8:Veel

(4.119)

where &% lg, = 8.+ ;.; (0) l(f_',i & n) (with E.c8and B. € lRI"!) has Lbeen consgidered.
Hence,

Q&+ (B, @n)” — f VI =0 YeeT (4.120)
i

solving (4.120) for £, vields

e ] / N X
= Viad) - (8. @n)" Veel
5% J a s ) (4.121)

’
!

—— )

where V0 o= - [ V90" is the mean value of V¥u" in ., Hence,

reemmipimeere 1} y )
', = VI " i (;J-f-;'];l - ‘—"1"-) (B, @n)° Veel (4.122)

At element level, we have
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TH

[ (rr,. )‘  E" ) =
{1

/sz ('?" =k [E s ;(“'-‘ ‘:’5‘“}'5] d§) =

(sz,&“ / mn) s+[ / 5. ms] e

From (4,118-¢), (4.123) must be null VE, € 8 and Ve, € B%, Thus,

0.0, — / Vel =0
o fla

f,,(&,,-n)-/ 5ondS =0

L
Defining .'2"—;;, = fa. 53 € and }..‘_1,- & Js 38, we have
&0 = Yo,
Fyon=Ygon

which means that (4. 118-¢) implies

)45)‘7‘ n = L-\ n VYeeJ

thig is the traction continuity stated in terms of the mean values of 5.
We ean rephrase (4.126) in a more convenient format:

':':/ DS  n— gk / M n=0 VYee J
o g L0

and, hence,

[ (;;f.;”ﬁ- ﬁ-)i]-ndilﬂﬂ Vee T

L]

On the other hand, from (4.125), we have

(4.123)

(<.124)

(4.125)

(4.126)

(4.127)

(4.128)
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] & 1 TIPRA0 = Oy B ¢ VIR A — G (4.129)
il

4 {1y

_‘_tl.')

Let us define V"’f;"“ tom -ﬂl‘-: _];.zﬂ V"’Lﬁhrﬁ]. Then,

? T r—g—{a)
/ . Vhﬁh dS) — O = ”ﬂ}-]ﬂ,- : vyﬁh G ot (4.130)
ol

Finally, considering (4.118-a), the definition of !‘f;_]';-h, and (4.130), we can state

]

' O~ - oy OO ;
b “"""‘/ LV A G =0 V"V (4.131)

L4

In summary, the system of equations (4.118) is equivalent to

Jp—
ot [ 5T -Ge=0 ViV ()
o I

|
: . (4.132)
/ (,r.r_g')vhl; fﬁ) Yeondl=0 Vee J (b)
. ¥
with the elemental strain rate having the stroeture stated in (4.122)
' i S (e) () 1 'J'f‘ 5 .
Ea =& |“" = V u' * ;L‘:.: E — ﬁ (Kir. C‘Q ll) ("Ll\i\i)

Remark 47 By comparing the cxpression of e strain vale for this approach ,slated
in (4.133), with the strain vale for lhe assumed enhanced stvain based approach,

stated in (4.109), we can observe thal the enhancemend term, ( ;'.f-‘(_.:J .f - é‘:) (,B,,C'.’Jl'l)'q,

s g1

is the same for both of them. However, in the present approach the term v s
element-uise constand, which makes the cancellation of the strain rale possible.

. o) . Ly
Remark 48 The lerm V0" can be approcimaled by the value of V50" at the

sarnpling point RSP, placed al the centroid of the element.  Then, the classical link
between mixed elements and reduced inlegration 13 recovered tn this formulation.

U For noni-distorted elements Chis is nol an approximabion bt an dentity
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4.6.4 Matrix representation

The diserete strain rate field in its matrixz form reads

. Lo :
(810 = B (407 - 5 ) i,

.L.(f!

= BiY.d94+alp, (4.134)

where 3, € &% and le.f, is the value of matrix B at the sampling point RSP,
The matrix representation of the strain rate variations is

{6} = Bk {7} + G, (4.135)

Then, the incremental residual forces at element level corresponding to (-1.132)
are

B = / . BE (5} do — F) (a)

we) / G@O" (B} 40 ()

Joa,

(4.136)

where F{"}, is the vector of incremental external forces at element level,
Considering the incrementally linear constitutive relation expressed in (4.33), the
incremental residual forces (1.136) can be rewritten as

K K | a0 ) (RG] [ RO .
[Ki; KL B, 0 #e) (4.137)

with
f,:? /n 5{;3;1 H%Hd“
{n)? o

fm / B:rrrw D GdR2

0, i R (4.138)
ml - / G D BigpdQ

i
ﬂ'l’l‘ = / G D Gﬂ'(" )cH?,

il
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Remark 49 The tangent stiffness malie of s formulation is, as expecled, also
symmelric.

Let us, now, define

Bl — [B‘,{,’L uﬂ{'”] (4.139)
anel

“' = [ (R, o (]

0 [ (B ] (4.140)

-(.) [ (cl“" ﬁ.,. |rr

With thig in hand, the B-bar format of (4.137) is

=+ (e) = (o)

/ B8O D BOG a0 - F F.=H (4.141)
il

Finally, the global system of equations corresponding to (4.132), is given Ly

=1

Flady % g =y & (0) : (e)
A [ / B@" D BOA A0 - F,, =0 (4.142)
0,

4.6.5 A note on some implementation aspects

Tt is well known that the use of reduced integration in four-noded bilinear elements
can lead to the appearance of the so-called hour-glass modes, However, the mixed
formulation presented in this section is implemented in such a way that the mod-
ifications on the basic element S¢n are effective only for the band of elements thal
caplures the discontbinuily and only after the lime al which this discontinuwily appears,
Thus, the elements outside this band behave as the original S4n.  Therefore, the
elements affected by the reduced integration are restricted to a single band of one
element, width., Thig reduces substantially the possible presence of instabilities.
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4.7 Assumed strain re-enhancement

To develop this approach, we work on the basis of the formulation of the S4n element
deseribed in Section 4.4, We require the present formulation to fulfill the following
conditions:

e T'he orthogonality condition (4.93) :

/é“:r’*dﬂ:{) VE!FE.V:' vrhey) ki)
(L

s Toinclude linear polynomial terms that contribute to alleviate the stress lock-
ing phenomenon,

Having these conditions in mind, the following strain enhancement is proposed:

20 2 # 1 L- 5 I. J
E'lo, = . = ("'-{-‘:'JE = =018, &@n)” =YY, + 5 2%, (4.144)
s - i ¥ " = L "
_',‘:': ;(“)
Ef| ) £y

where 4 and 2 stand for the isoparametrie coordinates of the standard four-noded
bilinear element, J ia the Jacobian of the isoparametric transformation relating
differential areas in the regular and isoparametric spaces through

dSt o= Sy dz (4.145)

while Y, and Z, are two second order element-wise constant tensors whose 2-D ma-
trix (Vuigh} representations {Y,} = [ Yi Yo Y,y I[J and {Z,} = [ Ay Ax Za ]’
are two vectors containing six additional degrees of freedom per element.

Let us analyze expreassion (4.1:44): Eiﬂ) containg terms of degree one that are
inclicded in the structure of the total enhancement, é,., as o re-enhancement of
EE“), which is the basic enhancement already used in element S4n. Thus, the first
condition required for this formulation is fulfilled. Let us, now, verify if condition
two s satisfied:

{a l L“ :
/ *‘:'{1 } s yelf) = / (‘”‘E*H)E - ﬁ) (B.@n)" : T,dQ =
12, 41 : o

/ (ﬂ«fé:’-;- - ﬁ'—)riﬁ'l @B,n)’ 1. =0 (4.146)
1, ¢ I

lg=la=0
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/ sl = / -l—('_.'fY... + 2Z;) 1 TL) =
u {1, J

el gl
/ l[l'h,"h’ Y T i 'l' / / S rd:u”‘-lz Zi’.‘ ' T(\ = u
1 1 b i N

0 0

L

4.7.1 Matrix representation

Expression (4.144), ean be stated in matrix form as

(&} () = B g R
where
v, 0 y 00 2z 0 0

G =10 Fiy, 0 oy 0 0 2z 0
¥y e 0 0 y 0 0 z

with v = (u(.:‘) '{-‘ - -};ﬂ), and
b(f'] o [ ﬁ:" lYp]T. '{z"}‘j“ ]’;"

The matrix representation of the strain rate variations is

[f.}["’ = B(ff){.,—.,,}[f!l + G(t'iﬂ(u)

where

a9 = [ af, {6v.)", (02" )"

with 6Y, and 4Z, Leing the variations of Y, and Z,, respectively.
The expression of the incremental residual forces at element level is

Rl — B@" {5} a0 - 7Y, (a)
J o,
o) / GE" (5} dq (k)

{1

(4.147)

(4.148)

(4.149)

(4.150)



4 ARRUMITD STRAIN RE-ENHANCEMERT 85

where FY) s the vector of incremental external forces af element level,
Jonsgidering the incrementally linear constifutive relation expressed in (4.33), the
expression of the residual forees (4.150) can be rephrased as

k1) ) R’
() (3)-{8) e

K K"‘
K,,,i K&

with

Kf;,, = / B D B@d0

K [ BO' D GWdn
flo (4.152)

rm‘ / G D B

K& = / G D G@In
il

Remark 50 Again the resulling langend stiffness malvie is sypmmelrical,

We define now

B = [B®), G®] (4.153)
anc
/Y = [ ey, i
00 [ ey, o | (1154

o) PR
3 = [ ()" p© ]'

The B-bar format of (4,151) is, then,

e Uy = _f = (& B
f 86" p 80370 - #9 - g" (4.155)
i1

The global system of equations is given by

Thalain ] = e - d
'l [ / B30 p pOd”u0 - ¥ —o (4.156)
" o {la
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Figure 4.4: Simple traction test: comparison of several clements with embedded discon-
Linnitios,

4.7.2 A note on some implementation aspects

The re-enhancement. proposed in this section does not fullfil the so-called stability
condition[Simo and Rifai, 1990): VINW*Vi= {0}. Nevertheless, as in the mixed
formulation presented in Section 4.6, the implementation of this element was per-
formed in such a way that the re-enhancement is aclialed only for the band of
clements thal captures the discontinuily and only after the disconlinuous bifurcalion
time, Again the modified elements are restricted to a band of one element width
and the possibilities for the appearance of instabilities are negligible.

4.8 Performance Assessment
Based, again, on [Oliver et al., 2003], the following nomenclatire is adopted:

e Mjn for the mixed element pregented in Section 4.6,

e [24n for the re-enhanced element presented in Section 4.7,

The test of Section 4.5.1 and Fig. 4.3 is now repeated using the modified elements
M4n and l4n, The vesults, again in terms of o,, — & curves, are presented in Fig.

4.4 ns well ag the ones obtained with the original element S4n and the exact result

(U4n).
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The reduction in the stress-locking effect obtained with the new elements is
dramatic (additional numerieal results with comparative analyses of the elements
treated here can be found in [Oliver et al., 2003]). However, the performance of
element [74n iz still better. Further development of the strategies presented in Sec-
tions 4.6 and 4.7 is perhaps necesaary, Nevertheless, the posaibility of modifieations
in the spirit of M4n seems limited, whereas further enhancement in the spirit of /ijn
can lead to very cumbersome formulations,

One of the main motivations for exploring the possibility of a sell-propagating
element i that it would permit to dispense with the tracking algorithm, which con-
atitutes the major drawback of element U4n. However, the use of this element still
seems highly desirable, due to its excellent performance,  Then, the idea of trying
to devise an efficient tracking algorithm that allows to simulate complex problems
(multiple discontinuity paths, for instance) emerges as an especially interesting re-
senrch line,  In order to attain this goal, the next chapter is devoted to studying
these tracking strafegies.
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Chapter 5

Tracking strategies

In the previons chapters some of the ingredients needed for the numerical simula-
tion of strong discontinuities in solids have been laid out.  Chapter 2 dealt with
the necessary conditions for the appearance of localization bands.  The kinemat-
ics of strong discontinnities and the implications of its adoption in the context of
continnum constitutive modelling were studied in Chapter 3. Then, in Chapter 4,
a gronp of finite element formulations that allow for capturing strong discontinu-
ities within an element domain were analyzed. However, the very important issue
of the inception and propagation of such discontinuities has not been tackled yet.
In an ideal scenario all the information necessary for managing the initiation ane
propagation of a discontinnity path should come from the discontinuons bifureation
analysis. Nevertheless, in numerical simulations and, particularly, in the case of
the non-symmetric formulation studied in Section 4.2, the use of a tracking algo-
rithm [Oliver, 19961 is also necessary., These algorithms are devised to prediet
and capture the geometrical position of a discontinuity path inside a body or, more
specifically, inside every element erossed by that discontinuity.

The strategies to frack discontinuity paths in solids are studied in this chapter,
[n Section 5.1 a motivation for the necessity of tracking algorithms is made. Section
5.2 describes the general characteristics of a tracking strategy and deseribes the
groups in which such strategies ean be clagsified. A heat-conduction-like problem is
propaosed as a way to compute implicitly all the possible discontinnity lines in a solid
for a given time in Section 5.3, In Section 5.4, the performance of this methodology
i8 nssessed through some representative numerical simulations.  Finally, the concept
of an exclusion zone is motivated and explained in Section 5.5,

89
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Figure 5.1: Tracing a discontinuity path in a pateh of elements,

5.1 Motivation

Clonsider a body €2 containing a discontinuity line S, which aplits © into 2" and
O, diseretized into a finite element mesh consisting of four-noded quadrilaterals,
Consider, also, the open domain 2, corresponding to an element ¢ crossed by S,
which partitions {2, into 2! € Q" and 2, € 2. Remember from Section 4.2.2., the
expression, at element level, of the finite element interpolation of the displacement
rate corresponding to the nonsymmetric formulation:

" (x, 1) = 201 NI odi() + ME () [[all.(2) (5.1)

Let us focus on the second term of the right hand side of (5.1), which is the term
that eaptures the displacement jump, and more specifically in

Mf‘;} - H_,(’.'J(}c) ) fP(") (5‘2)

”.é‘") is the Heaviside function acting on the elemental discontinuity line (S, = {2, N
8), i.e.,

A | vx e .
Hs" () = { 0 Vx e, (53)
and
A (5.4)

: ; : 7 |

where 1) stands for the number of nodes of element e lying on 2, and N;; denotes
R . R

the shape function corresponding to node i € £, .
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Figure 5.2: Propagation vector leld.

As said in Section 4.2.2,, the discontinuous bifureation analysis corresponding
to an element is performed in a single sampling point placed at the centroid of
that element, which we named RSP, Thus, we know when an element nndergoes
localization and the direction of the corvesponding localization band, but we do not
know its position within the element. However, in order to determine Mgfj, wee need
to know which nodes lie in 'S_"?.',.' . 1F we congider one gingle element, the position of
S, ean be fixed arbitrarily; however, when the fact that a discontinnity, in general,
passes through several elements is taken into account, we have to be more careful.
The reason is the following: suppose that a node belongs to two elements erossed
Ly the discontinuity and suppose that for one of those elements that node lies on
ﬁml, then 1t cannot be in ﬁ‘ for the other element and viee versa. In a way, this
means that, somehow, the discontinuity path has to be continnous across elements,
This continuity is understood in the sense that a node has to unambipnously be
either in ' or in 27, This fact is illustrated in Fig. 5.1, where a pateh of elements
ig considered.  The continuong line indicates the part of o discontinuity that has
already developed, Some possible options to frace the discontinuity for an element
that has bifurcated for the first time are indieated by parallel dotted lines, The
node which is signaled with a dot could lie in ' and 2 at the same time if some
continuity of the discontinuity path ig not enforced. Hence, the necessity of an
algorithm that guarantees the alignment of the elemental discontinuity interfaces
belonging to the same discontinuity path bhecomes apparent.

5.2 'Tracking strong discontinuities

In order to track the evolution through time of a atrong discontinuity & in a solid
{2, we need to have the following information:

1. A failure erilerion. 1t tell ng when a material point becomes part of disconti-
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nuity line. A simple example of such eriteria ia the initiation of the inelastic
regime |Wells and Sluys, 2000].  The singularity of the acoustic tensor, de-
rived in Chapter 2 in the context of the discontimous hifurcation analysis, is
an example of a more rigorons, from the Continunm Mechanies standpoint,
failiire eriterion.

2. A direction of propagation. This ditection can be determined rom empirical
congiderations, for inatance, the direction orthogonal to the maximnm tensile
stress.  Apain the discontinuons bifureation analysis can be used (o get this
information as done in Section 2.3, for an isotropic contimmum damage model.

We agsume here that this information is available for every material point of the
golid at any time of the analysia.

Remark 51 Hegarding the diveclion of propagation, this assumplion implics the
eistence of a veclor field with values T(x,t) (sce Fig. 5.2), defined [or all x €52
and for all [ belonging to the analysis time inlerval, signaling the direction in which
the propagation of a disconlinuity path having its lip al x would occur of the failure
eriterion were mel al Hme L for thal material poinl.  In two-dimensional cases this
vector field is defined by an angle; for instance, the eritical angle obtained by means
of the disconlinuous bifurcalion analysis in Section 2.9,

Remark 52 /n the diserele BVE, the wnformation Jor bracking o disconlinuily s
taken from represeitative poinds discrelely distributed.  For the finile element dis-
cretization presented in Section 4.2.2, this imformalion is availuble al each sampling
point RSP, placed al the centroid of every element.

In [Oliver et al., 2002¢| a classification of the existing type of tracking strategies
was presented,  They were divided into local stralegies and global stralegies.  We
deacribe them in the following two subscctions.

5.2.1 Local tracking

In thig type of strategies, the alignment of an elemental discontinuity line is only
enforeed explicitly with respect to ifs neighbor elements,

Jongider a two-dimensional hody 2 discretized into a finite element mesh and
the set of material lines, hereafter called possible discontinuily lines, {5} whose
tangent vector, for time {, at every point x €42 is T'(x,1). Any discontinuity path
appearing at a given time [ of an ineremental loading process has to coincide with
one of these lines, Let us now describe schematically how a local algorithm works,

The determination of a possible discontinuity line S; ean be performed through
the following geometrieal algorithm (gee Fig, 5.3) at element level:
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DATA:

Figure 5.3: Loeal tracking.

1 ;111111? ]mﬁl-f.._ulfi"'mt:'ﬁm pussi'l':]u
dizcontinuity line /g,
Propagation direction T,

ACTTONS:

1)
.2)

Trace o line in the direction
of T® passing through fﬁj‘.
Find the intersected output
point (g, .

Consider the geometrical position
of Qg as the input tracking
point {5 for the neighbour
element ¢ o 1.

Remark 53 This algovithm requires handling a side-connectivity arvay indicating
those elements thal share sides with a green one,

It ia clear that, for some element, called root element (1), crossed Ly &;, the
discontinuity input point /g has to be arbitrarily fixed. In practice, only some of
these possible discontinuity lines S; are traced. When only a single line S; is con-
gidered, the root element is the first bifureated element.  In this case the alporithm
However, ag the number of possible discontinuity lines
increases, this algorithm can become extremely cumbersome.

s very simple and robust,
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@ -8, )=0

1 " -0, )<0

Figure 5.4: Global tracking,
5.2.2 Global tracking

Here, all the possible discontinuity lines 5; are implicitly traced. Since, by consatrie-
tion, at every point x of the possible discontinuity lines 5;, its tangent  has the same
direction as the propagation veetor T(x,0), then 5 are the members of the family of
curves enveloping the vector field T, Therefore, the construetion of the envelopes
implicitly supplies all the possible discontinuity lines at time £, Assume that these
envelopes ean  be deseribed by a sealar field with values 8(x) whose level contours
define all the possible discontinnity lines as (see Fig, 5.4)

8= {x €0 0(x) = Os,) (5.6)

where 04, is o constant that acts as the “label” of the possible discontinnity line S;.
In Section 5.3, a methodology for the constriction of the scalar field # based on
solving a heat-conduction-like BVP is presented, The solution of the corresponding
finite element BVP provides the nodal values of o" (the finite element approximation
of 0).
With this information in hand, the algorithm for tracing, at element level, pos-
sible disconfinuity lines at a given time [ of an incremental loading process can be
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schematically described by the two following steps:

L. ddentify the possible disconlinuily line label corresponding lo the rool elements.
The position of the possible discontinuity line can be arbitrarily fixed in ev-
ery rool element. ;. A possible choice is to consider that the discontinnity
path passes through its centroid x; (see Fig. 5.4-a). Consequently, the corre-
sponding temperatire level ig the average of the nodal values of @ for thia root

alement:
L, B e
B, ==35 W (5.7)
oo
where n stands for the number of nodes of the element (e n = 3, for

linear trinngles and n = 4 for linear guadrilaterals). Then, as said before, the
constant. #g, i8 the label corresponding to line 5.

2. Determane the position of the possible discontinuily line ngide a given element.
Once the nodal values 8% and the possible discontinuity line labels g, are
known, the position of 5; inside a given element ¢ can be determined throngh
the following algorithm (see Fig. 5.4-h):

Nodal values of § at
Jement. ¢ 6%

DATA: 4 i
Label of the possible
discontinuity line: fy, .

ACTIONS:

Determine the sides (5.8)
1) mvolving a change of sign of
(0™ — 0 at their vertices.
For every one of these sides
2) compute the position of
S; through linear interpolation.

Remark 54 Nolice that no informalion Jrom the neighbor elements is required in
the preceding algorithm. This fael can be exploiled for smplementalion purposes.

To determine the root elements at o given time {, one has to verify for each
possible root element that it is not crossed by the discontinuity line of another root
element. In order to guarantee this, one needs the concept of active discontinuily
line. We sny that one of the possible discontinuity lines 5, is aclive when it crosses
af least one bifureated element., Then, when an element bifureates, two possibilities
Arise:
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s If the element is erossed by o line S5 that is already active, the algorithm in
(5.8) is applied to that element.

e Otherwise, the element is considered a roof element and the possible disconti-
nuity line passing through its centroid becomes active,

5.3 Enveloping of the propagation vector field

In this section, we present a procedure to compute the envelopes of the vector field
T defined on a two-dimensional domain €2, We assume that T i a unit vector field,

L.
T T=|T|* =1 inQ (5.9)

whose sense is considered to be non-relevant, Our aim is fo obtain an sealar field
with values #(x) whose level lines are the envelopes of T'. By definition (5.6), each
level line has to Mulfill the following condition:

0(x) = 05, oS (5.10)

where #y is a constant. Then, sinee the set {Si} is the family of envelopes of the
field T, the following equation ean be stated:

‘;';1} TVl =T =10 in {1 (5.11)
where :}"T‘ stands for the directional derivative of # in the direction of T.

5.3.1 Heat-conduction-like problem

Solving equation (5.11) with appropriate boundary conditions would provide feld
f. However, this formulation has some inconveniences.  The firat one has to do
with the houndary condifions: one needs to prescribe a value @y, for each line 5.
Notice that we are not interested in having some specifie label for a given S;, but in
having any distinguishable #g, for every 5;. Then prescribing all the labels would
entail unnecessary complications. Moreover, expressing (5.11) in weak form would
lend to a non-symmetric formulation whose diserete version could be inconvenient
for its implementation in a non-linear finite element code.  With these arguments
in mind, we propose here a heat-conduction like problem that allows to solve (5.11).
Considering (5.11), we can write
T = (T®T) V=KV

r i
K=T®T (5.12)
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Figure 5.5: Heal-conduction-like boundary value problem.
Let ns define
q:= KV (5.13)

With the above definitions in hand, let us state the following boundary value
problem:

FIND : 8

SUCH THAT

Vg =0 in 0 (n)
q= =K. Vi= —Tffff- i 2 (h)
q v = (v T)ff,—?-.-'ﬂ on 3,50 (#)
=0 on a8t (d)

where © is the outward normal to the bhoundary 99, which is composed of 9”!2 ancl
ApS2 such that 8,52 U dpf2 = 52 and 8,02 1 352 = (),

It is easy to see that, with appropriate Dirichlet boundary conditions, if (5.11)
holds for some @, this # is a solution of (5.14). Then, a solution of (5. 14) can provide
us the envelopes of the vector field T

Problem (5.14) ean be regarded as o steady-state heat conduction BVP in ©
(see Fig. 5.5), for the case of no internal heat sources and null heat flux inpnt
(q: e =0) on the boundary 4,8 (adiabatic boundary). Thus, @ plays the role of
the temperature field, q is the conduection flux vector and K is a anisotropic thermal
conductivity tensor that varies from point fo point and whose matrix representation,
for two dimensional cases, is

(5.14)

KCT)|=(T e T) = | 417, "o ]

L, T
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Remark 55 Notice thal (T) =W(—T)) and, as one would expect, the solulion of
problem (6.14) is only affected by the divection of the vector field T and not by ils
sense,

Weak form and uniqueness

Let ns define the following function spaces

Voi={0; € L), Olgn=0"}

Vio 1= {605 280 € Ly(Q), 80lp,0 =0} (5.16)

Now we can write the following BVP in weak form:

FIND : # €1y
SUCH THAT (6.17)
Jo VOOENE d§i=0 VoieVy

By standard calenlations, one can prove that this problem is the weak form of (5.14).
Remark 56 Considering the definition of K, the weak equation in (5.17) can be

rephrased as / i%‘f_‘:l A d=0.  Then il is easy lo see thal a function 0 fulfilling
4

the r;mr-fﬁf'.?ltm‘-f,g.p = 0 in §} 18 a solution of (5.17).

In order to prove unigqueness of the BVP (5.17), I must be an elliptic operator
([Reddy, 1998]}, which means that all its cigenvalues must be positive, However,
by definition (see (5.15)), it is a rank-one fensor, having, therefore, for the two-
dimensional ease, one null eigenvalue,

Remark 57 The lack of uniquencss of (5.17) can be understood by the fuel thal the

value of the directional derivalive F,—ff = V- n, where 1 is orthogonal to T, in the
problems (5.14) and (5.17) is nol determined; thus, the behavior of the solutions of

those problems n the divection of s undefined.

With the above arguments on mind, let ns propose the following modification of
lensor [K:

K, : =T & T+el (5.18)

where ¢ ig a small positive constant having, in the context of the present heat-
conduetion-like problem, the meaning of a fietitious isotropie conductivity, For
practical purposes, it hag to be small enough to ensure meaningful solutions of

(5.17).
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Remark 58 Definition (5.18) guarantees the positive definilencss of I, .

By substituting K, for [ in the BVP (5.17), uniqueness is guaranteed,

Finite elemoent formulation

‘onsider a discretization of {2 into a finite element. mesh, with 7., elements and
Hyade NOdes,  The following finite element approximation of the temperature field is

adopted;

0"(x) = X {r" Ni# =N"0
with
N =[Ny, Moy
ﬂ = [ﬂl [l g!f".,m.]lf
Then the following finite element spaces can be defined:
Vi o= {0 8"(x) = Bt Nibii 6)gn =0")
Vhy o= 66" 56"(%) = ST Nifi; Olp,q = 0}
The discrefe counterpart of the continmum problem {5.17) reads
FIND : 0" eVl
SUCH THAT
Ji VEO"E, VO d2=0  Vs0"e V),
Let g set

lt’j;pN 143444 E’-f‘ N" n.n'.htJ

[vN] = [ |aﬁNl'”“BWN“'

et I

(5.19)

(5.20)

(5.22)

Thus, from (5.21), the following syatem of equations can be obtained by means of a

standard procedure:

/ | [VN]" [K,][VN] @ dr=0
o 51

(5.23)
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Defining
K= [ [VN]|" K ][VN]dQ (5.24)
JE

the system of equations (5.23) ean be rephrased as

K@ = 0 (5.25)

Remark 59 The rank of K is npe — 1 before the preseviption of the Divichlel
boundary conditions.  Consequently, prescrvibing the lemperature for one node of
the boundary would be enough lo have o wnique solution for the above system of
equations.  However, in ovder (o preclude solulions of the type @ =constant in €2,
the lemperature has Lo be preseribed in ol least hwo nodes,

Remark 60 This methodology can be vasily implemented in o non-linear finite el-
ermend code equapped wilh o lhermal analysts module,

Extension to three dimensions

The extension of the above formulation to three-dimensional settings is straightfor-
ward, Consgider the vector fields 8§ and T defined for every point of the domain £2
at a given time [, such that S(x,1) and T(x,l) define the tangent plane to a possible
discontinuily surface S; at (x,1). Assume that the family of surfaces {5} envelop-
ing both vector fields, § and T, at the same time can be described by a scalar
(temperature-like) field with valines 8(x) sueh that the surfaces

5y 7= [x &£} Q(J{) - E),-;,-f} (5.26)

for all the meaningful values of g, are tangent at each point x €42 to the vectors §
and T. Then, the following conditions must hold:

SVe=ve-8 =8 -0
TRy (6.27)
TVE=V0.-T =4=0
Remark 61 Lel n be the unil veclor field, defined al every poind of the domain 2
al a given lime |, such thal n(x.() delermines the diection normal lo the langend
plane o a lracking surface S; al (x,1). Then, S and T musl salisfy

Su=T n=0 m Q (5.28)
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With appropriate boundary conditions, the solution of problem (5.27) is also a
solution of the following heat-conduction-like problem:

FIND : ¢
SUCH THAT

Vg =0 . in §1 (i) & B
q=-KVO=-8S% T  inQ () k2-28)
q- = (1 S);}": IR T)gf 0 on 3,80 (c)
# = on deS1 (d)
where the anisotropic condietivity tensor | is given by
K(S(x), T(x))=8S@8+TaT (5.30)
and the introdnetion of an artificial isotropic conductivity ¢ leads to
K=S&8+T&T+cl (5.31)

We can arrive to the finite element discretization of (5.29) in a way analogous to
that used for the two dimensional case.  Again, the temperature-like variable, @,
have to Le preseribed at, at least, two points to obtain meaningful solutions, Onee
the temperature field #" is determined at every node of the finite element mesh,
an element level algorithm, the straightforward extension of the one presented in
Section 5.2.2 to three-dimensional cages, allows fo determine the exact position of
the discontinuity path inside every element.

Remark 62 Although in the present work no numerical simulation in three-dimenstonal
sellings s lackled and the thermal analogy presented in his seclion 45 mainly wsed

lo render possible the simulation of mulliple disconlinuities, it must be said thal
the possilinlilies of this formualation Lo overcome some of the problems arsing o the
propagution of disconlinuilies in Uee dimensions seem enormous

5.4 Representative numerical simulations

The performance of the heat-conduction-like model presented in Section 5.3 is as-
gessed through the set of illustrative simulations shown in Fig, 5.6, A square domain
discretized into the imstructured finite element mesh of quadrilaterals shown in Fig.
5.6-a is considered. Fig. 5.6-b to 5.6-d show different vector fields (left) and the
corresponding contours of iso-temperatures (right) obtained with that model, For
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every ease, the two nodal points at which temperatures were preseribed are indi-
cated. It is worth noting that, regardless of the character of the veetor field, the
envelopes are precisely captured even if their direction changes abruptly (see Fig.
5.6G-d).

The simulations presented in Fig. 5.6 were done for ¢ = 0 and for ¢ = 10°°
obtaining almost identical results. For the simulations with ¢ = 0, no ill-conditioning
of the stiffness matrix wag observed,  This can be explained by the fact that the
use of a non-structured mesh infroduces gome constraints regarding the continuity
of the possible solutions in the direction orthogonal to the tracking lines S;. In the
case of structured meshes with nodes aligned with the tracking lines, ill-conditioning
of the atiffness matrix may oconr, and the use of ¢ # 0 is mandatory. Thus, hased
on the fact that small values of ¢ do not perturh significantly the solution, the use
of ¢ # 0 sesms always recommendalile,

5.5 Exclusion Zone

The simulation of the evolution of multiple discontinuity lines by means of the
nonsymmetric formulation presented in Section 4.2 hecomes feasible when a global
tracking algorithm is available. However, some precautions have to be taken. For
ingtance, some discontinuity lines can activate spuriously.  This happens when
there iz a region near a erack tip where the stress state i very similar for all its
material points,  Then, due to numerical errors, some elements within this region
can bifurcate spurionsly. In order to circumvent. this, we propose the ereation of an
erclusion zone surronnding a discontinuity line'.

We will eall consolidaled discontinuily line, S € 5;, a material line consisting
of all the bifurcated pointa belonging to a discontinuity line S, As said before,
when the domain 2 is diseretized into a finite element mesh, the bifurcation anal-
yais is performed at certain sampling points discretely distributed.  Assume that
those sampling points are placed at the centroid of every element. Congider that %,
denotes the sampling point corresponding to a non-bifureated element ¢, x5, stands
for a sampling point belonging fo an element crossed by the consolidated disconti-
nuity line &;, and dg, is a positive constant named exclusion distance of S, then the
definition of the exclnsion zone corresponding to & is the following:

Hs, = {:-:,., €81 min ||X. — xs,|| = ds, and 2, N S; = L«)} (5.32)
®g B8

YA concept similar to what we eall exclusion zone hore can be fonnd in |A|fn.in.l.t‘ ol al., '2“[)2}.
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Figure 5.6: Nitmerical tosts.
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Figure 5.7: Exclusion zone,

Fig. 5.7 shows the exclusion zone of a consolidated discontinuity for a given
finite element mesh. The elements belonging to the exclusion zone are depicted in
white, while the elements crossed by the consolidated discontinuity line are colored
in black. The dotted line indicates the part of the discontinuity line that has not
been congolidated vet.

Now, al o given time £, an element ¢ will be allowed to bifureate if at least one
of the following conditions ig fulfilled:

L. Element e does not belong to the exclusion zone of any consolidated disconti-
nuity line 5;,

2. Element e is crossed by a possible discontinuity line 5; that is already active
(l.e. S; crosses af least one bifurcated element).




Chapter 6

Stability and uniqueness issues

The numerical simulation of complex problems involving strain localization regilires
the nge of robust algorithms that allow for the description of their highly non-linear
behavior, Adequate control technigues and sophisticated continuation methods are
necessary to obtain the global equilibrium path throughout a loading process. Even
in the ease of nsing these tools, the eventnal appearance of bifureation points ean lead
to no convergence of the overall incremental iterative scheme (n Newton-Raphson
scheme, for instance).

Furthermore, although the nonsymmetric finite element formulation presented
in Section 4.2, has been successfully nsed for the simulation of strong disconti-
nuities (see, e.g. [Oliver et al., 2002a]), some questions about its robustness have
arised lately. In [Jirasek, 20000, an element level unigqueness condition was de-
tived, There, it was argned that not satisfying this condifion would result in a loss
of robustness of the numerical model used,

In this chapter, the inclusion of an artificial numerical damping as o remedy for
the above mentioned problems is motivated and studied. The approach adopted is
different from the one in [Jirasek, 20001, The possible element level instabilities
are regarded na o controllability problem related to the “brittleness” of the element.,
Section 6.1 is devoted to studying these instabilities for the nonsymmetrie formn-
lation presented in Section 4.24.  Then, an artificial damping ferm is added to
the virtnal work prineiple equation as a remedy in Section 6.2, Some of the most
relevant. consequences of doing this are analyzed

6.1 Element level instabilities
The study of eventual element level instabilities of a discrete BVP based on the

non-gymmetric formulation presented in Section 4.2, is tackled here. From Section
4.2.4, the matrix expression of the incremental residual forces al element level is

105
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ivil

Kig Ky | [ d© Fo R() .
KO KO [V[R© 71 0 7140 (54

with
Kﬁ=/ B D Bdo
J o,
K = / BO" D G40
N o (6.2)
Kﬂ=f G D BWdn
i1

K9 — / G D Qo
4 Tk

Let us focus on the expression of the element level residual forees corresponding
to the displacement jumps stated in (G.1):

#) = KA + K] = 0 (6.3)

Equation (6.3) can be regarded as a control problem in which I{f:rfd(’? ig the
control vartable and [1]) is the state variable. In such a context, the singularity of
K\ will correspond to a critical point. In light of this, let us stucy the structure
of Kr(:rz Remember from Section 4.2.4, the definition of G*' and G,:

() - {v)l -..'-{.‘-" (L

¢ = (g~ g (6.4)
F R 'I it i 1

G ’“("jk |n|{ ) |Vtﬁ,{i.}] (6.5)

From (6.2). 6.5, and 6.4, we obtain
: () w1 i (=)
K - / Bs i e gt Ps 1) _ i@ gc .
e Vi [ I l“l 0, I“I D i Ill] |_V(|{J ] dt} (ﬁﬁ)

Since Dg=0(k) and Dg,\s, = Dy, (the elastic constitutive matrix), expression (6.6)
can be rephrased as
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| _;-_—5—..

Figure 6.1: One-dimensional bar subjected (o Lension.

KQ = [ [@fas+ = [ [ Du [vp0] an (67)
J &, Ve Jo,\8,

where [QY] is the matrix representation of the acoustic tensor (which can be iden-
tified with the constitutive tangent operator of the induced discrete, or cohesive,
law).

It is worth noting that matrix [Q'i] is not positive definite, which implies that,
for Kij» to be positive definite, the second term of (6.7) has to be positive definite,
If [V(pf"}] and [n]{“) are proportional, the positive definiteness of the second term
of (6.7) is gnaranteed by the positive definiteness of the elastic matrix D.. In the
case of [V«,af’*)} and [n](") being orthogonal in the scalar product induced by D,
the second term of (6.7) is equal to zero and K = ’& [Q..f] ds.

The importance of the definiteness of K can be explained by the fact that
pasging for a critical point ean be related to loosing positive definiteness,  This is
illustrated in the next subsection Ly a one-dimensional example and then related
with the byitileness of the element

6.1.1 One dimensional example

Consider the one-dimensional bar of Fig. 6.1 diseretized into one linear finite ele
ment, Then we have that (6.7) reduces to

2 2 . B
77 = BT 4 b (6.8)

K = 1211 4 / z

S

where 111 is the value of the discrete tangent modulus acting on point &, We also
have

~e) ' 1 i P . ' 1 o .
K = -/n, — [ 8Ny B,y | df2 = ‘/u" —7E[ =1 1142 (69)
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iz

K =0

e

b
[[u]]

Figure 6.2: Nodul displacement va, elemental jump in a one dimensionn] element,

Then we can write (6.3) as follows

Loy d [P . 4 [—
([ -7B[ =} 1] c.IS!) { .eff_. }-|- lw + T] [4]“ =0 (6.10)

As indicated in Fig. 6.1, dy=0 and dy = &. Then, solving (6.10) for [4]") yields

£

I+ =
e, et
K

[ = — 4 (:l ,,;,a;) (6.11)

An schematic picture of the preseribed displacement vs, the displacement. Jump
(6 — [['H.ﬂ(")) ciurve for this ease is shown in Fig. 6.2, Before bifurcation, b =0
while [i2] = 0, so that one ean consider that K is “infinitely positive”, i.e., rigid,
Consider the case of K < 0 after bifurcation, a positive rate of the preseribed
displacement entails a negative rate of the element jump (see Figure 6.2), For Kl
to change of sign, the existence of a eritical point in between is necessary. Thus,
from (6.11) the condition, in this one-dimensional ease, to avoid the appearance of

element level erifical points is
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1
= - 6G.12
Remark 63 The brillleness of the element is relaled o condition (6.12),  For this
one-dimensional caze, it depends on the element size and on the intrinsic soflening
paraneler.

Remark 64 For lagher diunensional coses and for olher constilulive models, the
posilive definileness of K can be established as o sufficient condition to ensure the
absence of element level evitical points for (6.%).  The effects of these element level
evitical points in the global problem remain lo be studied.  Thus, the spivil of the
atrateqy presented in the newl section 18 o prechiude element level evitical points in
order to avoid the possibilily of numerical instabilitics caused by them,

6.2 Artificial damping term

In this section, a strategy to overcome the element level eritical points in problems
undergoing strong discontinnities is proposed. 1 is based on adding a regularizing
damping term to the weak form of the momentum balance equation. Though the
main motivation for this strategy is to solve the stability problems identified in the
preceding section, an important unigqueness resulf regarding the continnum BVP is
also obtained.

Consider the body @ with boundary ' = 'y U1, (fulfilling I'; N Iy, = @) and
the discontinuity interface & C82. Lei us adopt the strong discontinnity kinematics
presented in Section 3.21. For any time [, the following variational equation must
hold:

/ Vo ad§) + Gen(n) = 0 Vn €V, (6.13)
Y

where U..,.,;('r}‘) e J;*'\t‘? berp il ll,, t*ndl’.(with b being the bhody force density aned
t* the traction preseribed on boundary ') and V, is the space of (kinematically)
admissible displacement variations. From Section 4.3, we have that the elements of
V,, have the following strueture:

71 = 1) Mg v

N eV, and ex €V,
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Remark 656 Based on the linearily of bolh the gradiend operator and the inlegral, il
8 easy (o prove that the yvate form of equalion (6.13) 18 equivalend to the rale form
of the system of varietional equalions (4.51) and, therefore, (o (4.12).

With these concepts in hand, the following modification to (6.13) is proposed:

/ cv - () [[a]dsS 4 Vi s adS)+ Go(n) = 0 Vn €V, (6.14)
J 5 o it

where Ji is damping-like parameter acting in S such that when i — 0, equation
(6.14) approximates (6.13),

Now the following proposition can be stated:
Proposition 3 Equaltion (6.14) has a wnique solulion if [i=0.

Proof: Let ug assume that, for a given time [, two solutions for (6.14), ],
and [a]s, exist.  Setting A[a] = [a]; — [0],, then, since at bifurcation time
Ao = oy —o) =10,

/ o (Al)A[JdS =0 Vo €Va (6.15)

must hold. Since by definition, AJu] € V,, equation (6.15) must hold for ev =A[1],
ie.,

/' A (71)-Af]dS = 0 (6.16)

Provided that i = 0, equation (6.16) implies that Afa] = 0. Which contradicts
the assumption of loss of unigqueness and so proposition 3 follows,

6.2.1 Discrete version of the problem

By standard procedures one can easily arrive to the discrete version of (6.14) at
element level.  Due to the fact that the added damping acts exclusively within
the discontinnity interface, only the part of the residual forees corresponding to the
inner traction continuity equation (i.e., the part of the residual forces whose rate is
i in (6.1)) needs fo be modified:

o= / i [] ) dS + /G*“" adf) = 0 (6.17)

2 i,
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lonsider, now, the diseretization of the time interval of interesi

N-1
(to, tx) = | [tnstui] (6.18)

n=0

Let us focus on a typical interval [4,, 6, 1]; then the following approximation for
[ is proposed:

{e)
ul, | ufn
[0]©, ~ ! ‘A—,.[[ - (6.19)

with Al =1,y = l,. Thus, we can write

l.(:-l} e / [[ ]u L1 ) |l1-ll ds + / G4.l.r.‘n Tt E“'Z —0 (fi,“.’.t.l)
! . Al f,
F.

which corresponds to a backward Euler integration of (6.17) in time. Hence, con-
gidering (6.1), a modified I{E.',,), 15 obtained:

fhn: 1 (Ilu]Inl I)
d[uﬂ” 4

= — 1 ('
_/A”HK

RO ;= = £J;Ib+/c*”DC-'" iy

&y

(6.21)

TNEY

&

Matrix Kf.m ig then equal to the original K,,,. phis a damping matrix, which
depends on the damping-like parameter i and on Al. Thus, the damping parameter
ji can be chosen in such a way that the posifive definiteness of K,:ﬁ is puaranteed,
Let £, (@), £, (e), and £(e) denote the maximum, the minimum, and an arbitrary
cigenvalue of a square matrix (), respectively. Since the following condition holds
(Bromwich bounds):

i [(Kf:,.) ] <E(RY) < b [(K‘) ]

then a sufficient condition for K to be positive definite is



1 12 CHAIYTRIE H, STAMILITY AN UNIERIENESS IR

o | (KED)] + 57 20 (622

Henee, a eritical value for the time increment can be computed:

R %
FAY D ’Emm [(R‘(:T!)HJ ’ (6.23)

Remark 66 The positive definitencss of RE{;? precludes the appearance of the ele-
ment level critical points studied in the preeeding seclion

Remark 67 A significant increase on the robustness of the global ineremental -
ilevative algovithm is lo be expected with the addition of damping, nol only because
il precludes element level eritical points, bul also due lo the smoothing cffect that il
usually has on tracing the equilibrium path and to the uniqueness' of the ineremental
problem staled in proposilion. 3.

6.2.2 Implementation aspects

The implementation of the proposed strategies requires changes, only at element
level, on I{}:R to obtain RS,',I, as indicated in (6.21), and on the residual forces, as
indicated in (6.20),

Furthermore, the result given in (6.23) can be nsed to compute the time step
gize, AL, to be used by the overall incremental-iterative scheme as

Ol = min¢ = (6.24)

1 ey
W e [(KL‘R)HH

where T={1, ..., Rolom } -

Remark 68 Since the analyses carrvied oul in the present work only consider the
quagistatic problem with vate independent behavior, when we lalk aboul time, we
mean psendo-time,  For instance, in the case in which an arc-length conlrol is used
(see Appendiz A), the pseudo-time can be identified with the arc-length.

Hiere, only unigueness of the continuuim probileni was proved nnel bilureation of the disereto
problem might oceur if the tme-stop size is greater than some eriticnl value,  However, the uso of
large enougl values of g will make that possibility very improbable
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B

In order to optimize the performance of an algorithm based on (6.24), if is
convenient to vary conveniently the value of the variable considered as the pseudo-
time (e, the arc-length), inereasing it when KY is positive definite for every
element, and setting it to the value obtained by (6.24) when K loses positive-
definiteness for at least some element.
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Chapter 7

Numerical Examples

In this chapter, some numerical examples are presented in order fo apply the con-
cepts and technigues developed thronghout the present work to the nnmerical simu-
lation of problems in which strong discontinuities appear. To check the possibilities
of those concepts and technigues in the modelling of complex two-dimensional ex-
amples undergoing multiple eracking is the main aim here,

All the simulations presented in this chapter were run in the non-linear mnlti-
purpose finite element. program COMET (COupled Mechanical and Thermal analy-
gis, [Ct!l‘v{:m ef al,, 20[]1]) developed in CIMNE (Int.m‘m.mtimml Clenter for Numerical
Maothods in Engineering). The pre and post-processing was earried out in GiD also
developed in CIMNE,

Before presenting them, some general characteristics of the numerical simulations
reported in this chapter have to be laid out:

e The nonsymmetric formulation of finite elements with embedded discontinu-
ities presented in Section 4.3, which has proven 1o be the most eflicient, is used
for all the simulations.

e A variant of the isotropic continm damage model presented in Section 2.2
15 employed in all the examples. It is characterized for allowing damage only
for tension in the principal stresses, We will eall it, from now on, lension-only
damage model. In order to briefly explain it, let ug define the positive part of
the atress tensor as follows:

ot = Z {ay) pi & py (7.1)
kol

where (@) are the Macaulay brackets, o, stands for the principal stresses, and
p; for the principal stress directions. Now, we can define the damage function
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of this model:
o' oq):= Vol :Cla— ] (7.2)

The rest of ingredients of this constitutive model are the same as in the
isotropic damage model from Section 2.2,

e For most of the examples presented here, tracing the equilibrinm path is by no
means trivial. Thus, the nse of continuation technignes has been unavoidable.
In general, the normal npdated strategy has been employed, together with an
alporithm that enlarges and reduces the length of the step according to a
defined-by-the-user ideal number of iterations (see Appendix A).

The remaining of this chapter is organized as follows, One of the classical four
points bending tests with one notch is studied in Section 7.1, First, a comparison
of several meshes to check convergence upon relinement and to assess the perfor-
manee of triangnlar and quadrilateral meshes is made.  Then, the appearance of
several crack lines is allowed for a quadrilateral mesh and the corresponding results
are analyzed and compared with experimental vesults.  Section 7.2 presents the
gimulation of a donble-notched four points bending test. Two main crack lines are
expected to activate, bit other erack lines are allowed to appear. Their evolution
through the loading process is studied and a comparison with experimental results
is presented. In Section 7.3, a rectangular plate with two geometrical imperfections
submitted to tension is modelled. The purpose of those imperfections is to trigger
two (dominant) bands of localization, Then, the evolution of those bands throngh
the londing process is analyzed. The effect of brittleness and the necessity of good
continnation techniques is remarked, as well ag the convergence to the original prob-
lem when the artificial damping tends to zero,  The gimulation of one of the tests
in [Noorn-Mohamed, 1992] is tackled in Section 7.4 Again, two dominant. cracks
appear, but they are not the only ones allowed to activate. Finally, in Section 7.5, a
reinforced specimen is modelled, The reinforcement. helps the appearance of several
discontinuities that activate and arrest through the loading process. The effect of
refinement will be also analyzed.

7.1 Four points bending test with one notch

One of the classical four  point  bending  tests  reported  in
[Arrea and Ingraffea, 1982] is simulated in this section. Some of the features of
the numerical simulation of strain localization by means of the strong discontinuity
approach are studied throngh this benchmark test.  First, a study of the perfor-
mance of various quadrilateral and triangular meshes is made, For this comparison,
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Figure 7.1: Single notehed four points hending test; geometry and boundary conditions,

only one discontinnity line (the main one) is allowed to appear. Afterwards, the
poszibility of the appearance of several discontinnities is considered.

7.1.1 Comparative analysis of the performance of various
meshes

Here we assess the performance of triangular and quadrilateral meshes and their
convergence npon refinement through the elassical four points bending test allowing
the nctivation of only one discontinuity line (a local tracking strategy was nsed).

fomparison with experimental data will be delayed until Section 7.1.2 where the
activation of several discontinuities is allowed. The dimensions and boundary con-
ditions applied to the beam can be seen in Fig. 7.1,  The tension-only damage
model was used, considering the following material properties: )5 = 2.4 10" Pa,
o, = 2.8:10% Pa, 1# =0.18, and C';'_Ir = 100 N/m. The plane stress case was adopted
and a thickness [ = 0,156 m was considered. The quadrilateral and the triangnlar
meshes employed are shown in Fig, 7.2 and Fig 7.3 respectively, In the same figures,
the nomenclature employed to refer to each mesh is also presented.

Fig. 7.4 shows a comparison between the general response curves obtained with
Loth triangular and quadrilateral meshes. The triangular meshes have curves that
tend asymptotically to total relaxation of load P, However, for quadrilaterals, neg-
ative valies of P are observed, and it is seen that the global response is more brittle
than the one obtained with triangles. Convergence npon refinement is observed
both in triangles and in quadrilaterals.  The struetural brittleness in the behavior
of the guadrilateral meshes tend to disappear with refinement. 1t is also observed
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Figure 7.2: Quadrilateral meshes: a) 643 nodes (Q643), b) 1123 nodes (Q1 123), ¢) 3881
(Q3881).

that convergence with regard to the late stages of the posteritical behavior is faster
in triangles than in quadrilaterals.  However, convergence regarding the prediction
of the peak load and the early stages of the posteritical behavior s attained fast for
both triangles and guadrilaterals.

The resulting discontinuity paths for all the meshes are shown in Fig, 7.5, They
are similar for all the meshes considered.

7.1.2 Simulation of several discontinuities

Despite the structural brittleness exhibited by quadrilateral meshes, they are used in
the remaining simulations presented in this chapter. This choice can be justified by
several reasons, The first of them ig that numerical examples with triangular meshes
can be find elsewhere in the literature (see, for instance, [Oliver et al., 2002a]) and
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Figure 7.3: Trinngular meshes; a) 441 nodes (T441), b) 1042 nodes (T1042), ) 1544
nodes (T1544).

that, therefore, a deeper knowledge about the performance of quadrilaterals is nee-
essary.  Moreover, the above mentioned brittle behavior of quadrilaterals occurs
in advanced stages of the londing process, where, in general, experimental dafa is
not available, The fact that quadrilaterals have the advantage of better eapturing
the stress state of the solid in the elastic regime, which contributes to pet a more
aceurate tracking of discontinuity paths, has also been considered.

For this simulation, the quadrilateral mesh in Fig. 7.6 was used. A global
tracking stratepy was made uge of and the appearance of more than one discontinuity
line was allowed. Some algorithmic damping and an exclusion zone of 5 em were
applied in order to help convergence of the iterative scheme (Newton-Raphson),
The updated normal plane method was the continuation technigque employed.

In Fig. 7.7-a the exclusion zone corresponding to that step is shown. The
possible discontinuity lines for an intermediate step in the loading process can be
observed in Fig. 7.7-b.

Fig. 7.8 indieates the loading stages at which the pictures in Fig. 7.9 were taken.
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Figure 7.4: Single notched four points bending test: comparison of the global response
ol several moeshes,

Fig. 7.9-n and Fig. 7.9-Lb show the elements in inelastie loading for an early and an
intermediate loading step, respectively. The main crack, emanating from the noteh,
reported elsewhere (see, for instance, [Arrea and Ingraffea, 1982]) is observed, but
other eracks do also appear. However, at later stages these cracks arvest and close
(see Fig. 7.9-¢) leaving the main crack as the only one which remains open. The
presence of algorithmic damping was observed to help convergence of the iterative
scheme significantly. This can be explained by the fact that new crack lines are
activated, which entails a process of crack opening and closure, until the main crack
dominates. Moreover, as the number of crack lines allowed to open increases, so
does the risk of element level numerical instabilities. Thus, the manifold beneficial
effect of the artificial damping ig likely to have played a erucial role,

A comparison between the numerical simulation curve and the experimental en-
velope of the global response in terms of force P and the Crack Mouth Opening
Digplacement (CMOD) of the noteh is shown in Fig. 7.10. Again a brittle behav-
ior in the posteritical phase of the late stages of the loading process is observed,
However, a good agreement regarding the peak load and the early stages of the
posteritical part of the response curve is obtained.
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Figure 7.5: Single notchod four ponts bending Lest: crack path al final stages of Lhe
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Figure 7.6: Single notched four points beam: mesh,

a)

Figure 7.7: Single notched fonr points bending Lest a) FExelusion zone (elements in dark
brown), b)Possible discontinuity lines,
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loading levels al which pictures of the eracking stale are tnken.

7.2 Four points bending test with two notches

In this section, one of the four point bending tests reported by (|Bocea et al., 1990])
ia modelled. The mesh employed, the dimensions, the applied loads, and constraints
are shown in Fig, 7.11. Also a schematic diagram of the experiment is presented
in presented in Fig. 7.12.

The tension-only damage model was used.  The material properties are the
following: /£ = 2.7 10" Pa, o, = 2.0 10° Pa, » =018, and /; = 100 N/m.
The plane stress case was adopted and a thickness | = 0.1 m was congidered. A
global tracking strategy was used and an exclusion zone of 5 em. was applied. The
npdated normal plane strategy was employed.

The exclusion zone in an intermediate loading stage is shown in Fig 7.13-a. In
Fig. 7.13-l, the possible discontinuity lines for the same time step ean be seen.
In both figures the central symmetry of the solution in this intermediate step can
clearly be seen,

The loading stages at which the pictures in Fig. 7.15 were taken are indieated in
Fig. 7.14. Figure 7.15-n shows the elements in inelastic loading in an early loading
stage. Two main cracks, emanating from the notches, can be observed at this early
loading stage. Other eracks also activate in an intermediate stage (see Fig, 7.15-h)
distributed in a symmetric configuration. However, at certain point of the loading
process, the symmetry is broken, as shown in Fig, 7.15-c, and only one of the main
eracks remaing open until the final loading stages, whereas the others arveat. This is
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al

Figure 7.9: Single notched four poinis bending test: wones of inelastic loading for in-
erensing steps of the loading process,
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Figure 7.10: Single notched four points bending test: comparison with experimental
resulls,

Figure 7.11: Double notched four points bending test: mesh and boundary conditions.
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)

Figure 7.12: Double notched [our points benm: schemationl diagram of the applied loads
in Lthe experimental tesl,

\ NI I

Figure 7.13: Double notched lour points bending test: a) exclusion zone (elements in
dark brown); b) Possible discontinuity lnes.
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Figure 7.14: Double notched four poinis bending test: plobal response curve indieating
the londing levels at which pictures of the cracking state are taken.

to be expected since the opening of only one erack seems the less dissipative option,

It is important to say that the presence of a certain exclusion zone was crucial
to attain convergence. This can be explained by the fact that there are regions af
which the stress state is very similar for all their material points, which entails that
some elements can bifureate spurionsly.

A comparison between the experimental envelope and the numerical simulation
curve of the global response expressed in terms of load F (see Fig 7.12) and the
displacement at its point of applieation is shown in Fig 7.16.

7.3 Rectangular plate with two geometrical im- |
perfections

This test is based on one presented in [Diez et al,, 2000,  The dimengions of the
specimen, the bhoundary conditions and the mesh employed are shown in Fig. 7.17.
The two cireular imperfections are intended to trigger the appearance of localization.
The tension-only model was used. This example was run considering two materials:
a brittle one and a more ductile one, For both the plane strain case was considered.
The material properties nsed for the brittle material are 1/ = 3.10% Pa, o, = 1 - 103
Pa, # =0.3, G’y = 0.01 N/m. An exclusion zone of 4 mm was used,

Fig. 7.19-n shows the possible discontinnity lines obtained by the procedore
explained in Chapter 5 for an intermediate step in the loading process, In Fig.
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Figure 7.15: Double notehed four points bending test: zones in inelastic loading for
inereasing sloges,
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Figure 7.16: Double notched four points bending test: comparison with experimental
restilts,

7.19-1 the exelusion zone for that same step is also shown.

In Fig. 7.18 the global response curves (stress xx vs. displacement) of the
Lrittle material with some artificial damping and without it are presented. Both
eurves are very similar, which shows convergence of the solution with damping to
the one without it The updated normal plane method was nsed as the continuation
technique to follow the equilibrium path and so it was possible to trace the snap
backs observed in the curve. Fig 7.18 also shows the points in the global response
eurve at which the pictures of the cracking state in Fig. 7.20 were taken.

In Fig. 7.20 the evolution of the discontinnity lines is shown. Two discontinuity
lines appear at the initial stages. Then, at some point, one of them starts arresting.
At final stages only one of them remains open,

For a new run, the fracture energy was changed to 7y = 0.1 N/m, obtaining a
more ductile material. No exclusion zone was applied, and as a consequence some
artificial damping was needed to help convergence of the iterative scheme.

Fig. 7.21 shows the global response of the specimen, indicating also the points
in the curve corresponding to the pictures of the cracking state presented in Fig.
7.22.  No snap backs appear, as can be expected considering the ductility of the
material, The elements in inelastic loading can be seen in Fig. 7.22. Again two
main localization bands appear, but now the appearance of other cracks can be
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Figure 7.17: Plale with two peometrical imperfections: o) geometry, b) mesh and bound-
ary condilions.

observed,  The duetility or the material favors the appearance of varions cracks
(remember, also, that no exclusion zone was applied). However, at final stages one
gingle erack remains open ag seen in Figs. 7.22-g and 7.22-h. It is important to
notice that these last two figures correspond to the points in the descending branch
of the eurve in Fig. 7.21.

7.4 Mixed mode test

One  of the doubleedge notched —conerete  specimens  tested by
[Noorn-Mohamed, 1992] is simulated in thig section. The specimen simulated here
i the one reported in [Nechnech, 2000]. Experimental data will be taken from that
reference, Fig, 7.23 shows the peometry and the applied loads, The steel testing
apparatus bonded to the concrete specimen in the experimental test was simulated
by a region of elastic elements having Young modulus much higher than the one of
conerete and placed along the top and the npper left edges, The mesh employed is
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Laken.

Figure 7.19: Plate with two geometrical imperfections: a) discontinuity lines, b) exclu-
sion zone (elements in dark brown),
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Figure 7.20: Plate with two geometrical imporlections (brittle material): clements in
inelastic loading [or increaging stages,
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Figure 7.21: Plate with two geometrical imperfections (ductile matenial): global response
curve indicating the loading lovels at which pictures of the eracking stale will be taken.

shown in Fig. 7.24.

The horizontal load illustrated in Fig, 7.23 was kept constant diring the exper-
imental test with a value /), = 5 kN, To simulate this, the nodes on the upper
left side of the mesh were mibjected to monotonically increasing horizontal forees
until their sum reached 5 kN. Then, these forees were kept. constant during the rest
of the simulation, whereas monotonically increasing displacements were imposed in
the nodes on the top of the mesh.

Again the tension-only model was used to simulate the behavior of conerete,
however the principal stress direction was used as the propagation vector, The
following material properties were consicered: /7 = 3.2. 10" Pa, g, = 2.6 - 10 Pa,
v =02, and (7 = 110 N/m. The plane stress case was adopted and a thickness ( =
0.05 m was considered. Some algorithmic damping was added to help convergence
of the iterative procedure.

Fig. 7.25-a shows the exclusion zone for an intermediate loading stage, while
Fig 7.25-b shows the discontinuity lines obtained by the global tracking algovithm
employed for the same time step,

In Fig. 7.27, asequence of the deformation and the evolition of eracking is shown
Ly means of pictures corresponding to the points in the enrve of Fig. 7.26. Nofice
how the solutions in the early stages are symmetrical, coinciding with the points in
the ascending Lranch of enrve 7,26, Two main eracks, emanating from the notches,
develop, but at a given time, coinciding with the beginning of the descending Lraneh
of the curve in Fig. 7.26, one of them arrests,
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Figure 7.25: Mixed mode test: a) exclugion zone (clements in dark brown), b)discontivity
lines.
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Figure 7.27: Mixed mode test: eloments in inclastic londing for inerensing slages.
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Figure 7.28: Mixed mode test: global response curves of the experimental test and of
the imiervieal simulation,

A comparison between the simulation and the experimental ([Nechnech, 2000])
curves of the global response in terms of the normal force Py, and the normal dis-
placement &, is shown in Fig. 7.28.

7.5 Tension pull reinforced specimen

A tengion pull test applied to a reinforeed specimen is simulated in this section. This
test was inspired by a similar one presented in ([Rots, 1988]). In the simulation
presented here, the plane strain case is considered, while in the one in Rots the
axisymmetric case was used, The dimensions and loads applied to the specimen
are shown in Fig. 7.29. Two meshes were used and are shown in Fig. 7.30.
The tension-only damage model was used for the concrete matrix, considering the
following maferial properties: I = 2.5 . 10" Pa, ¢, = 3. 10° Pa, »# =0.18, and
(/; = 25 N/m. The reinforcement was modelled as an elastic material having the
following material properties: [/ = 2.1 10" Pa, » =0.3. To model the interface
Letween concrete and reinforcement, a region of one element width governed by a
J2 perfectly plastic constitutive model was placed, having as material properties
[5 = 2.14 - 10" Pa, a, = 3 10° Pa, # =0.3,
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Figure 7.20: Tension pull specimen: geomelry.

Fig. 7.31 shows a comparizon between the global response cnrves of the two
meshes considered, The global response is expressed in terms of the applied foree
and the corresponding displacement on node A (see Fig, 7.30-a) for the coarse mesh
and on node B (see Fig, 7.30-b) for the fine mesh. Very sharp snap backs can be
observed,  The use of the algorithmic damping is erucial to Le able to run these
examples, due both to the smoothness that it gives to the tracing of the equilibrium
path and to the fact that it precludes an eventual loss of uniqueness.

The presence of reinforcement favors the appearance of several discontinuity
lines. A picture of the exclusion zone for the coarse mesh at an intermediate
loading stage ig shown in Fig 7.32-a, while in Fig. 7.32-b the discontinuity lines at
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Figure 7.30: Tension pull specimen: a) coarse mesh, b) line mesh,
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Figure 7.81: Tension pull specimen: comparigon belween eoarse and fine mesh,

b)

Figure 7.32: Tension pull specimen (conrse mesh): a) exelusion zone (elements in dark
brown), b) discontinuity lines,
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Figure 7.33: Tension pull specimen (coarse mesh): global response curve indicating the
loadling levels at which pictures of the eracking state will be taken.

that stage are shown.

Again considering the conrse mesh, the points on the global response curve cor-
responding to the pictures of the cracking state shown in Fig. 7.34 are illustrated
in Fig. 7.33, The progress of eracking along time (for the coarse mesh) can he
described as follows. Firat, the interface between concrete and reinforcement. nin-
dergoes propressive plastic yielding (as shown in Figs. 7.34-a and 7.34-b). Then, the
opening of multiple eracks in the conerete matrix is observed (Fig. 7.34-¢). Most
of them are secondary eracking. However, Figs., 7.34-d and 7.34-e show how some
primary cracking becomes apparent. The snap-backs in Fig. 7.33 are reflected in
the distribution of eracking shown in Fig, 7.34-f. There, much of the secondary
cracking arrest and close while the main erack remains open.  Finally, due to the ef-
fect of the reinforcement, the secondary cracking opens again as seen in Figs. 7.34-g
and 7.34-h.

The exclusion zone and the possible discontinuity lines for an intermediate stage
of the loading process when the fine mesh is employed are shown in Fig. 7.35. A
different exclusion zone from the one used for the conrse mesh is applied.

The propagation and arvest of crack lines can be seen in Fig 7.37 for the fine
mesh. The points of the equilibrinm path to which the pictures in that figure
correspond are illustrated in Fig, 7.36. Though the distribution of the secondary
eracking geems to be ruled by the mesh and by the size of the exclusion zone, the
main cracks are very similar to the ones observed in the coarse mesh.
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Figure 7.34: Tension pull specimen (coarse mesh): elements in inclastic loading lor
inereasing shages.
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Figure 7.36: Tension pull specimen (fine mesh): global response curve indieating the
londing levels al which pictures of the eracking state will be taken,
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Figure 7.37: Tension pull specimen (line mesh): elements in inelastic loading [or increas-
ing dtages of the loading process,



Chapter 8

Conclusions and future
developments

Thronghont this monograph, different aspects of the modelling of strain localization
in two-dimensional solids in a strong discontinnity setting have been studied. The
main aim was to contribute to the numerical simulation of the posteritical behavior
of structures by a continnum strong discontinnity approach.  To attain this, the
theoretical basis of the approach adopted was analyzed, identifying the following as
its most relevant featires:

e It is fully consistent with elassieal continuim constitutive modelling and no
resorting to any kind of alternative continuum (generalized continua) has been
employed.

e In the spirit of remaining within the context of Continunum Mechanics, the clas-
sieal discontinuons bifureation analysis was adopted as the proper framework
to determine the inception and the propagation direction of a discontinuity
interface,

e The mathematical conditions that make it possible to use continunm consti-
tutive models in combination with the strong discontinnity kinematics were
derived in the context of the so-called Strong Discontinuity Analysis. Perhaps,
the most interesting result of this analysis is the fact that the use of continuum
constitutive models plug the strong discontinnity kinematies naturally lead to
projected diserete constitutive models acting in the discontinuity interface.

The numerical counterpart of the mathematical model summarized above, can
be, at least ronghly, deseribed by the following characteristies:

145
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e The numerical implementation has been performed keeping the continuum for-
mat of the strong discontinuity approach. This is mainly veflected in the fact
that no diserete (cohesive) conatitutive model has been explicitly implemented,

& The numerical diseretization of BVP's involving strong discontinnities has heen
tackled by means of finite elements with embedded discontinuities. A multi-
field approach was adopted to derive different. formulations.

e In case of using the nonsymmetric formulation of elements with embedded
discontinnities, some tracking strategy, based on the information obtained from
the discontinuous bifureation analysis, is necessary, These strategies were
stueied in this work and two main groups were identified: local and global (or
overall) ones.

s The nonsymmetric formulation may lead to instabilities at element level having
to do with the “brittleness” of that element. This might be a source of
numerical problems.

8.1 Conclusions

Within the context of the analytical and the numerical models summarized above,
the following conelusions ean be extracted from this work:

& The modelling of strong discontinuities can consistently be carried ont in a
continium format in an efficient way from the computational point of view,
No discrete traction-separation relationship needs to be implemented explie-
itly.

e Within the context of a multifield BVP, the way in which the variational
problem is stated ean naturally lead to different finite element formulations.

e Although the nonsymmetric formulation entails the necessity of a tracking
algorithm, ita performance is clearly superior to that of other formulations
of finite elements with embedded discontinuities. Specifically, the statically
congigtent formulation, which eould (in prineciple) be the ideal candidate for a
self-propagating element, has o major drawback: it suffers from stress locking,
FEven in the case of employing certain techniques to overcome this pathology
(as far as assessed in this monograph), the performance of the nonsymmetric
formulation is overwhelmingly superior,

o I the nonsymmetric element ig to be used for the simulation of multiple dis-
continuities, an efficient. tracking algorithm becomes necessary. The fact that
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8.2

global tracking strategies provide information alout all the possible discon-
tinuity lines at every time step makes them specially appealing for handling
several discontinnities.  Thus, an efficient algorithm for multi-cracking ean
naturally be devised from the overall tracking concept.

The numerical gimnlation of strong digscontinuities in solids can lead to very

complex problems that require special technigques to stabilize them and to
praperly trace the corresponding equilibrium path,

Main contributions

[n this work some contributions to the modelling of strong discontinnities in solids
have been made. The most. important are the following:

A systematic review of the theoretical findamentals of the Strong Discontinn-
ity Approach has bheen presented.

A very general framework to derive different formulations of finite elements
with embedded discontinuities based on the multi-field statement of the gov-
erning equations of a BVP with strong discontinuities has been proposed.

Two variations of the symmetric assumed-enhanced-strain baged element have
heen proposed to alleviate its stress locking effect.  One of them was based on
a mixed approach, whereas the other was based on a re-enhancement of the
basic element.,

An overall tracking strategy based on a heat-conduction-like BVP was devised.
This thermal analogy, hesides profiting the structure of standard non-linear
thermo-mechanical finite element codes, provides physieal insight that helps
nnderstand some characteristies of this strategy.

An algorithm to manage several discontinuities based on the overall tracking
strategy mentioned above was developed,

In order to preclude some possible instabilities, an artificial damping term was
added to the principle of virtual work equation.  This added damping also
precludes any eventual loss of uniqueness of the BVP and ean help to obtain
a smoother tracing of the equilibrinm path.



148 CHATTER 8 CONCLUSIONS AND FUSTHRE DEVELGPMENTS

8.3 Future work

Based on the work developed in this monograph, the following lines of future research
are proposed;

e The implementation of the heat-conduction-like algorithm for three-dimensional
sellings,

o T'he development of continuation technigues that take into account the possible
numerical instabilities coming from “brittle” elements,

e The study of the infnence of this “clement brittleness” in the global problem,

e A rigorous study of eventual bifurcation points in the equilibrium path due to
the presence of multiple discontinnity interfaces.

e Further comparative analyses of embedded elements hased on linear triangles
and bilinear quadrilaterals as well as on other possible parent. elements.

s A detailed comparison, based on theoretical analyses and on numerical results,
between elements with embedded discontinuities (elemental enrichment) and
partition of unity based formulations (nodal envichment),
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Tracing the equilibrium path

When complex problems in nonlinear stroctural analysis are tackled, tracing the
overall response in terms of load va, deflection curves can turn ont to be an especially
complicated task.  In the case of material nonlinearities and, specifically, when
constitutive models with strain softening (which can lead to the appearance of strain
localization) are employed, the need of continuation techniques that allow for a
corrvect tracing of the equilibrinm path becomes apparent. This is even more critical
when phenomena siuch as the presence of multiple localization bands (which in the
case of the Strong Discontinuity Approach implies multiple discontinuity lines) have
to be modelled.

Here we present a brief review ol the best known continuation technigues and
diseuss their most relevant features.  For n more complete account of this subject
the reader is referred to [Crisfield, 1998].

A.1 Residual forces equation

The equations resulting from a finite element discretization of a boundary value
problem nndergoing material nonlinearities can be expressed as a residual [orces
equalion (see, for instance, [Felippa, 2001)):

r(u,A) = Fyy(u) = Aq =0 (A.1)
where r(u, ) € R is the so-called residual forces veelor, Fy,(u) € R” stands for the
internal forees vector and g € R" denotes the external load vector. In this context,
the nodal displacement vector, u € R", is the slale variable, while A is the control
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parameler, which defines the loading level, Consider the following R"'" vector:

(3]

which will be termed, from now on, generalized displacement vector. Then we can
define the equilibrium path as the locus of points w in the generalized displace-
ment. space for which r(w) = 0.

Remark 69 The vesidual foroes equation (A1) constitules a system of n nonlinear
equalions, whose unknoums are, in principle, the displacements u,

Remark 70 Only the case of proportional loading has been considered in (A.1).

A.2 Predictor-corrector algorithms

One way to solve the system of nonlinear equations (A1) is by means of the so-
called predictor-corrector (or incremental-iterative) algorithms, The first step is to
split. the loading process up into increments, At every increment 4, a prediction
on the value of the displacement vector, u, for a given increment of the loading
level (characterized by an inerement of the control parameter, AN) is computed as
follows:

uw =u;,; +Au (A.2)
with
Au! = (K;-)'ANq (A.3)
Matrix K, !, can be computed as
o
K- - A
=gl ()

In general, when the value obtained by (A.2) is substituted into the expression
of the residual forees (A.1), we obtain that

r(ul, A £ 0 (A.5)
with A = A;y + AN, Then, we say that the residual forces are unbalanced and a

correction phase to balance them becomes necessary. Every correction (iteration)
k to the displacement. vector is computed as

u}' = 1.1 + ﬂ.uiF (A.6)
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and is characterized by an ilerative displacement, Su* = Auf — Auf ! and by an
ierative conlrol parameter, SAE = A.}t?‘ - Af\:" I The value of the displacement.
vector obtained by (A.6) is then replaced in the residual forces expression (A.1) until
some convergence criterion is fulfilled.

There are several ways to perform the correction phase. Perhaps the most simple
i to keep the control parameter A, constant during the whole increment ¢, which
enbails that ﬁ,\:" = (). Then the iterative displacement can be compitted as

buff = (EP)Y - ei-! (A.7)
where ¢f ! = p(ul A, I, for instance,

K - ir (A.8)

i fa ube!

where K¥ is the so-called tangent-stiffness matrix, then we arrive to the classical
Newton-Raphson method.  OF course, other alternatives can be chosen, siuch ag
using, the same stiffness matrix for the whole inerement, and then we arrive at a
modified Newton-Raphson strategy.

The above described strategy in which the control parameter A; remains constant
along the increment is known as load control (see Fig. (A.l-a)). It is a very efficient
technigue in many cases. However, it can lead to some instabilities or to the case
where it ig impossible to find a point in the equilibrinm path for a given loading
level . These problems commonly appear in the modelling of structures undergoing
atrain softening. Therefore, alternative strategies have to be used,

Remark 71 Special care has Lo be Laken when bifurcation poinis exisl.  In such o
case no conlinualion lechnique is enough lo ensure a correct lracing of the equilib-
riwm path.

A.3 Continuation methods
When load control is not enough to trace the equilibrinm path of a loading process,

then more sophisticated techniques are necessary. These techniques are known as
continuation methods. We pregent some of them in this section.

A.3.1 Arc-length method

Ag mentioned above, load control fails in some cases in which the imposed loading
level ig not feasible, Therefore, to make sure that the loading level can be reached
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Figure A.1: Continuation methods: n) lond control, b) arc-length method, ¢) normal
plane, d) updated normal plane,

Ly the equilibrinm path, it seems logical to consider the control parameter A as an
additional unknown, which requires the addition of another equation to the nonlinear
system (A.1). One way to get this additional equation is defining a hyper-sphere
with rading Al in the general displacement space (see Fig. A.1-l) as follows:

(Auf)"Auf + (@A) = Al (A.9)

where o g o scaling parameter.  Equation (A.9) can be regarded as a constraint
on the values of the generalized displacements. The combination of this constraint
with the predictor-corrector algorithm presented in the preceding section gives rise
to the so-called are-length method or spherical control,
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A.3.2 Normal and updated normal plane

A simpler option is to define a hyper-plane orthogonal to the prediction (Auf, AY)
to act as a constraint to the generalized displacement. vector (see Fig. (A.l-c)):

(AuY suf + o? AX)SN] = 0 (A.10)

Equation (A.10) leads to the so-called normal plane strategy,
Better performance than with normal plane can be obtained by updating the
normal hyperplane at each iteration (see Fig. (A.l-d)) as follows:

(Auf 1Y buf + ?AX! 'ﬁ;\f" =0 (A.11)
piving rise 1o the so-called updated normal plune strategy

Remark 72 The dirccl addition of any of the equalions (A.9), (A 10) or (A.11) lo
the nontinear system (A.6) would lead lo an augmented tangenl stiffness malrie that
wondd be neither synvmelric nor banded,

Remark 73 In cases in which the dimension of the genevalized displacement space
is big enough (i.c., in most of the practical cases), the sealing parameler o can he:
sel Lo zero withoul losing robustness . When s is done for the are-length melhod,
we arvive al the so-called “eylindrical conlrol’ ([Crisfield, 1098]).

A.3.3 Implementation Aspects

The most common way of implementing the continuation methods described above
is not based on directly adding the corresponding constraint equation. In order to
keep the logic and the data structure of a standard nonlinear finite element code, in
which load control iz implemented, it is common to aplit every correction into two

ful = spul + 8AFS uf (A.12)
where §;uf is compufed as
Sruf = (Kb 'eh! (A.13)
and &;uf as

duf = (Kf) 'q (A.14)
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—

Substituting (A.13) and (A.14) into (A.6), then into (A.9), and, finally, solving
for (‘i,’\f yields

BAE = ¢ (BAR)? 4 B AE 4 (A.15)
where
e = (Bpuf) )
o = 2Auf !+ 8uf) 8l

e = (Al s) (Aul 4 8yl

With a similar procedure, we can arrive to expressions for «‘Mf in the normal
plane strategy,
0\TE ok
(Aul)"d;u)

ko A
i = (Auf)"6;uf + a2 AN bl

and for the updated normal plane strategy,

o (Auﬂ‘"")"’ﬁ;u"
e L il 1 S (A.17)

Loading level of the prediction

Since, in the continuation methods presented above, the control parameter A has
Leen added as a new unknown, it seems logical that its predictive incremental value
AN also has to be computed, not prescribed.  One way to achieve this is to use an
arc-length type constraint for the prediction:

(A)TAu? + (aAX)? = AL (A.18)
Let us define
Vf:=(Ej. 1) 'q (A]Q)

Then from (A.3) and (A.18), one obtains

AN =+ (A.20)

The issue of how to choose the most convenient sign in expression (A.20) is by
no means trivial for complex problems. Here, we present a simple eriterion that can
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be very efficient. It is based on requirving that the external work release he positive,
l.e.,

AW = q"Aul = ANq"v; = 0 (A.21)

In order to optimize the performance of any of the continuation techniques re-
viewed here, it seems logical that the length of an increment, Al should vary au-
tomatically, based on some eriterion that reduces it in the parts of the equilibrium
path that are highly non-linear. A heuristic way of estimating the degree of non-
linearity of some part of the equilibrinm path is by means of the number of iterations
needed to attain convergence of the iterative procedure. Thus, the following ex-
presgion for Al, intended to maintain the number of iterations almost constant for
every increment ¢, ean be nged;

Al = Aligy |5

i—l

where Al is the length of the last converged increment, /; ; is the number of
iterations needed for convergence in inerement 1 — 1, and [y is a defined-by-the-user
ideal mumber of iterations.
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Appendix B

Nodal Enrichment

There are problems in continunm mechanics for which the resolution provided Ly the
standard finite element method seems not to be satisfactory. In some of these prob-
lems, there are giialitative features of the solution that are known a priori. However,
it. happens very often that this information cannot be introduced via standard finite
element, shape functions, This is the case of atrain localization. If one assumes the
gpace of bonnded deformations /31)(€2) (see [Temam, 1983]) as the proper function
space for problems in which constitutive models with strain softening are involved,
ag proposed in [Simo et al., 1993, then jumps in the displacement field need to be
modelled.  Many formulations have been devised in order to enrich the standard
finite element approximation to optimally capture these displacement jumps. They
can be classified into two basie groups: elemental enrichment and nodal enrich-
ment. The former has been extensively described in Chapter 4 under the name of
finite elements with embedded discontinuities'; the latter is briefly reviewed in this
appendix.

B.1 Motivation

Consider the problem of a body 2 crossed by a discontinnity S, which partitions §2
into 2 and ', The boundary of {1 congists of two disjoint subsets I, and I',, the
former being the part of the bhoundary on which tractions are preseribed, and the
latter, the part of the boundary in which displacements are prescribed. In Chapter
4, two ways of stating the strong discontinuity kinematies corresponding to such a

FAg mentioned hofore, although the anthor does not see any reason Lo vestrict this torm Lo
formulations based on elemental envicliment, this is o common practice in the hierature that we
e acdopled i thig thesia,

157
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prablem are presentec:

u(x, 1) = a(x, 1) + Hs [a](x, 1) (B.1)

and
f(x, 1) = a(x, 1) + Ms(x) [u](x,0) (B.2)

with
i1(x, 1) = fi(x, ) + [a](x, )p(x) (B.3)

i being a smooth function such that, for a certain subdomain 9, © £ containing
the discontinnity line & (i.e. 2, 5 8),

1 Yxen'\ |
() {u Vx €Q-\Q, (B4

From (B.1), (B.2), and (B.3), we can derive that
Ms(x) =Hs - () (B.5)
Remark 74 Notice thal supp|Mg|=,.

One of the motivations to use (B.2) instead of (B.1) in Chapter 4 is the fact
that the former avoids having to preseribe Dirichlet type boundary condition for
[1]. However, there are other ways to achieve this. For instance, one coiild require
that [0 have loeal support around the discontinnity &, as shown in Fig. B.1.
This ean be done by considering an open domain €2, C 2, partitioned by S into
Qg = Qg N and ) = gy NG, such that Ny N1 = B and [a]foyg,, = 0.

3nsed on the above considerations, let ua propose the following finite element
discretization of (B.1) into four-noded quadrilaterals for an element erossed Ly the
discontinuity:

" (x, ) = BT NG + s (31 NP G ault)) (B.6)
ﬁh("] [[I:l-\i-hl'll]

1
where {N}”’} are the standard shape functions of the bilinear quadrilateral.
p=l

From (B.6), it is clear that the support of [[0]]" pgoes beyond the domain of the
elements crossed by the discontinnity, due fo the fact that standard finite element
shape functions are involved in its definition. Thus, this kind of enrichment is
nssociated to the shape finetions whose support are intersected by a discontinuity
line; hence its name: nodal enrichienl. A rigorous way to state this type of
enrichment, baged on the partition of unity concept, ig presented in the next section.
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Figure B.1: Solid with o strong discontinuity,

B.2 Partition of unity method

The concept of partition of unity was first applied to enrich the standard finite
element approximation in [Melenk and Babuska, 1996], giving rise to the so-called
Partition of Unity Finite Element Method (PUFEM). In [Moes et al., 1999, this
concept was applied to eapturing jumps in the digsplacement field within the context
ol Linear Fracture Mechanics and was given the name of Extended Finite Elements
(X-FEM). Later, [Wells and Sluys, 2001| employed this formulation to model strong
discontinuities in cohesive surfaces.

A very general expression for the partition of unity based enrichment of an scalar
field u reads:

u"(x) = Zq’n,(x) (m | Z&Hr"j(x)) (B.7)
i1

.

where K 1= {1, ..., ityade |, 05 and bj; ave nodal deprees of freedom, 0™ stands for the
mimber of enrichment functions, ¢; are the envichment functions, and ¢, are some
finctions fulfilling the partition of unity property, Le.,

[

Y ohx)=1 VYxef (B.8)
=l

Remark 75 As il is well known, standard finite element shape functions N; fulfill
the partition of unity property stated an (13.8).

Remark 76 The envichmenl funclions e can, in principle, vary from node lo node,
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Now, let us use expression (B.7) to approximate (B.1), by taking ¢,(x) = N;(x)
and ¢;(x) =/s:

(e, 1) = 3 NG + sy Ni(x)a(L) (B.9)
ik N

o [[on] "

N s the set of nodes whose support is split up into fwo by the discontinnity &.

Remark 77 Papression (B.9) s clearly lhe eclension of (13.6) from an elemend
domain Lo the whole solid $2,

Remark 78 The definition of N is consistent with lhe requirement of Qg having
local supporl around 5.
B.3 Variational formulation

Here, we state the variational form of the BVP corresponding to a solid 2 crossed
Ly a discontinuity & in a format convenient for its diseretization using (B.9). The
equivalence with the strong form of the BVP will also be shown, emphasizing the
fact that the inner traction continnity equation (characteristic of problems involving
strong discontinuities) can be readily derived from the principle of virtual work if
one adopts the kinematies stated in (B.1).

The principle of virtual work expressed in rates (principle of virtual power) reads:

/ T VHT; dt = Goi(n) =0 Vypel, (B.10)
o il

where V, is the space of admissible variations of the displacement rate, whose fypical
element. has the following strueture:

n="n+1s « (B.11)

i, o being two smooth functions fulfilling ﬁ||\”—- 0 and “iﬂ\i![.q'— 0, respectively,
and

G (@) == [1[] o () df2 + K B (o) dl’ (B.12)

In light of (B.11), equation (B.10) can be rewritten as
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/'&:vwﬂz o) =0 Vi eV, (a)
Ja (B.13)
/ b [V (s )] dQ — Guu(lls @) =0 Ya eV, (1)

o i

By using standard arguments, we can show that the strong form of (B.13-a) is

V-d+h=0 in O\S (a)
&ov=i on 'y (b) (B.14)
(g —ag- ) n=0 on 8§ (¢)

Let us now work with (B.13-L). We have that

V(s @) = (bsn @ a)” + (Hs Va)* (B.15)

Substituting (B.15) into (B.13-b) yields
/ a:(dsn@ t.t)HdSE i / & (Hs Vq)";r.fs'l — (s o) =0 (B.16)
J gL o S

Vax € Vi
Since @l q = 0 by definition, the left hand side of B.16 can he rewritten as

/ m&r&ﬁ+/ 1%Vmﬂ—/ E¢mn_/ i adl (B.7)
J o8 Joad ol RANRTY

i
fuf faj

where r'i’ﬂi'm stands for the boundary of Q{“E. We have that

f & vmm_/ v-(a«-a)dn--/ (V- 6) adf
1y S

]
Yy i"I:Iu'l

- / mm-muayuu-/ (V- &) - adf (B.18)
g ooy, J oy

11y being the outward normal fo f}ﬂﬂ'“u (see Fig.(B.1)). Substituting (B.18) in B,17
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and considering (B.14-a), we obtain

/ n-as-odsS / R (r.i' ' l'.t‘) dl”

o F ”le“.

—/ (v-&)-mm-/ Ry
“qln| . “1|u|

L =
W

i

/ £ adl
" s
Jranoa),

= / n-ays- oS + / Vg - (& o) dl’
J 8 ol

-. / b el (B.19)
I'a882

Notice thatb t}ﬂi'“l can be partitioned into (2, M), (11 s,
since ﬂ]-‘Jﬂiup'\ﬂ' = 0, then

I u) and 8. Thus,

/ vy (o a)dl = —f n: ag - odS j (v &) adl (B.20)
Joong, i Py
Now, replacing (B.20) into (B.19) and considering (B,14-I), one obtains

)
/ I - f:"i, ﬂf“‘.;—/ I - ri'u. vl S
L

8
+ / (o) ol — / " dl
150081 R A

y il ’
o
Finally, we arrive al
/ (n:dg-m-aqg) adS =0 (B.21)
8

By standard arguments, the so-called inner traction continuity is obtained from
(B.21):

n &g—n-gg =0 (B.22)
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B.4 Finite element discretization

Expression (B.9) can be rewritten in matrix form as

0" = N"d + HsNa (B.23)
with
[ N ) ( al j ap )
N={ N 3 d=¢ d }; a={ & } (B.24)
\ N TLELUIE L ":' ppreete J i'I"nl""""‘ 2

N; being, for 2-D,

andl

i FYI 1 3
: N, forie N .
NN— Fh‘]- ’ F}‘, = { U fﬂl' q (;.!! N (B.Ea)
L A}‘ll'“"h'l F
The strain ean be computed as
{éh } {'V.‘:'flh.'} - L'I:lh (]3.26)

where the operator L has the following expression for two-dimensional cases:
"jir(') 0

0 8,(e) (B.27)
dy(e) (o)

L

Let us define

B:=LN" and Bp:= LN;’\;- (B.28)
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Then (]3.26) can b rewritben as

{é"} = Ht:l-l-ﬁslﬂyﬁ--i-ﬁs [n] N4 (B.29)
with
iy 0O
[n]= [0 =n, (B.30)
I T

Analogonsly, we have

{V9n"} = Bod +HsBy davtés [n] Ny di (B.31)
{vin"} (v (its a)*}

where &d and éa are the admissible variations of d and A, respectively. Assume
that the stresses rate can be expressed as

{.&h'} =D {é.'""} (B.32)
D being the matrix version of the constitutive tangent operator?, Let ng define
Gy : =HsBy + b5 [n]N% (B.33)

Substituting (B.32), (B.31), and (B.33) into (B.13) yields:

sdTBTD M} d0 — Gon(NTEA) =0 ()
o §1
(B.34)
; 6aT G D ("} — G (HsNL6a) dS2 =0 (D)

Véd € R"™™ and Véa ¢ R™™. By considering (B.29) and (B.33), the system of
variational equations (B.34) leads to the following system of algebraic equations:

Ktﬁ'f Hf}“ (:l N F‘{ml! ;
[ K#J’f Kﬁq ] { {‘\ } = { i‘N } (BSQ)

wif

with

Remembaer that, from the Strong Discontinuity Analysis presented in Chapter 3, matrix Dg =
O(h) with h— 0.
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Kdrl = / IB-JI D Fh“l

J4 0
Kim - / B D GN{“Z

b (B.36)
Kot = / G1 D Bd®2

o A2

Krm = . (-:';{.:f D GN‘”Z
o 5

Remark 79 For the integrals (B.96) to make sense, il is imporlant thal the Sirong
Discontinuity Analysis presented in Chapler 3 18 taken indo account [or D| #

Remark 80 The resulting system of equalions 18 synanelric.

Remark 81 The envichmenl degrees of [freedom cannol be condensed al element
level as in the elemental approach presented wn Chapler 4.

Remark 82 From a compulalbional poinl of view the delerminalion of the sel of
elements thal have Lo be enviched, N, can significantly increase the implementation
effort needed for this approach.

Remark 83 The resulting finile element interpolalion is conforming, As a conse-
quence, the approvimation of a discontinuity inlerface unll be continuous across the
boundaries of the elements,

B.5 Some final comments

At this point a comparison between nodal and elemental enrichment seems un-
avoidable. Tt is clear that the conforming character of the former gives it some
reproducing advantage over the latter. However, the nodal enrichment formulation
hag two major drawbacks:  the implementation effort and the mandatory increase
in the number of degrees of freedom that it entails.  Moreover, although the con-
forming character of this approximation gives it a better reproducing performance
from the kinematical point of view, it i8 not elear what happens with respeet to the
imposition of the inner traction continuity, Consider, for instance, that in the case
of linear triangles, when the nonsymmetric formulation for elements with embedded
discontinuities is nsed, the inner traction continuity condition can be imposed in
atrong form. Clearly, thig is not possible for nodal enrichment, which implies that
gome kind of refinement is necessary in order to get a botter performance from the
atatical point of view.
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Regrettably, no comparison baged on numerical experiments bhetween the elemen-
tal and the nodal enrichinent ig available.  For the time being, the anthor cannot
gee any conclugive reason to prefer one approach over the other,



Bibliography

[Alfaiate ef al., 2002] Alfaiate, J., Wells, G., and Slys, L. (2002). On the nse
of embedded discontinuity elements with crack path continuity for mode-i and
mixed-mode fracture. Fngineering Fracture Mechanies, (69):661-686.

[Arimero and Garikipati, 1996] Armero, F. and Garikipati, K. (1996). An analysis
of atrong discontinuities in multiplicative finite strain plasticity and their relation
with the numerical gimulation of strain localization in solids. fnd. ). Solids and
Structures, 33(20-22):2863-2885.

[Arrea and Ingraffea, 1982] Arrea, M. and Ingraffea, A. (1982). Mixed-mode crack
propagation in mortar and conerete. Technical report. Report 81-13, Dept. Struet.
Eng., cornell Univ. New York.

[Barenblatt, 1962 Barenblatt (1962). The mathematical theory of equilibrium
eracks in brittle fracture. Advances in Applicd Mechanics, 7:56-129,

[Bazant, 1983] Bazant, Z. (1983). Crack band theory for fracture of concrete. Ma-
teriaue et Constructions, (93):155-177.

[Belytschko et al., 2001] Belytschko, T., Moes, N., Usui, 5., and Parimi, C. (2001).
Arbitrary discontinuities in finite elements.  [ut. J. Numer. Meth. Fngng.,
(50):993-1013.

[Bocea et al., 1990] Bocea, P., Carpintieri, A., and Valente, 5. (1990). Size effect. in
the mixed mode erack propagation: softening and snap-back analysis. Engineering

Practure Mechanics, 35(1/2/3):159-170,

[Cervera et al., 2001| Cervera, M., Agelet. de Saracibar, €., and Chinmenti, M.
(2001). COMIT: a multipurpose finile element code for numerical analysis in
aolid mechanics, User's Guide , CIMNE, Barcelona,

[Crisfield, 1998] Crisfield, M. A. (1998). Non-linear Finite Flement Analysis of
Solids and Structures, Volume 1 Fssentiols. John Wiley & Sons.

167



1G5 FHRLIOC AT Y

[de Borst and Mulhaus, 1992] de Borst, R. and Mulhans, H. (1992). Gradient. de-
pendent plasticity: formulation and algorithmic aspects, Inl. Jowrn. Nwm. Meth.
lngng., 35:521-539,

[Diez et al., 2000 Diez, P., Arroyo, M., and Huerta, A. (2000). Adaptivity based
on error estimation for viscoplastic softening materials. Mechunies of Cohesive-
Jrictional malerials, 5:87-112,

[Dugdale, 1960] Dugdale, D. (1960). Yielding of steel sheets containing slits. Journal
of the Mechanics and Physics of Solids, 8:100-108.

[Dvorkin et al., 1990] Dvorkin, E., Cuitino, A., and Gioin, G. (1990). Finite ele-
ments with displacement embedded localization lines insensitive to mesh size and
distortions, Inf.J. Num. Meth. Engng., 30:541-564.

[Elices et al., 2002] Elices, M., Guinea, G., J.Gomez, and Planas, J. (2002). The
cohesive zone model: advantages, limitations and challenges, Engineering Fraeture
Meehanics, (69):137-163,

[Felippa, 2001] Felippa, C. (Fall,  2001). Noulinear  Finile  Flement
Methods. Lecture  Notes, University of Colorado at Boulder. url:
http://caswww colorado.edu/conrses.d /NFEM.d /Home. html.

|Garikipati and Hughes, 2000] Garikipati, . and Hughes, T. (2000). A variational
multiscale approach to strain localization for multidimensional problems. Comput,

Methods Appl. Mech. Fngrg., (188):39-60.

[Gurtin, 1981] Gurtin, M. E. (1981). An inlroduction lo Conlinuwm Mechanies.
Academic Press, London, UlL,

[Hill, 1962] Hill, R. (1962). Acceleration waves in golids. Journal Mech, Phys. Solids,
16:1=10.

[Hillerborg et al., 1976] Hillerborg, A., Modeer, M., and Petersson, P, (1976). Anal-
vais of erack formation and erack growth in conerete Ly means of fracture me-
chanics and finite elements. Cement and Conerele Rescareh, 6:773-782.

[Hughes, 1995] Hughes, T. (1995). Multiscale phenomena: Green’s functions, the
divichlet-to-neumann formulation, subgrid seale models, bubles and the origing of
stabilized methods. Compul. Methods Appl. Mech. Engrg., 127:387-401.

[Hughes, 1987] Hughes, T. J. R. (1987). The Finile Element Method. Linear Slatic
and Dynamnie Finite Elemenl Analysis. Prentice Hall, Englewood Cliffs, New
Jersey,



HINLIGEHA Y 1G9

[Jirasek, 2000a] Jirasek, M. (2000a). Comparative study on finite elements with
embedded discontinnities, Compul, Methods Appl. Mech. FEngrg., (188):307-330,

[Jirasek, 1998] Jirasek, M. (April 1998), Finite elements with embedde cracks. Tech-
nieal report. LSC Laboratoire de Mée. des Struet. et Milieux Continns, Feole Pol.
Fed. Lausanne, Internal Report 98/01.

[Jirasek, 2000b] Jirasek, M. (Barcelona, 2000L). Conditions of iniqueness for finite
elements with embedded crncks. In Proceeding of the Swith ilernational confer-
ence in Compulational Plasticily, CD-I8OM.

[Klisinski et al., 1991] Klisinski, M., Runesson, K., and Sture, S. (1991), Finite
element. with inner softening band. J. Fng. Mech., ASCE, 117:575-557.

[Knap and Orfiz, 2001] Knap, J. and Ortiz, M. (2001). An analysis of the quasicon-
tinunm method. Jowrnal of the Mechanics and Physics of Solids, 49:1899-1923,

[Larsson et al., 1999] Larsson, R., Steinmann, P., and Runesson, K. (1999). Fi-
nite element embedded localization band for finite strain plasticity based on A
regularized strong discontinuity, Mech, Cohes.-Iict, Mater,, (4):171-194.

[Lemaitre, 1996] Lemaitre, J. (1996). A course on Damage Mechandcs, Second Edi-
tion. Springer-Verlag.

[Melenk and Babuska, 1996] Melenk, J. and Babuska, 1. (1996). The partition of
unity finite element. method: Basic theory and applications. Comp. Meth, Appl.
Mech, Iing., 39:280-314.

[Moes et al., 1999] Moes, N., Dolbow, J., and Belytachko, T, (1999). A finite el-
ement method for erack growth without remeshing. Inl, Jowrn. Num. Melh.
Engng., 46:131<150,

[Nechnech, 2000] Nechnech, W. (2000). Condribution a elude  mwmerique
du comportement du belon el des slruclures en belon arme  soumises o
des sollicitacions thermigques el mecaniques couplees,  Doctoral Thesis, In-
atitut National des Sciences appliques de Lyon. wrl:  hitp://esidoc.insa-
lyon.fr /these /2000/nechnech /index. html.

[Nooru-Mohamed, 1992] Noorn-Mohamed, N. (1992), Mixed mode fracture of con-
crete, Phodl. Thesis Delft University of Technology.

[Ogden, 1984] Ogden, R. W. (1984). Non-Linear Elastic Deformations. Dover Puls-
lications, Mineola, New York.



170 T RAITY

[Oliver, 1989] Oliver, J. (1989). A consistent. characteristic length for smeared erack-
ing modela. Int. . Num. Meth. Engng., 28:461-474.

|O|Il\'ﬁ'-l‘, l.‘JSJ{:‘m] 0“\/!’;&[', g, (J.BQELL> I\-'lnclt*ling; atrong discontinmties in solid me-
chanics via strain softening constitutive equations. Part 1@ Fundamentals.
Int. J. Nur, Meth, Engng., 39(21):3575-3600,

|Oliver, 1996 Oliver, J. (19961). Modeling strong discontinuities in golid meehan-
ics via strain softening constitutive equations, Part 2: Numerical simulation.

[t Numn. Meth. Fngng., 39(21):3601-3623.

[Oliver, 2000] Oliver, J. (2000). On the discrete constitutive models induced Ly
strong discontinuity kinematics and continuum constitutive equations. Inlerna-
ttonal Jouwrnal Solids and Structures, 37:7207-7229.

[Oliver et al., 1997] Oliver, J., Cervera, M., and Manzoli, O. (1997). On the use of
J2 plasticity models for the simulation of 2D strong discontinuities in solids. In
Owen, D., Onate, E., and Hinton, E., editors, Proc, Inl. Conf. on Compulational
Plasticity, pages 38-66, Barcelona (Spain). C.LM.N.E.

[Oliver et al., 1998] Oliver, J., Cervera, M., and Manzoli, O. (1998). On the usge of
strain-softening models for the simulation of strong discontinuities in aolids, in:
Malevial Instabilities in Solids, edited by R, de Borst and E. van der Giessen,
chapter 8, pages 107-123, John Wiley & Sons Ltd.

[Oliver et al., 1999) Oliver, J., Cervern, M., and Manzoli, O, (1099). Strong dis-
continuities and continuum plasticity models: The strong discontinuity approach.
International Jowrnal of Plasticily, 15(3):319-351.

[Oliver et al., 1990] Oliver, J., Cervera, M., Oller, S., and Lubliner, J. (1990).
Isotropic damage models and smeared erack analysis of concrete. In et al., N. B.,
editor, Proc. SCI-C' Compuler Aided Analysis and Design of Conerete Structures,
pages 945-957,

[Oliver et al., 2002a] Oliver, J., Huespe, A., Pulide, M., and Chaves, E. (2002a).
From continunm mechanics to fracture mechanies: the strong discontinnity ap-
proach. Engineering Fracture Mechanics, 69(2):113-136.

[Oliver et al., 2002b] Oliver, 1., Huespe, A, Pulido, M., and Samaniego, . (20020),
On the strong discontinnity approach in finite deformation settings. In press. Ini.
J. Numer. Meth, Engng.



BIBLIGGRATHY 171

[Oliver et al., 2003] Oliver, J., Huespe, A., and Samaniego, E. (2003). A study on
finite elements for eapturing strong discontinuities, /n press, Int, J. Numer, Meilh,
Ingny.

[Oliver et al., 2002¢] Oliver, J., Huespe, A., Samaniego, E., and Chaves, 2. (2002¢).
On strategies for tracking strong discontinuities in computational failnre mechan-
ica. In Mang, H., Rammerstorfer, F., and Eberhardsteiner, 1., editors, Proceedings
of the Iifth World Congress on Compulational Mechanics (WOCM V). Vienna
University of Technology, Anstria, url: http://weem. tuwien.ac.at,

[Ortiz et al., 1987) Ortiz, M., Leroy, Y., and Needleman, A, (1987). A finite element
method for loealized failure analysis, Comp, Meth, Appl. Mech. [ng., 61:189-214.

[Ottosen and Runesson, 1991] Ottosen, N. and Runesson, K. (1991). Properties of
digcontinnons hifurcation solutions in elasto-plasticity, Inf. J. Solids and Strie-
tures, 27(4):401-421,

[Piandier-Cabot and Bazant, 1997 Pjaudier-Cabot, G. and Bazant, Z. (1997). Non-
local damage theory. J. Fng. Mech,, ASCHE, 113:1512-1533.

[Rashid, 1968] Rashid, Y. (1968). Analysis of prestressed concrete pressure vessels.
Nuel. IBng. Des., T:773-T82.

[Reddy, 1998] Reddy, B. D. (1998). Iniroductory Punclional Analysis. With Appli-
calions lo Boundury Value Problems and Finite Elements, Springer, New York.

[Rice and Rundnicki, 1980] Rice, J. and Rudnicki, J. (1980). A note on some fentures
of the theory of localization of deformation. fal. J. Solids Struetures, 16:597-605.

[Rots, 1988] Rots, J, G. (1988). Computational Modeling of Conerete Fractures,
Ph . Thesgis. Delft University of Technology.

[Runesson et al., 1991] Runesson, K,, Ottosen, N. 8., and Perie, D. (1991). Discon-
tinious bifurcations of elastic-plastic solutions at plane stress and plane strain.
Ini. J. of Plasticity, 7:99-121.

[Simo and Hughes, 1998] Simo, J. and Hughes, T. (1998). Compulational Inelastic-
iy, Springer.

[Simo and Ju, 1987] Simo, J. and Ju, J. (1987). Stress and strain based contin-
unm damage models; 1 formulation. International Jowrnal Solids and Structures,
15:821-840).



172 HILIGG AT Y

[Simo and Oliver, 1994] Simo, J. and Oliver, J. (1994). A new approach to fhe
analysis and simulation of strong discontinuities, In et al Z. B, editor, Fraclure
and Damage in Quasi-britile Slructures, pages 25-39. E & FN Spon,

[Simo et al., 1993] Simo, J., Oliver, J., and Armero, F. (1993). An analysis of atrong
discontinuities induced by strain-softening in rate-independent inelastic solids.
Compulational Mechanics, 120277296,

[Simo and Rifai, 1990] Simo, J. and Rifai, 5. (1990). A class of mixed assumed
gtrain methods and the method of incompatible modes. Inf. Journ. Num. Meth.
Fngng., 29:1595-1638,

|Shuys, 1992 Sluys, L. (1992). Wave propagation localization and dispersion in
softening solids, Ph.1). Thesis. Delft University of Technology.

[Spencer, 2002] Spencer, B. (2002). Finite Elements with Embedded Discontinuities
for Modelling reinforced concrete Members, PPh.D). Thesis. University of Colorado,
Boulder,

[Steinmann, 1999] Steinmann, P. (1999). A finite element. formulation for strong dis-
continuities in Auid saturated porons media. Mech. Cohes.-Frict. Maler., (4):133~
152.

[Temam, 1983] Temam, R. (1983). Problemes Mathematiques en Plasticile. Collec-
tion Methodes Mathematiques de 'Informatigne, Gauthier-Villard, Paris, France.

[Vardoulakis, 1989] Vardoulakis, 1. (1989). Shear banding and lignefaction in gran-
ular materials on the basis of cosserat continunm, genewr-Arehio, 59:106-113.

[Wells and Sluys, 2000] Wells, G. and Sluys, L. (2000). Application of embedded
discontinuities for softening solids, Fngineering Practure Mechanies, (65):263-281.

[Wells and Sluys, 2001] Wells, G. and Sluys, L. (2001). A new method for modelling
cohegive eracks uging finite elements. Int. J. Numer. Meth, Engng, (50):2667-2682.



