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Chapter 1

Introduction

Mumerical methods for acrodynamic design and fluid How prediction gained very much
in significance about three decades ago in the late sixties and carly seventies, At that
time, the use of panel methods made it feasible to predict aerodynamic coefficients of
even complex geometries with little computational effort. This was possible for hoth
subsonic and supersonic flows. In the next decade, the use of potential methods and
their extension to transonic Hows by introducing non linear effects made it possible
to predict fluid flows around jet aiveraft which normally operate at transonic speods.
The last decade has advanced tremendously in the field of resolving more complete non
linear equations governing compreszgible flow, such as the Euler and laminar Navier-
Stokes equations, already yielding accurate solutions, Currently, some of the main
fields of resenrch is turbulence modeling, combustion and coupled problems, such as
aeroclasticity, [ will not enter a thorough deseription of each of these fields of interest,
which the interésted reader can obtain from the specialized literature,

Computational fluid dynamics (CFD) has therefore reached s mafure state in several
areas in the last decade. The algorithms for the solution of the Enler equations or even
laminar Navier-Stokey equations have improved almost as drastically as the computer
hardware. Next to the improvement of numerical schemes, such as multigrid, local
time stepping or implicit time integration just to name a few, emphasis was also put
on improving the effectiveness for a given accuracy, This lead to that, for instance,
finite element and finite volume methods using unstructured meshes, ervor estimation
and adaptive remeshing became competitive.

The possibilities and advantages of CFD now become apparent. The following is
a non exhaustive list of advantages and drawbacks of computational methods versus
experimental fluid dynamies (le. wind tunnel or flight testing):

Advantages

s Faster and cost-elficient design and testing of aerodynamic behavior, especially
in the initial design stages.

# During the initial design process more possibilities of combinations and creativity
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for prototypes are feasible, whereas in the experimental design a decision for
prototypes must be taken at a much earlier stage leading to a narrower collection
of potential models.

s Postprocessing and visualization possibilities are greatly enhanced requiving less
time and cost and provide greater detail.

s The lead time for development s greatly reduced, This is o direct consequence of
the first two advantages where a redesign uging nmmerical methods can sometimos
even be automatic (le. optimum shape design), whereas experimental methods
require & rebuilding or modilication of the expernnental model.

¢ The simulation of some inaccessible flow situations are now possible using CFD
(ie. aerospacial reentry simulation), which can not yet reproduced by experi-
ments,

s Some experiments, especially those of large scale wind tunnel simulations, may
have a limitation of the Reynolds number or wind speed, thus affecting scalability
of the found results.

# The tendency of decreasing compuier hardware cost while increasing computer
efficiency and improving CFD algorithms provides a positive outlook for the re-
duction of computer simulation costs, Consequently CFD becomes more and
more cost-effective versus experimental Auid dynamics.

Drawbacks

However, there remain important drawbacks of numerical simulation to date:

¢ Turbulence modeling of high Reynolds number complex flows still require exces-
give amounts of computational power.

= Some design phases need more confidence in the precision of the flow solver as
can be assured to date,

¢ Mesh generation, especially in three dimensions, ig still not at a mature phase
to date, often requiring mors time than the flow solution itself requiring large
amounts of human capital and good knowledge of numerical models as well as
acrodynamical expoertise,

This monograph treats two of the main problems of today’s problems related (o
computational fluid dynamics. One problem dealt with is the nssured accuracy of a
numerical model, at least for the problems which are presented. At any stage, the
accurate simulation of the mathematical and physical phenomens is the declaved aim.
For example, error estimation and adaptive remeshing techniques are nsed as o way of
ensuring higher accuracy at lower cost.

The other problem which is addressed is the vast amount of time spent in genorating
(or regenerating) a mesh in the design process. In particular, the formation of a set
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of interconnéctions of nodes (o form non overlapping clements in three dimensions can
be very troublesome, For this, a meshless technique is proposed that may reduce some
of the time spent for the genoration of connectivities of points. This monograph is
therefore an initintive of this recent field of investigations in fluid dynamics, Other
researchers using points without the typical elements have obtained very promising
results in other fields of vesearch of numerical methods. The objective herein is fo
give an introduction of the so called finite point method using clouds of points for the
solution of some compressible flow problems.

Finally, this monograph presents some important aspects of improving the cost ef-
fectiveness of a given scheme. It is known that there is a tradeoft between a general
formulation and computational power, Hence, any competitive mumerical algorithin
must be optimized for a specific task as far as possible. From the general initial formu-
lation, the objective is to exploit the given resources ag far as possible. First, without
the loss of generality, the given algorithm can be transformed in such a way o reduce
the computational effort significantly by introducing specific procedures which arve less
expensive than general routines. Then, a computer program must be developed which
should be portable to different platforms but optimized [or each environment. Of
course, the extreme of a fast algorithm is to devise eacli scheme divectly for each sys-
tem of processors individually, such as a vector processing enviromment and developing
a specific data structure which suits each computer system individually, Recently, the
trend for increasing computational power is going towards parallel computing systoms
in order to be able to meet the demands of CFD which also vequires the rethinking of
the existing structure of computer codes and the rewriting of existing routines,

1.1 Outline of the Monograph

The following chapter describes the physical properties of fluid flow by stating the gov-
erning equations for different types and ranges of fluid dynamics, A general taxonomy
of the partial differential equations is given and their implications for the respective
eguation gystem and boundary conditions,

In chapter 3, the approximation process of the partial differential equations is
ireated in order to be able to numerically solve the fundamental equations. Thne
and spatinl discretizations are dealt with, Traditional explicit time inbegration forms
are used, whereas different types of spatinl divisioning ave presented. Both classical
methods like finite element and finite volume schemes as well as new conoepts of ap-
proximation, such as discretization based on points only, are introduced,

Chapter 4 extends the well known Taylor-Galerkin scheme to quadrilateral elements
and a differant type of artificial dissipation scheme is used to enhance the accuracy in
zones where the velocity is small.  Also, error estimation and adaptivity is used to
enhance the effectivity of the algorithm and the three dimensional Taylor-Galerkin
schome is simplified to cover axisymmetric flows, Extensive test casos are presented to
validate the proposed methodology for different categories in compressible flow and to
eatimate the aceuracy of the method.

The finite point method is presented in chapter 5. The new type of discretization
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using only pointa is applied to two dimensional compressible flow problems. Some of
the test cases thal are shown in chapter 4 are compared to the results of the new
methodology. Also, difficultivs and limitations of the proposed method are addressed.

The final chapter is dedicated towards more effectively exploiting the given re-
gources. Thus, optimization of the algorithm, the computer implementation and par-
allel computing are discussed. Apain examples are shown to underline the findings.
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Chapter 2

Physical and Mathematical
Background

2.1 Introduction

In this chapter, a hasic classification and analysis of tho governing equations of fluid
flow is made. Generally, speaking the basic equations of flow ean be east into the
category of partial differential equations (PDE), containing derivatives in time up to
first order and space derivatives up to second order. In addition, the space devivatives
can be a non linear function whereas the time derivatives remain linear. More complex
flow siluations are represented by coupled systems of equalions rather Lhan a single
equation only.

The following gives a brief overview over notation, the basic mathematical equations
and their properties which ean describe eertain physical situations of Auid dynamics.
The definition of systems of conservation laws is used to introduee a short elassification
of PDEs with some simple examples and its implication on the boundary eonditions.
Finally, the system of Euler and Navier-Stokes equations is briefly deseribed. 11 is
not intended to give an exhaustive description of the following equations which can be
obtained from different sources, ie. [1, 2, 3, 4, 5]. However, for a better understanding
of this thesis it is necessary to include the next sections which form the basis of later
chapters,

2.2 Notation

In order to avold confusion with respect to the symbols appearing in thia thesis a hrief
deseription of the notation i made.

Apart from the expressions explained in the text the following notation is used.
Boldface characters denote vectors and matrices, wherens sealars are written in italies,
Generally, matrices distinguish themselves from vectors by capital letiors, Gradients
are denoted by V if they are expressed in compact form, Divergence is generally denated

5
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% where x; are the Cartesian coordinates sometimes also written as (x, y, z). The

s

‘I]II . “ . i
time domain is denoted by € [0, 7] where T' = 0. 1f a coordinate transformation occurs
£,7m,€¢ are used in three space dimensions, Cylindrical coordinates are denoted by o, 7, ©

iti Lthis thesis for (hree dimensions and 2, 7 are used if the problem is axisyuimetric,

At specifies the time increment, &z or h i8 the olement height, ¢ refors to an
arbitrary function which is usually unknown or sought. $2 stands for the physical space
or domain of interest and 1" refers to the boundary of €. Since { usually refers to nodal
values we define the imaginary number [ = /—1.

2.2.1 Definition of Boundary Conditions

For the fortheoming sections it 13 convenient to define the the following different type
of boundary conditions which may be applied through this thesis. Let Dirichlet fype
boundary conditions be defined as [6);

w=[ onlp (2.1)
Neumann boundary conditions:
Ju 3
e g onl'y (2.2)
and mixed boundary conditions:
du i .
evin ﬁﬁ =h onl'y (2.3)

where nn denotes the boundary normal divection outward, o and @ arve weighting con-
atants and [, g, h are constants which are preseribod,

2.3 Conservation Laws

A physical system in fluid dynamics may be completely determined by the fundamental
concept of conservation laws. This means that for instance mass, momentuin and energy
are conserved!, Thus, the concept of conservation is important for the description of the
physics and also has its implication for the numerical simulation of flows, Conservation
laws state that any quantity u in a domain £2 changes at a rate equal to its flux f = f(u)
through the boundary [* of £2:

9
5 f“mm - -/1“ fodl’ (24)

where subscript n denotes the outward normal on I For simplicity only one space
dimension is considered. In divergence form, eq. 2.4 can be rewrithen as

'If shocks nppear, another lnw is nocessavy for the correct doscription of the physics: The conser-
vatlon or [nerease fn ontropy £; [ pSde = 0, also ealled the entropy inequality or the second law of
thermodynamics [1] where 5 {5 the entropy and p the density.
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du  af

e o e =

ot dr
which is a partial differential equation governing problems, ie. transport for [ = Au
and A =constant.

(2.5)

2.4 Partial Differential Equations

2.4.1 Types of Partial Differential Equations

It is important, especially for the specification of boundary conditions to give a taxon-
omy of the governing equations within the class of partial differential equations. For
the scope of this thesis, first order and second order PDEs are dealt with, The method
of characterigtics can be used to classify PDEs. Characteristics ave lines. surfaces or
families of surfaces on which the solution remaing constant. To be called hyperbolic, the
charncteristics should be real and distinet if more than one exists, [If they are complex
the PDE is ealled elliptic, otherwise parabolic.

First Order PDEs

Consider the following first order PDIE:

9 0% _ i
i + )Dy = (2.6)

where a, b, o are constants and ¢ is any unknown function.

A classifieation by characteristics determines the type of PDE of eq. 2.6. The only
characteristic of eq. 2.6 is (4% = ) real, therefore eq. 2.6 is by definition hyperbolic.

Second Order PDEs

A linear second order partial differential equation can be written in the following form:

a* & 3 &
048328 092 p% 8% pprc=0 (2.7)

T 1,‘ dudly dy? i hy

where A-7 arve constants, Then, three main categorios of partial differential equations
enn be classificd:

e Elliptic partial differential equations, if
B* —4AC <0 (2.8)
s Parabolic partial differential equations, if

B2 —4AC =0 (2.9)
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s Hyperbolie partinl differential equations, if

B —4AC =0 (2.10)

Ag can be seen from above conditiony, the classification depends only ou the highest
order derivatives of the PDE.

2.4.2 Examples

Transport problems in which the dissipation effects ave neglected, are generally hyper-
holie partial differential equations, Dissipation problems are usually governed parabolic
partial differential equations. Dissipation comes, for imstance, from the viscous prop-
erties of a fuid in mobion and gain importance when velocily gradients increase, je
near a wall, Steady state solutions such ns inviscld, incompressible potential flow are
governed by elliptic partial differential equations. These types of equations are not
explicitly treated within this thesis,

2.5 Transport

Various compubational techuiques are applied to simple equations for which analyti-
cal solutions exist in order to compare strengths and weaknesses in the discretization
process. The transport equation as a hyperbolic PDE i8 a useful test case for comp-
tational solutions to test the conveetive behavior a numerieal algovithim, The linear
transport equation which deseribes the propagation of disturbances (without source
terms) for a function w is:

tflu

Ir = 14l U= < L 2.1
dt + A infl: D=w< 1 (2.11)
where u is a function of @ and # wuh the initial condition, ie. u(z,0) = glz), g being an
arbitrary lunction of x, A is the known constant convective velocity, and let ¢ € [0, T
and 7' = (),

2.5.1 Interpretation by Characteristics

An interpretation by characteristies leads to the introduction of a transformation vari-
able £ = o — At and 1 = { so thal u i8 now a function of £.& w(x, t) = u*(E(e, 1), 1).
The substitution in eq. 2.11 results in

i} L]
=0 (2.12)

s0 that u* is constant in time, The problem of eq. 2.11 reduces to a simpler problem
along the characteristies, eq. 2.12. The 8o called characteristics introduced earlier are
defined for the 1D transport equation by
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da: .

= A = constant (2.13)
Twao features can be observed from eq. 2.13: u is constant along the characteristics and
characteristic curves are straight lines, Thus, eq. 2.11 can be interpreted by o motion

of u in p-divection without change in shape and at & constant speed A,

To see thal the solution u* is constant in time is also observed from the clementary
solution of eq. 2,11 in the system £, ¢ by expanding the analytical solution in Fourier
series, each mode being:

i (E,1) = m’:”"u"*E (2.14)
where a is the amplitnde, | 15 the wavelength and [ = /=1,

2.5.2 Boundary Conditions for the Transport Equation

The method of characteristics serves as a basis for determining the corrvect boundary
conditions to be applicd, We know that information is trangported along the characthor
istics. Hence, it is nol possible to pregeribe boundary conditions when characteristics
are leaving the domain. Only when they enter the domain, boundary conditions can he
preseribed. In ease of incoming characteristics, Dirichlet type (I'p) boundary conditions
are specified, for outgoing characteristics the specification of the boundary condition is
left free,

This is equally true in case of the non linear Burgers equation (A = A(u) =
of eq. 2.11), only that the characteristics must be determined at any time incroment
because they depend on the solution itself,

2.6 Diffusion Equation
An example of a parabolic PDE 19 the diffusion equation:

du 3w

ot "“or?
where # i3 a diffusion constant. The interpretation by the definition of eq, 2.7 leads to
that eq. 2.15 can be classified as parabolic becanse € = B = 0,

=0 mQ:0<z<L and0<t=<T (2.15)

2.6.1 Boundary Conditions for the Diffusion Equation

The analytical solution is ::r,gruiin expanded in a Fourier series. Then, a harmonic of
; o - T il e e g
this linear PDE, 4 = ae w() ! 7 shows t.hr;l: any mode of the initial distribution,
rlt‘:ﬂ!“"r, is damped in time by the term t:""(‘” E which affects all other points in the
domain, Henece, the specilication of an initial distribution u.(;::,()} = uy(w) i8 necessary,
At the contour of 2 any boundary condition ig possible, ie. Dirichlet (I'py), Neumann

(I'n) or mixed (I'yr), see ega. 2.1, 2.2 and 2.3,
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2.7 Convection-Diffusion Equation

The transient convection-diffusion equation results from the addition of the diffusion
term of vg. 2.15 to eq, 2.11:

du it D%y

pir A e MEEE =0 mP:0=zg=L and0=<p=T, T"=10 (2.16)

which is of parabolic type according to condition 2.9, The presence of the diffusion
ferm gnarantees that the solution of eq. 2,16 will be continuous.

Az mentioned earlier, dissipation effects often oceur in a narow layer of the flow
domain, such ag the boundary layer. Indeed the steady state solution ('—:;*,1 = 0) of
the convection-diffugion equation ean deseribe some phenomena ocenrring in o rapidly
changing solution across the boundary layer [3, 6].

2.7.1 Boundary Conditions for the Convection-Diffusion Equation

A characteristic harmonic of eq. 2.16 containg both damping and transportation terms:

i(z,1) = ae~ () e/ Fla=a1) (2.47)

So, similar to the diffugion equation, the boundary conditions to be specified for the
convection-diffusion equation can be Dirichlet, Neumann or mixei‘l, geo oqx, 2.1, 2.2 and
2.3, However, one should be consistent and specily only one condition for the complete
problem, ie. I'p: w(0,1) = ug and u(L, 1) = uy,.

In chapter 3, the convection-diffusgion equation will be described in some more detail,
together with numerical examples.

2.8  Euler Equations

The non linear nedimensional Euler equations can be written in conservative forim
neglecting sonrce terms as

tu  If;

M Oy
where | denotes the vector of convective fluxes which are a function of the vector of
conservative variables w which will be detailed in fortheoming chapters.

0 i=1ln (2.18)

These equations describe an inviscid flow system without heat conduection, Fes, 2.18
are the simplification to the laminar Navier-Stokes equations without the viscous and
heat conductions Lerms. It is a first order non linear partial diffevential equation de
seribing isentropic Hows in regions without discontinuities, The integral form of the
eq. 2,18 makes it also possible to solve discontinuities such as shocks, The range of
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application is wide, approximating high Reynolds number flows away [rom viscous re-
giona such as the boundary layer. Often, the effects of viscosity are small so that the
Euler equations are a valid model to approximate well the flow physics atl a reasonable
computational cost, Especially the deseription of many transonic flow constellations
by the Euler equations enjoys great popularity.

2.8.1 Boundary Conditions for the Euler Equations

The Euler equations are a set of fivst order non linear hyperbolic PDEs. The fact thal
they are hyperbolic has its definite implications upon the specilication of the boundary
conditions as deseribed in section 2.5, Applying a linearized choaracteristics analysis,
we oblain the necessary specifications of the boundary conditions. Therefore incoming
characteristies are specified as Dirichlet type (I'p) whereas oulgoing characteristics
mply that the boundary condition s left free,

However, in a multidimensional non linear context and depending on the flow con-
ditiong (ie. subsonic flow), the speeification of the boundary conditions becomes more
complicated. Not all characteristics for the characteristie equation system are incoming
or outgoing at the same time. In addition, another houndary type, apart fromn inflow
ar outflow, is present: the impermeable wall, The wall boundary condition states that
iy maberia is allowed to cross the boundary so that the velocity normal to the surface
must be zero:

v, =0 (2.19)
where v, i3 the velocily normal to the surface.

The detailed description can be found in [6, 7, 8], whereas the specific implementa-
tion of these boundary conditions are dealt with in section 4.4.1.

2.9 Navier-Stokes Equations

The widest form for describing continuum fAnid flow ean be obtained from the full
system of Navier-Stokes equations, deseribing the conservation of mass, momentuin
and energy. In conservative form for Carlesian coordinates and in absence of source
terma the set of Np-dimensional laminar Navier-Stokes equations are:

ou | Ok _ Ogi
N P Oz

where the viscous Huxes g have been introduced. The signification of these terms can
again be found in fortheoming chaplers or in literature [5, 6, 9],

i=1,Np (2.20)

The Navier-Stokes equations are second order PDEs becanse of the diffugion terms in
the momantum and energy equations. Eqa. 2.20 are according to the above classification
generally elliptic. However, most of the time, the viscous terms are nearly insignificant
away from boundaries, that is away from gradients in velocities and the set of equations
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becomes hyperbolic, Close (o the boundary, for instance, the equations are mixed
hyperbolic-parabolic due to the differences in magnitude of the viscous terms in stream
wise direction and in crosswind direction. Generally speaking, eqg. 2.20 can be classified
af parabolic-hyperbaolic,

2.9.1 Boundary Conditions for the Navier-Stokes Equations

The application of the correct boundary conditions for the Navier-Stokes equations
should be applied compatible with its classification by characteristics as well as o
comply with the physical nature of the flow, However, considering that many different
flow constellations are possible, this specification may not be unique. Numerically, the
boundary conditions are applied similar to the Euler egquations above for the inviseid
limit or hyperbolic part of eqs. 2.20. The major difference s that the velocity at the
wall vy i8 set equal to zero. Two other types of boundary conditions for the wall may
specified:

& adianbatie wall of Neumann type

ar
g=—k—=0 2.21
1 B (2.21)
where the heat flux g ncross the wall is zero. In oq. 2.21 T is the temperature

and & is & constant.

e isothermal wall of Dirvichlet type

T =Ty (2.22)

where Tyw 18 a specified wall temperafure,

A more detailed deseription of the boundary conditions is shown is section 4.4.2.

2.10 Conclusion

The classification of the different partial diffevential equations is important for the cor-
rect modeling of the boundary conditions. Hence, each type of PDE reguires o different
approach for inflow, outflow and solid wall, The method of characteristies servos ns a
basis for determining the propagation properties of each equation. Hence, an interpres
tation of the How features by characteristics can stale which boundary conditions have
to be applied. In more complex non linear flow, the boundary conditions have to be
applied in a local manner, because the type of condition may not be known a priori as
il results from the solution itself,
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Chapter 3

Numerical Modeling in 1D

3.1 Discretization Techniques

Many engineering fields such as Huid dynamics are alveady relying on computational
techniques for the fast and cost effective resolution of their problems. Guided by math-
ematical equations, many physical problems can be approximated. However, exact so-
lutions to complex problems can often not be solved analytically and other appronches
st be taken. So, numerical modeling of mathematical equations hag evolved in re-
cenl years because of the availability of modern computer technology which is providing
large computational capacity for industry, Generally speaking, the idea behind numers
ical techniques is to divide continnum problems of a previously defined system into
digcrete subspaces for which a local equilibrium can be stated, Then, it is necessary to
agsemble the subspaces in order to obtain the approximation for the complete system,
Thers is an inereasing trend for industry to vse numerical methods, so that different
technigques have evolved Lo solve Lheir problems,

Assuming that we are solving partial differential equations governed by time and
space derivatives, we can divide the discretization process into time and space. In
Lhis chapter, there s a brief deseviption of some elassical methods for the thoe and
space discretization, [ollowed by the introduction of a young concept for the space
diseretization nsing clouds of points, which does not require the typical grid or mesh,

3.1.1 Finite Difference Method

Az one of the first methods for space diserotization, the main ides in the fnite difforence
method is simple. In order to construet the derivative for a given point @, it makes nse
of the definition of the derivative of an arbitrary function, say ¢ [1]. Performing Taylor
expansions around the point x, the different forms of difference approximations can be
obtained, such as forward differences, backward difference and central differencos,

Let €2 be divided into equal subspaces of h. So, around an interior point i, the
node ¢ — 1 i to its left and node 4 1 is to the right (Figure 3.1) for the typical linite
difference notation. Then, for instance, a central difference approximation of the frst
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Figure 3.1 : Finlte difference discretization mound an juterior node {1 within domain £ ln one
dimension,

derivative around point i is defined as

ey Pit1 = Piel | 2
=) = e 4 O(h 3.1

(d::;); 2h () (3:1)
and a central difference approximation of the second derivative around point ¢ is defined

AR

3 — ', 3
i ; i

Another possibility for approximating the first derivative would be a forward difference
like:

i h
The subscripts refer to values at the nodes and the terms O(:) dencte the order of the
truncation error.

("_‘?")' = $in =i oy (3.3)

A major drawback of the finite difference method is the need for structured meshes
for multidimensional caleulations, making it less practical for more complex caleulas
tiong. On the other hand, it i very useful for comparisons with other methods and
validation of some approaches because of its simplicity. In particular, it is possible (o
give an estimation of the order of aceuracy.

Order of Approximation

The concept of the Taylor expansion used for the dervivation of finite difference for-
mulas is very important for estimating the truncation error and, hence, the order of
approximation, The order of approximation gives an estimate of the power by which
the truncation error tends toward zoro when the mesh size f tends toward zero, Thus,
equation 3.1 gives an approximation to the first derivative of ¢ with second order ne-
curacy for equal mesh apacings,

From the definition of the order of approximation, the accuracy ol the space dis-
cretization can be estimated. CFD solvers shonld generally be higher order accurate
(at least second order) for the overall solution of “smooth” parts of the flow. How-
ever, in regions of discontinuities, such as shocks, it is accepted to switch to a first
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order approximation, ie. eq. 3.3, because high order solutions can exhibit unphysical
oscillations. In later sections Lhese concepta will treated in more detail,

3.1.2 Finite Element Method

The finite element method (FEM) is probably the most popular and most successful
numerical method for dealing with all types of numerical engineering problems, Also in
the field of CFD it has become one of the popular methods of solution, The FEM hng
its main advantage in its general formulation, making it possible to use it in an elegant
form with mathematienl rigurmuﬁty. The subdivision of a low field into non-overlapping
clements, proper to this method, also provides an eagy way to understand the physics
of the computational process and a strajghtforward basis for the caloulations.

The cost ol generality, however, can be quite high such that the FEM needs mod-
ification to be competitive with more specialized methods in CFD ag will be shown
later on. The following ountline describes several methods, e3|,q(¢tti:.|,!]y concentraling on
deriving moethods for compressible llow,

Petrov=-Galerkin Method

A very popular finite element method for CFD is the so called streamline upwind
Petrov-Galerkin (SUPG) method suecessfully implemented by other authors, je. |2
3, 4. The power of Petrov-Galerkin methods is the natural way by which balancing
diffusion (or upwinding) can be incorporaled into the numerical scheme,

Let us demonstrate this behavior using a classical example, for instance the one
dimensional convection-diffusion equation 2.16 with the convective velocity A and a
diffusion constant k, but, without source terms:

u du 8 [ du = :
E-I— E—E(Pva) =0 inP:0=<=zc=L and0=t =7 (3.4)
with w = w(t,z) o § u(l,0) = ug in Dy, w(t, L) = uy, in Uy, and ' = T U Ty,

Al steady state (%lg = 0) equation 3.4 becomes:

du O [ du :
0z 9% \ "Bz DinR: 0<ae<L (3.5)

with w = u(z).

Taking A and & constant, the analytical solution of this first order homogeneous
differential equation is obtained as:

| — ghw
ulz) = ng + (ug, — u“>.1_hh':’_ (3.6)
— gk

With 1y = 1 and uy, = 0, equation 3.6 reduces to
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1 =it .
ulz)=1- —5 (3.7)
— A
e, 3.5 i diseretized in finite element manmer using weighting functions W oand replac-
ing v within each element with standard Galerkin shapo Tinctions NV as:

du N )

i = E Ny = Nt and = Z =1 = —:“ (3.5)
where iy are the nodel vu,hma of unknown function and the sumimation extends across
the nodes of the element. We obtain the weak formulation of eq. 3.5 with (W (0) =
W (L) = 0), omitting the overbar in what follows:

[ w4 ‘9” df) = [ W ﬁ—xg]udﬂ - (3.9)
51 L
Integration by parts, using (;reen g theorem, the following systemn is reached:
gy N oW’ aN
f\?\f’/‘ij udil + / hi_J—lldSI 0 (3.10)

The integral across the boundary resulting from mbem‘atmu by parts [p is equal to zero
and therefore ignored. The original SUPG formulation which adds an original diffusion
to eq. 3.5 and results in an additional sum over the element interiors, i8 not presented
here (28], Instéad, the equivalent use of Petrov-Galerkin weighting functions is shown,

The weighting funetions for the diffusive part of eq. 3.10 are replaced by standard
Galerkin shape funciions N, whereas the following Petrov-Galerkin type weighting
functions are used ouly for the convective part:

haN ,
| W=~N+ Ctiﬂ_ (3.11)
Iy is the element length and o is a parameter which will be defined later. The final
equalion system to be resolved is then

AN haNT  aN aNT ON
NTAZY L - WO QL in o f—— IN 0 =0 (I
./ a,“ Hﬂ e i 0 o Nf)’: ik ‘ (3.12)

which i3 equivalent to the following finite diflerence equation system [5];

[14 Peler+ 1)]u_y = 2|1 4 aPe]ug + [1 4+ Pela+ L) uyy =0 (3.13)

where Pe i8 the dimensionless Peclot number, sometimes also called the loeal Reynolds
number. The Peclet number indicates the relation between the convective velocity A
and the diffusion & together with the element height h and iz defined as:

Pa= l%ljji (3.14)
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Exact nodal solutions are obtained, if an optimal upwind parameter o, is used as the
truncation ervor is zero [2, 3, 4, 5, 6, 11];
1
ot = coth(Pe) — Fe (3.15)

Graphically, the result for the 1D convection=diffusion equation for Pe = 1 and A < 0
and the boundary conditions I'p: wg = 1, g = () are plotted in Figure 3.2,

EXACT —
Patrov-Galarkin +
0.8
0.6
i
Q4 ¢
0.2
0 & 2 Y
0 032 0. D6 o 1

X,

Figure 3.2 1 Exact solution to the convection-diffusion equation for Pe = 1, wo = 1, ur = 0 and
A < 0 using a Petrov-Galerkin schema for o = (H

Taylor-Galerkin Method

In the previous section, it was shown that the Petrov-Galerkin scheme provides nodally
exact results if oy s used for the Petrov-Galerkin weighting functions. Heve, the
derivation of the well known Taylor-Galerkin is described which serves as a hasis for
the finite point method explained in forthcoming seetions. The advantage of the Taylor-
Galerkin method is that the use of non symmetric weiphting functions is avoided,

The Taylor-Galerkin scheme s an iterative process in time [12]. A test for time
marching schemes is solving equation 3.4 by iterating until steady state is reached to
approximate the exact result. This is usually done by expanding equation 3.4 in time
uging a Taylor series:

= A 9
o B Y Z}: Tg_f: (3.16)
=

where At is a small time increment. Expanding eq. 3.16 up to second order, we ot

Su" ARG
Au =" - " = A!---—-—f—- 4 b

= e 0 (m**), (3.17)
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subatituting eq. 3.4 in eq, 3.17 and neglecting derivatives of order three and higher
(which can't be represented by linear elements) and the term Q(A¢Y)

chi ﬂzu At? -‘;c')"ku .
&u_ﬂt( A} + K o 2) '|' 5 (A Fve (3.18)

Diseretization of eq. 3.18 using Galerkin weighting functions W = N, eq. 3.8 to ap-
proximate v and dividing by A#, we obtain omitting the overbar

j N"Nmé}! = MAu _ (3.19)
Al
ON aNT aN 2ONT N
/AE wdf — [ S dsz——j A e (20

where M denotes the consistent mass matrix, usually approximated by a diagonalized
form uging the row-sum lumping technique. At steady stale % = (), equivalence to
the Petrov-Galerkin scheme can be shown by compaving eq. 3.12 to eq. 3.20, yielding

li At L, ;
Q'EA = TA (3.21)
This gives the following condition for At in order Lo obtain nodally exact results 6]

h

Dby = H—trbﬂr (3.22)

3.1.3 Stability

However, it is not yet known if &d,, of eq. 3.22 actually satisties stability criteria, This
section presents the stability requirements for the soliution of the convection-diffusion
e, 3.4 using the explicit time marching Taylor-Galerkin scheme,

For any numerical scheme which approximates a PDIE by discretization in space
and time, a relationghip between the mesh gize A and the time increment Af can be

defined. The Courant number €' determines this relation using the convective velocity
4] by

At L
= IAIT (3.23)

The abjective of a numerical scheme is that the error with respect to the exact solution
for a numerical iteration should not grow unbounded. This behavior is called stability.
The error can be written as

ef = a) = uf (3.24)

where the hat denotes the exact nodal solution, Superseript n refers to the Lime instant
n and the subseript ig the point in the mesh, The limita of C and therefore At are de-
termined by the problem type, as well as by the time and spatial discretization method.
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So, every algorithmn has its own stability properties. Depending on the formulation of
the algorithin, there exist three general eategories:

1. A limit upon the time step Al or €, leading to a “conditionally stable” acheme,
ie. explicit schemes,

2, no limil upon At or €, forming a “uneconditionally stable” scheme, uanally achieved
by implicit schemes and

3. *unconditionally unstable” schemes leading to unstable results no matter how At
ig chosen,

Henee, the objective ig Lo find the limit of € for the explicit Taylor-Galerkin scheme.

A possibility to determine the siability properties of a scheme can be oblained from
a Von Nenmann stability analysis using a Fourier decomposition which only gives a
necessary condition, but works well in practice. The ervor ¢" at thne n, defined by
eq. 3.24, which also satisfies the diserefized equation system can then be expanded by
a Fourier series, for which the amplitude of the error of any mode 15 introduced as B,
Stability requires that E" must not grow in time. Or, the modulus of the so called
amplification factor |G] = ﬂ"ﬁ#' < 1. Since the error satishies the same disoretived

equation we can also write

<1 or |G <1 (18.25)

1 "'ﬂ

More details can be found in (1 |, The discretized equation systemn of eq. 3.20 for an
intorior node i on a mesh of equal mesh spacing h = const. > 0 (Figure 3.1) can be
written in finite difference form as:

H

C!«!
) (i1 — 20 + wi-1) (3.26)

C C
ult eyl - [E- (i1 = 1) + (ﬂ_-,.%_ k=g

where superscript n indicates the iime instant, The analytical solufion is expanded by
a Fourier series wheve any mode is it(z, 1) = ae~EHIDTRE Whove a i bhe amplitude, £
is the damping, w is the frequency, k any real nmumber and / = /=1, Then, we obiain
for any interior node ¢ and time instant » the harmonic

g L fi i
G = =€ H WAL Lk (3.27)

which is evaluated at (z,t") = (ih,nAt). h = |z — 2| = |#4 — &i] 8 the mesh
gize, the algorithmic damping and algorithmic frequency are &% and w", respectively.
Inserting eq. 3.27 into eq. 3.26, the exponential term containing the damnping £ and

"f more thian one equation exists, the amplification factor becomes a matrix; G. The Vor Newmanm
necessary but not sufficient stability eriterion requires that the spectral vading of the amplification
matrix p(G) meets p(G) < 1,
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Figure 3.3 : Plot for the limits of ey, and the Cournnt number €, Note that always gl = C, The
abacissn g in logarithmle seale and only plots Pe vagging from 0.01 to 350 for clarity.

frequency w cancels by division and we can write the modulus of the amplification
factor for any mode after introdueing trigonometric funciions and gimplification

ﬂn-i-i. 4 Cr‘ F 2z
- & ’1 i (JTE +cr*) (cos(p) — 1) - fc:sm(p)] <1 (3.28)

G =

=
Ly

whaere p = kh. The square of real and imaginary parts for above inequality, leads to
the following inequality after simplification:

P

which is satisfied under two conditions: if €% < § + €7, which is always satisfied for
(! = 0 by definition, and if

1 2
(5 +0%) (ot~ 42 (2 +C?) = Cleast 420 @am)

2ozl (4.30)

Within the interval [_ﬂl“E - \z‘# +1, —;ﬂ',; + .,K;n};-; + 1], the values for the Peclet
number comply with Lthe inequality and henee a condition for the Courant number €

i
C< | 3 28]
TR Sy (3.31)

The expression for the eritical value of Aty becomes;

l
Atprip = GI’ (3.32)
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It can be graphically shown (see Figure 3.3) that oy < C© for Pe > 0 (for clarity, a
limited range of Pe is displayed in logarithmic scale) and therefore,

Dbyt < Atgriy (3.33)

which satisfies stability criferia. The optimal time incroment Afyy s given by eq. 3.22
for the Taylor-Galerkin scheme in order to obtain nodally exact vesults. Figure 3.4
shows the exact nodal values computed using a Taylor-Galerkin two-stop scheme with

Atgpi and Pe = 1 (16, 6].

1 - : . ;
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AL

Figure 3.4 : Exact solution to the convectionsdiffusion equation for Pe = 1, wg = |, ug = 0 and
A = 0 using a Taylor-Galerkin schema,

For the inviscid limit Pe — oo, stability requires that € < 1, which will also apply
for the non linear Euler equations using a similar definition for €'

Remark

s A stability criteria was demonstrated for solving the convection-diffusion equation
using a Taylor-Galerkin scheme for interior nodes nnly', bt not for nodes on the
boundary. Thus, this method is not rigorous, but practical considerations make it
effective. Generally, the influence of the boundary and the boundary conditions is
not that important for the stability of the scheme, because the unstable bhehavior
of the algorithm is induced away from boundaries [4].

e T'wa concepts, consistency and convergence, are not exposed here in detail. Con-
sigtency refers to the fact that the discretized equation should tend towards the
differential cquation if Af and A tend to zero, or in other words thie trincaiion
ervor tends to zevo for At, h — 0. This analysis is done by expanding the discrete
valies w!' in a Taylor series and replacing them in eq. 4. Convergence relates the
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compitted solution to the exact solution of the differential equation. Consistence
and stability are necessary and sufficient conditions for convergence to exist [1].

3.2 Finite Point Method

3.2.1 Introduction

In the following, a very recent concept of digeretization is described. The idea iz to
achicve the computer modeling of flow problems using an approximation based on
“clonnds of points” which does not require the definition of a mesh. The 8o called Finite
Point Method (FPM) [13] is presented showing some examples for the solution of the 1D
convection-diffusion equation in this chapter and 2D compressible Hows in fortheoming
chapters.

I previous sections, the finite element method (FEM) hag been presented. Using
unstructured meshes o more than one dimension, the main advantage is its ability to
deal with complicated multidimensional domains in a simple manner while maintaining
a local character in the approximation. For instance, the weak form for the finite
element formulation of eq. 2.18 ia:

du ST ; | .
el + | Wil = () §e= |, ¥ 33
/t; Wopds + F ¥ g 0 i=1LNp (k)

where W oare weighting functions and Np ig the numboer of space dimensions of the
problend,

Another widely used methodology in CFD is the finite volume method (FVM),
Using eq. 2.4, the integral form of conservation laws for a discrete control volume
volume 2y uging finite volumes can be written for eq. 2.18:

i e
——dhe - [ nq)dl' = 3,85
.[nv T .r'?;:(ﬂmml 0 (3.45)

where the spatial integration extends across each boundary ' of a local control volume
v, f; is the flux of u in direction x; and ny are the Cartegian components of the
outward normal on I

Both methods divide the toial domain into a finite number of subdomains (or
elements) and integrate across the volume. "Thus, a conservative diseretization is limited
by geometrical regularity of non overlapping elements, ie. positive volume or a limited
aspect ratio betwaen oloments, angles, ete. Even though this poses no difficulties for 2D
situations, the lack of efficient 3D mesh generators makes the solution of 3D problems
a difficult task,

It 18 widely acknowledged that efficient 3D mesh generation remains one of the
big challenges in finite element and finite volume computations, Even very complex
problems in CFD, such as some 3D solutions of the Navier-Stokes equations, can he
very accurately resolved if acceptable 3D meshes and sufficient computational power
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are available, However, the peneration of 3D meshies, despite its recent advances is still
a bottle neck and it can consume far more time and effort than the numerical solution
itsalf, Very often, the design engineer needs to modify an existing mesh by adding or
removing nodes in certain mesh regions, which usnally requires a remeshing proeess,
Since a lot of manpower is dedicated to the task of mesh generation, a large time and
cost reduction in the design process can be achieved by optimizing the discretization
process,

Different authors have recently investigated the possibility of deriving numerical
methods without using meshes. Nayroles ef al [7] proposed a technicue, calling it diffuse
element method (DEM), where only some nodes and a boundary deseription is necessary
to formmlate the Galerkin equations. The interpolating functions are polynomials fitted
to the nodel values by a least squares approximation. Although no finite element mesh
14 explicitly required in this method, still some kind of *auxiliary grid” is needed in ovder
o compuie numerically the integral expressions derviving from the Galerkin approach.
This requirement may prelude the successful extension of the DEM (o 3D problems.

More recently, Belytachko ef al [8] have proposed an extension of the DEM which
they call the element-free Galerkin (EFG) method. In that work, generalized moving
least squares interpolants typically exploited in eurve and surface fitting are nsed to
defing the local approximation. This provides additional terms in the devivatives of
the unknowns field omitted by Nayroles ef ol [7). In addition, a regular cell structure
is chosen as the “auxiliary grid” to compute the integrals by means of a higher order
quadrature. Finally, Lagrange multipliers are used to enforce the cssential bonndary
conditions, The same approach has been further generalized by Liu et af [9] by intro-
ducing concepts from wavelet theory.

The use of “clouds of points” to define local approximations is not new and it has
enjoyed some popularity among finite differonce (FD) practitioners to derive generalized
FD schemus for arbitrary irregular grids. Heve typically the concept of a “sta” of nodes
is introduced to derive FD approximations by means of a local Taylor expansion using
the mformation by the number and position of nodes contained in each star. These
idens have been snecessfully applied in Huid mechanies under the name of Smooth
Particle Hydrodynamics Method. A recent extension of these concepts to the solution
of high speed How problems has recently been attempted by Batina [10].

In the following, a general methodology for the numerical solution of the convection-
diffusion equation in 1D using a finite set of arbitrary pointa is deseribad. The proposed
approach incorporates the main features of genevalized finite difference schemes and
other more recent point data based procedures such as the DEM and the EFG [13).
The accuracy and applicability of this methad is shown in some examples of application
in LD, The theoretical basia of the method in the context of the solution of viscons and
inviseid Hows are deseribed in some detail in chapter 5 with some typical examples of
2D compressible flows.
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3.2.2 General Formulation

Let us describe a local interpolating domain £24, also called “clonds of points”, by a sei
of n poinis ag seen in Figure 3.5, Point ¢ is the central node of §2; and points § are the
other points forming part of £2;. Hence subseript ¢ and j refer to these pointa in ihe
following sections.

® @ -i I'I 9
0 i ¥
5 ey i
[} -'-'IIIF"“ i
L i
W _3 »
v n= o
I‘l '\'
I“ lr
Y, et
Bt T T EFPFT LA
n=5
—,

Figure 3.5 : Loeal mterpolating domain £, in one dimension

With the help of these points a sought function u(z) can be approximated by a new
function (=)

w(z) = dlx) (3.36)

Performing a polynomial expansion of order m the function @(z) ean be deseribed
within {2; as

ii(x) = ay + age + aqz* + 10 + ™! (3.47)

where a,, are polynomial coefficients. In vectorial form we can write

i(z) = p'lz)a (3.38)

where the base functions p are introduced. The vector a containg the polynomial
coefficients a,,. For the linear and quadratic ease, they become

pl = [1,z| form =2 (3.39)

p! =1, 2,2 for m =3 (3.40)
in one dimension [13].

The above approximation ean now be sampled al n points within €2, where the
values 1; are known, They are defined ny

w = ulx) (3.41)

For the local interpolating domain, the following expression is obtained where the
unknown polynomial coefficients a are sought,
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u = a = Ca (3.42)
Py
whers p}' = pT(:L'j), The vector u contains the nodal values w; and C is a nxm matvix,

Since the unknown polynomial coefficients a are on the right hand side, it is obvious
that they can not be calenlated unless C is square and can be inverted.  Another
possibility to obtain the coefficients a is (o perform a least squares fit which minimizes
the distances between 4 () and w. For a solution to exist, a necessary condition is that
rank(C) = m, which means that

L= (3.43)

is necessary at least. This becomes evident, for instance, if we construet a linear
function (mm = 2) in each £, st least 2 points (n = 2) are needed to reprodice it. The
condition n = m is not sufficient, however, as will be explained in chapter 5.

In the following, let us assume that the rank of € is equal to m, and that becanse
of carelul selection of nodes, n = e is sufficient. Then, it is possible to distinguish two
cases, One is n = m, which means that this is the minimum number of nodes in each
interpolation domain, and the other case: n > m for which C is overdeterniined.

Finite Element Interpretation

Consider a linear one dimensional finlte element. Let the local interpolating domain be
the nodes of that element and let the order of approximation be equal to that of the
finite clement. In this partienlar ease n = m = 2 and by inverting C of el 342 and
subatituting into eq. 3.38, we obtain

ifz) = p'Cc'u (3.44)

A closer look at the veetor p"C~! reveals that it is composed of the standard finite
element shape functions N [14] for a linear one dimensional finite elemaont

pct = NY (3.45)

The equivalence to finite differences and linear finite elements is shown later in this
section, For an adequate choice of the basis functions, the shape functions of other
(also multidimensional) elements can also be recovered, however, the global scheme muy
nat be equivalent to the proposed scheme anymore, because overlapping interpolation
domaing can arise,
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3.2.3 Least squares interpolation

[nereasing the number of nodes in §2; o 0 > m, matrix € is overdetermined and
we cannot directly invert © anymore. However, a function 4i(z) can be defined hy
minimizing the square distances of the nodal unknowns w; (o d(x). The sum of the
souare distances can be cast into o function J

i

J o= 3 (ug —afe))? (3.46)

i=1
Replacing 4(z;) by eq. 3.38, the definition for J ean be written as a function of a

J(a) = i‘(w - pja)? (3.47)
i=i

ui Qi

Y

X
Figure 3.6 : Nodal unknowns o and the interpolated function i,
Minimization of J with respect to a, means that the derivative of J must be zero:
o7 _
da
The derivative of J with respect to a is from eq. 3.47

0 (3.48)

?’:;i 1
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or, since (u; — p}'a] is a scalar variable, we ean rewrite eq. 3.49 and incorporate the
minimization condition of eq. 3.48
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ad ¢ T
—— = ) 2(puj —ppja)=0
fn E ( i ! )

where the factor 2 disnppears by division, Using eq. 3.42 we simply obitain

C'Ca = C'u

or for the unkuown polynomial coefficients

a=A"Bu

for which the following definition for A and B have heen used

A = (CTC) and

B = ¢7

20

(3.50)

(3.51)

(3.53)

(3.54)

The new matrix of “shape functions” for cach interpolating domain £, ave now obtained

HE

N = p’A-'B

(3.55)

This means that an interpolated curve 4(z) is generated from some point values u,
(7 = 1,:++,m) in each cloud as shown in Figure 3.6. Note, as opposed Lo standard Gnite
elements the fitted curve does notb necessarily pass through the nodal nnknowns 1.

Remark

In the present approach the danger of o singular matrix A is avoided by
ﬂ-]_ﬁi]_ﬂ'“i.‘!l‘iﬂtﬂly Eﬁlt‘-ﬁiﬁﬂg the [Jl.ﬂlltzi in the il’ﬂ.l’-:rp(;[ai;iun domain £2;, ag men-
tioned earlier. In addition, the careful selection of points reduces both
computational cost and memory, becanse only those points actnally con-

tributing to the solufion in a certain region are selected, A more detailed

description of the selection of points is found in the chapter 5 dealing with

the two dimensional finite point method.

H.ﬁ)i:t!lﬂ;!y; .nﬂtihld. IJ.UJ Ilﬂ.ﬂ llﬂi!(i A ﬂhl[i!m‘ l_;ypt-! t}f lﬁi}_ﬂt Rq“zu';_m ﬁt fUI' ﬂ“:‘\““'ﬂ

and stresses in compressible flow analysis. However, he avoids the direct

inversion of matrix A by deoing a QR decomposition, thus circumyenting

the difficulty of A being singular and solves the following equation gystem

ingtead [10]:

Ca = u (4.56)

Now, performing a QR decomposition of matrix C, which is not square,

with the condition QT Q = 7, we obtain
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QRa = u (3.57)

Multiplication of both gides by Q7 we get an equation system for which
the sought coefficients a can bo caloulated:

Ra = Q'u (3.58)

The author has alao tested this approach guggested in [10], but has fonud
that it is computationally more expensive. The multiplication of Q7 u and
the backsubstitution has to be performed every time the derivative of u
is caleulated. This takes approximately 2 # n « m operations, compared Lo
ok (tn=k 1) operations of eq. 3.52, which 15 more than twice as much because
n =m. In addition, the memory demands are higher as the storage of Q7
and R is required, whereas directly inverting matrix A vequires Lhe storage
of L'ﬂi'.fl]-l o+ 1 which 15 of the order of Iﬂ%’-'—‘ since A is symmetric.

3.2.4 Weighted Least Squares Approach

A drawback of the interpolation procedure so far presentod is that equal weight 18 given
to all the points in £2;. This can rapidly cause a deterioration of the approximeation [1.‘3],
A remedy can be the introduction of weighting functions, such as a Gauss funetion,
which will be degeribed next,

Following the least squares approach from above, we can direetly include any weight-
ing funetions w(z;) in eq. 3.47:

0 L[]

J = E w(a;)(w; = 'ﬁ',l(rl!h,'))?' = Z w(z;)(uy = p’a)? (3.59)
j=l1 i=1

Again minimizing J with regpect to a, we oblain the same equation for the unknown
polynomials

a = A 'Bu (3.60)

but the matrices A and B are now composed of

A = (CTWC) and (3.61)

B=C'w (3.62)

W is a diagonal matrix containing the weights w(z;) at each point in £2;.
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Figure 3.7 : Gauss weighting funcbion; w{r;} quickly decreases as ry ineveasos (for Ajp = 1)

Introduction of Weighting Functions

It is now of interest to see if the results ean be improved by the use of waighting
functions wy within £2;. The idea is to give additional weight to points close to the
central point and reduce it for points farther away. Within each €; we define w; as a
function of the distance of each paint j fo the central point i:

tly = HJ(TJ), and 1y = |z; — 2] (3.63)

A possible choice for weighting could be a Gauss distribution which wasg also used in
all following ealenlations:

wiry) =e (ﬁ;), (3.64)

where A; 18 a characteristic length in each clond §2;. ¢ and p are user defined constants
to adjust the sensitivity of the weighting function. Usually, ¢ = | and p = 2 are chosen.
Figure 3.7 displays w(ry) graphically for Awe = 1. Further information on the FPM cau
be found in [13, 15],

3.2.5 1D Convection-Diffusion Equation

Let, us now apply the theoretical background to the previous test problem, the linear
1D convection-diffusion equation, and compare it results to known solutions from the
FEM. Consider again the 1D convection-diffusion equation 3.4:

'f)'u {9'!1- ﬂ au .
— 4= A — = . =l i 26
ot do O (h c‘.i:c) i & (3.65)
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with the same boundary and initial conditions as in eq. 3.4.

Apain we ave only interested in the steady state solution, which is given analytically
by eq 3.7:

uz)=1- ﬁ— (3.66)
-t
A diseretization in space must be performed next. First, known and proven finile
element methods will be presented, and then the finite point method proposed will be
described.

Finite Element Solution

As shown earlier, the exact solution to this problem can be nodally reproduced by the
finite element method using the Petrov-Galerkin method for all vanges of the Peclot
nnmber Fe using cvay, see Figure 3.2, The so called Taylor-Galerkin approach can also
be used to obtain exact nodal values for this problem as shown earlier in Figure 3.4, if

!
At = Dty = -‘;—m,,m (3.67)

18 chosen [ﬁ].

The Finite Point Method (FPPM)

Let us now analyze the finite point method in the context of the 1D convection-diffusion
equation. Integrabing eqg. 3.4 in time, performing a Taylor expansion of eq. 3.16 up to
gecond orvder leads to;

uﬂ.'.l h l ﬂ l:?.‘:.'l n Af C) (73

ar o2 oar
ingerting eq. 3.4 into eq. 3.68 and omitting third order derivatives, we oblain:

+ O(AtY) (3.68)

"+1='"'—&i _ATaLdtu -
= 2 e Oz dr 5 Ol (J,{:\))

(.dﬂ—ﬂ AL thi ) A“Af.é‘zu}

The discretization of the computational domain is performed locally using arbitrary
points, without the need for fixed connectivities in a conventional mesh. Performing
a least squares approximation in the vicinity of a point nusing uﬁm;{ n poinks, we ob-
tain an estimation of the necessary spatial derivatives ‘H—‘- and ﬁ—'} Substituting these
derivatives into eq, 3.69 leads to a system of equations from which the unknown peint
values wj can be found for each time increment.

As explained earlier, the unknown functions w(z) and its devivatives may be ex-
panded as follows in a given cloud, for the linear case (in what follows we assume
w(z) = 6(x) for clarity):
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u(w) = ay +aze =p'a (3.70)
it :
?}:T =y (3.71)
and for the gquadratic case:
u(n) = ay + asx + aga’ = p'a (3.72)
tu o
5, =0t 2agx (3.73)
g%
a_; = 204 (3.74)

For the linear case, it is not possible to directly compute the necessary second order
derivatives. This can be avercome by performing an accumulation of differences at the
central point and the rest of the peints j within the eloud. Hence,

u 4 (uj - u.;) ’
i = :Zi o (3.75)

with point 4 being the central point.

It can be shown that this scheme, tor equally spaced points (n = 3 and m = 2,3),
18 equivalent to a central-difference approximation which in turn is equivalent to FEM
with Galerkin weighting functions [186).
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Figure 3.8 : Equally spaced points and their domain of influence lor n = 3. Note the devivaiive js
sguivalent to 4 ventenl differenca approximation,
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Lingar case
The following shows this for the linear case (m=2), Three points (3 — 1ég + 1) are
considered with the coordinates (z;_y,2;,741) and at equal distance h from each othey

ag ghown in Figure 3.8, Let their unknown values be w;qe,04 1, respectively. Then,
A from equation 3,53 can be ealeulated as

"""\-H. i ] "
o1 i 3 dazy ;
[ EJ_, iy Lfgl :~é] = [.’5:5; 3 + WJ (3.76)
Iiversion of A leads o
[ﬁ + 3 ?’?“J] (3.77)
Eq. 3.52 gives the polynomial coeflicients ay :md dg 0

i
g

The first derivatives in the linear case are constant. Llsing eq. BT, .77 and 3.78 the
derivative of u al point ¢ can be caleulated from:

= A 'Bu (3.78)

du o m T u—h. .L§+h :
5 =% = (g~ gt (g ~ g we (g — T (879

Simplification gives

i ) = i ;

= u:.d._.._.m ot (3.80)
which is exactly a central difference approximation, "The second differences g}ﬂ are
taken as accuinulated differences at the central node i 377 = —JTI_E'L‘ for equally apaced
alements, leading to

Pu wior = Ui — W e = 20, gy 1.81)
dr? = h? o h? (3.

which also is a central difference approximation.

QQuadratic Caac

By analogy, we can derive similar statements for the quadratic case (m = 3). Eq. 3.73
and eq, 3,74 are the definition using quadratic approximation for the first and second
dorvivative within a cloud of points £2,, respectively, So, the fivet derivative of a function
wu(x) ab n point a; is defined as

i

5o (E) = a2+ 2053 (3,82)
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and the second derivative is constant within each interpolating domain £,

Py

;};::J = Zas (3.83)
After assambling and inverting A for m = 3, the unknown coeflicients can be caleulated
from ec. 3.60
iy
{ﬂ.:g } = A 'Bu (3.84)
ag

and we obtain for the desived devivatives of eq. 3.82 and eq. .83

ﬂf.‘(m.) Uil — W
3

53: - 2h (4-85)
anl e

Mu Wiy = 2u g "

dr? h? \4:80)

Tha detailed description of above equalities is presented in Appendix Al

Use af Weighting Functions

Caonsider again three points (¢ — 1,4,7 + 1) with the coordinates (&, ,2;,m00) al equal
distance h from each other as shown in Figure 3.8 and linear weighting functions (m =
2) . Their associated weights are w, 1w and their unknown values ave w1, 1, tigy,
respectively. Then, A from equation 3.61 ean be caleulated as

L+ 2w i+ 2w .
ay ok 2wy 2l 4 2w (27 4 },?)] (3.87)
Tnversion of A leads to
= 1 ad b 2w (.’;r::-s afs }13) i == P
I = L ] i i
A 2h%w (1 + 2w) [ —mi — 2wx; 1 4 20 (3.88)

From eq, 3.62 we oblain the weighted matrix B and then the polynomial coeflicients
ay and as as:

hy = = T
[ﬂz] A7 Bu (3.89)

Eq. 3.79 can now be writlen as;

--E' = (s = -.--.....__..'!'_..._
gz * 2h%w (1 + 2w)
(mgug + wagy (2 = h) + wuipy (24 1) (1 + 2w)) (3.90)

[(rti + w4 wgpy ) (g + 2way) +



36 Chapter 3:  Numerical Modeling 1 1D

Simplification gives

Q. Uiy = v
da: 2h
i i N i i % i s i
which is a central difference approximation. The second differences §}ﬁi are taken ns
waighted accumulated differences al the central node 4, which leads 1o

(3.01)

ffﬂ". W — i) Wiy — i
a4, (ti A‘ : (t41 — i) (4.92)
dr wh?
where 1 = "—‘-r 2.1 ey, which is an average weight across the clond. For this problem
(n =3, m = 2 and equally spaced elements) 1 =t and further simplifying leads 1o

2 - e B A
i ‘il't. - Wi—| = 2 + 14
i h?
which again is the standard central difference approximation,

(3.93)

Order of Approximation

For any numerical scheme, the order of approximation must be estimated. The time
integration of the proposed algorithm is second ordor accurate as seen from eq. 3.68,
The estimation of the spatial accoracy is not trivial gince different types of cloud cons
stellations ave possible.

3 Poinls per Cloud

For . = 3, equivalence to the central finite ditference approximation was shown. So,
the spatial accuracy is of second order for smooth meshes,

=1 i 2
—
i H H

i
i h h i h
g .|‘_“_——P

Figure 3.9 4 equally spaced points and vheir domiin of influence for o= 4.

Clouds with more than 3 Points aud without Weighting Ffunctions

For n > 3, using no weighting funetions, the accuracy deteriorates, because the dis-
cretization reduces to first order. Referring Lo Figure 3.9, e, .79 now becomes for
n=4mndm=2:

du - : ;
e = flg = H (=3uyq ~uy + thigy + Brgz) (3.94)



CONTR. TO ADAPTIVE NUMERICAL SOLUTIONS OF COMPRESS. FLOW PROBLEMS a7

Socond order aceuracy would reguire

i 1
5}: ol Ll (it -1 + gy + gy i + dijgz) + O(h?) (3.95)
together with the conditions [1]:
a+h4+ed+d=0 [3.5.]5)
aned
i e o did = () (3.97)

The second condition 3,97 i nob satistied as a + e+ 4d = =341+ 3 = |. Hence,
the approximation is only first order accurate in space for the algorithm with no or
constant weighting. The detailed deseription for obtaining eq. 3.94 can be found in
Appendix A.2.1.

Clouds with more than 3 Points using Weighting Funclions

The incorporation of Gauss weighting functions can retain second ovder aceuracy as
shown again for 4 noded clouds (n = 4) and m = 2. The first order derivative is defined
a8

@_{ i

D by (14 2u)
whoere wy is the weight assigned to points ¢ — 1 and i + 1, ws is the weight assigned 1o
node i -+ 2, Assuming that wy < w) < 1, then second order aceuracy is obtained. The
dotailed proof is shown in Appendix A.2.2. For m = 3, similar conclusions are drawn,
as the equalities are obtained in analogy Lo those of i = 2.

1
=ty = on (tgpy = W) (i = wy) (3.98)

1 i
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Figure 3.10 : Exact nodal values obtained by the finite point method for Pe = 1, n = 3, Compared
arg tha use of lineay and quadratic basis functions, m = 2,3, with the analyfical solution.
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Figure 3.11 : Convection-diffusion equation using linear base functions (m = 2) and 3 poins per
clond (o 3) for 1) Pew 06, b) Pew ] and ¢) Pe = 2,5,

3.2.8 Boundary Conditions and Stability

The implications on the formulation of the boundary conditions and atability are ihe
same as deseribed in section 2.7 and section 3.1.2, respectively. The boundary condi-
tions for the numerical examples that follow are of Dirichlet I'p type. For the solution
of the steady state convection diffusion equation using a time marching scheme, stabil-
ity must be congidered.. The stability properties of the scheme 3,69 for 3 noded clonds
are the same than the Taylor-Galerkin scheme presented in section 3.1.2 as il is equiv-
alent to linear finite elements. For n > 3, this applies if wy < w), ie. Gauss weighting
funections are used. However, & mathematical proof is not extended here,

3.2.7 Numerical Examples

Leb us test the solution of the steady convection-diffusion equation using the time
marching scheme of equation 3.69 with AL = Al of eq. 3.22. Spatial discretization
is done by means of clonds of points without weighting and with Gauss weighting
functions using linear and guadratic basis functions. Having shown the equivalence of




CONTHR. TO ADAPTIVE NUMERICAL SOLUTIONS OF COMPRIESS, FLOW PROBLEMS 39

FPM (n =3, m = 2,3) with FEM, it should be possible Lo recover nodally exact values
for n = 3 and m = 2,3 using the finite point method, Figure 3.10 demonstrates this
for Fe= 1.

Howover, if the number of points in the local interpolating domain £2; inereases
(n = 3), the algorithm introduces excessive diffusion and the quality of the result
deteriorafes, especinlly near stronger pradients, which is the case if the Poeclet numlor

ig increased.
i T T i - v
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Figure 3.12 | Convection-diffusion equation using linear base functions (m = 2) and 4 points por
cloud (n = d) for n) Pe = 0.5, b) Pe = | and ¢) Pe = 2.5,

Figure 3.11 shows the solution of the finite point method using linear base functions
(m = 2) and 3 points per cloud (n = 3) for three different Peclet numbers: a) Pe = 0.5
b) PPe = 1.0 and ¢) Pe = 2.5. Observe that exact nodal values are obtained in all enses,

However, as Lhe number of poinls in the cloud ig inereased, a deterioration of the
golution is visible when no weighting functions are employed. Figures 3.12 and 3,13
demonstrate this behavior for n = 4 and n = 5. In the same figures, the use of Gaussinn
weighting functions is compared. The improvement of the solution is impressive. With
Ai = Pgins wherve v refers to the minimum distance of r in {2, practically exact
nodal values are recovered for this 1D test problem.
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Figure 3.13 | Convection-diffusion squation usling Uneay hase Tunctions and 5 points per clowd for
a) Pe =05, b) Pe=1 and ¢) Pe =2.5.

The extension to quadratic base funetions (m = 3) exhibits a more drastic need for

using weighting functions, Whereas with 3 noded clouds (n = 3) exact nodal valnes
are computed (Figure 3.14), strong oscillations oceur as 71 18 increased (Figure 3.15),

These ogcillations disappear if a weighting interpolation is used.

Additionally, it bhas also been found that the quality of the results worsens aa the

Peclet number increases if no weighting functions are employed, Note that again nearly
exact nodal solutions are recovered by employing Gaussian weighted interpolation.




CONTR. TO ADAPTIVE NUMERICAL S0OLUTIONS OF COMPRESS, FLOW PROBLEMS 41
1 . ' v 1 T
R Ii;‘;?l’ - : EXACT —
Wi fig = WITHLIL T vesbighl ®
i Lining GALISE walghting lungilone Lisify GALISS waighting |ur:1::?| .
H.] (i3]
L 121
a4t o4
0ZF oul
i} i, S i i o & i i
: 0.2 a4 00 o4 [i] 0.4 ] o
3.14 a) Pe = 0.5 3.14 b) Pe =1
i v
EXAGT —
WITHOUT wanigliting =
il Using GAUSE walghting funclians «
ab
o4 4
0z} )
b e o ol

3.14 ¢) Pe=2,5

Figure 3.14 : Convection-diffusion equation: quadratic base functions and 3 points per cloud for a)
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b ¥ Chapter 3: MNumerical Modeling in 1D

3.3 Conclusion

A brief introduction to different diseretization techniques has been given using the
convection=-diffusion equation as an example. Knowing that classical methods such ny
Petrov-Galerkin and Taylor-Galerkin methods are capable of oblaining exact nodal
results of the steady convection-diffusion equation, a new type of diserotization schemae
using points was introduced and tested with the same examples. 1t was demonstrated
that for particular cases (ie, n = 3), the proposed spatial discretization is eqnivalent
to a central difference approximation.

An estimation of the order of aceuracy and order of approximation was given. Shown
was that the presented scheme is at least second order accurate for equally spaced points
and 1= 2,3, but reduces to first order for n > 3, The addition of appropriately chosen
waighting functions, such as o Gauss function, ean restore the second order accuracy.

Results were presented for several number of points n per interpolation domain §2,.
Exact nodal values were computed for n = 2 and n = 3, because it ix equivalent to
the Taylor-Galerkin scheme. If the number of points per cloud is increased, weighting
functions are needed to be able to obtain sufficiently acenrate results for equally spaced
elements, Examples for both linear as well as quadratic bagiz functions were shown for
which similar conclusions ean be drawn,
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Chapter 4

Taylor-Galerkin Algorithm for
Compressible Flow

4.1 Introduction

This chapter presents the Taylor-Galerkin algorithm and several extensions to solve the
equations for compressible flow in more than one dimension. The scheme used is well
known and is based on the concepts of the previous chapter. The extension is made
to approximate non linear coupled equations in multidimensions eapable of simuliting
different ranges of flows including the vesolution of discontinuities.

In the first part, the known general scheme is described for linear triangles in two
dimensions, Then, the addifion of a Jameson-type artificial diffusion [1] is outlined
which incorporates an algorithm originally developed for finite volume schemes. Also,
the extension to bilinear quadrilateral elements is presented.

For three dimensions, the Taylor-Galerkin algorithm for unstruetured tetrahedral
elements is shown [2], and using cylindrical coordinates, the scheme has been extended
to cover axisymmetric flows, thus reducing the problem to only two dimensions,

Finally, numerical examples are shown to validate the features and qualities of the
bagic algorithm and its various extensions, The analytical solution of more complex
flows around complex geometries is generally not available, so that a validation nmst he
performed with simpler models or with experiments. An important part is dedicated
to prove the accuracy by performing a mesh convergence study in order to underline
the order of approximation. Emphasis is also put on error estimation and adaptive
unstructured mesh generation.

A5
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4.2 Taylor-Galerkin Algorithm

4.2.1 Navier-Stokes Equations

The laminar Navier-Stokes equatbions for a compressible fluid in conservative form for
laminar flux within a two dimensional domaio can be writien, in the absenes of source
termal[d):

Elu af  Og,
a aJ.-g Dw;
where the nodal unknowns u, the advective fluxes f; and the viscous fluxes g, are:

i=12 (4.1)

P iy {
= | P R L = a1 A4
= s rl Pt + Pﬁﬂl Et - 74, ( 13)
pl (pE + p)u, B 4wy

The first row of eqs. 4.1 and 4.2 represent the continuity equation, the second and
third row contain the momentum equation and the last row is the energy equation.
These equations atate the CONSHr vation of mass, momentum and energy, respectively.
The law of Navier-Poisson for a Newtonian Auid leads to the components of the viscous
shress tensor for isotropic media [4):

fu; g thay
- — —_— |-|nnI!| " _|_.(' e = il
7l o (LJTJ J 3:{:,) r J\Bu;kﬁ” b=did (4:3)

where a bulk viscosity of (3A + 2u) = 0 is assumed, which is justified by the validity
of the Stokes hypothesis for which reversible processes under compression, see (3, 4, 5).

The following list describes the different variables contained in the above equations:

p 15 the density,

s p the pressure,

T' the temperature,

ui the Cartesian components of the veloeity,

F the total energy por unit mass,

8, the Kronecker delta,

k the material heat conductivity, and

fo= p(T') 1s the dynamic cocflicient of viscosity which is caloulated from Suther-
land’s equabion,
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The momentum equation and the energy equation nre conpled by the pressure which
is achieved by assuming that the fluid is a perfect gas. Thus, the pressure is abiained
from the equation of state for a perfect gas:

p = (y—1)p(F - [).EuJ-uj) (4.4)

where the ratio of specific heats + is defined as:

In the present computations + is taken to be equal to 1.4 for the simulation of air,
which is an adequate choice for subsonic, transonic and supersonic How where the
Mach number is not excessively high and where chemical reactions cau be neglected.
The variables are (ransformed into non dimensional values by introducing Pr, the
Prandtl number, and Re, the Reynolds number, with details in [3].

4.2.2 One Step Taylor-Galerkin Algorithm

The numerical algorithm for solving the partial differential equation 4.1 is the well
known Taylor-Galerkin method, successfully developed and used by different autlors
(3, 6, 7, 8]. Non structured meshes of inear triangular finite elements are used,

The solution vector w is written in Taylor series up to second order as:

du” A §*a”

Au =u"t! mu" = A e —

it 2 o

The time derivative of eq. 4.6 can be replaced by eq. 4.1 in one step. Hence using
equation 4.6 and neglecting the Q(A#*) term the expansion reads:

+ (A (4.6)

g ORN\" AP 4 of; d TR
ool L[S 08) L (B
s g duy 2 |0z B oy iy A ey /| Ll

where i,k =1,2, A, = 9f/0u and G; = dg;/8u are matrices of veclor gradients, and
where derivatives or products of order higher than two have been neglected. Superseript
n means values at time mstant 7. Equation 4.7 can be now diseretized in finite element
manner using standard Galerkin weighting functions and the weak form becomes:

, N
[NT&udﬂ . m.f N [‘?ﬁ-ﬂ‘— 0
Jsr 0 Ay Oy

t&ﬂ“ £ EJ ﬂf! a af i .
it N"[ (G_"}..)._._._(A k)] " .
2 Ja B\ B/ T o By df? (4.8)

Integration by parts using Green’s theorem in equation 4.8 gives:
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]u NTAw =
m{ i N'f'(-gi':)dsz- / i‘;‘%gmm [ (7)., d[‘}n : (4.9)

At? ANT af, of, ) [ N ( Of, of, ) }”
o b B A St it = [N A =) T
2 {_A"] aay (A'i;?:c:;. Yoz, f J1 "oz Yoy /

Subseript n indicates normal projections.  Eq. 4.9 can now be discretized using
standard finite element shape functions (eq, 3.8) with subseript ¢ denoting nodal values:

u' = > Naf = Nu" (4.10)
i

where the overbar denotes the nodal valiues of the unknowns, but is omitted in what
follows. This leads to a system of algebraie equations which can be compactly written
i the following form:

M Au" = RHS" (4.11)

where RHS is the right hand side of eq. 4.9 after diseretization bul is not detailed heve
for elarity, The components of the mass matrix M are defined by

M = f : NN (4.12)
i

In order to reduce the computational effort, the explieit form of the algorithm can
be preserved for steady state solutions by solving equation 4.11 using 4 lumped mass
matrix. The diagonalization is performed using the row sum method. For time acen-
rate caleulations, a Jacobi-type iteration procedure may be perlormed to recover fhe
properties of the full mass matrix [3, 6].

Eq, 4.11 is called the Taylor-Galerkin one-step scheme. However, it would be nec-
essary to compute matrices of vector gradients, 8f;/du and dg; /0u which i time and
memory consuming. Insteéad, a two-atep scheme is implemented which is equivalent to
the one-step scheme, but avoids the computation of these Jacobians,

4.2.3 Two-step Algorithm

In the firsh atep, a Taylor expansion at time n 4+ 1/2 is performed and uding eq. 4.1
(neglecting the viscous terms):

n i
e gt g %f %‘r- = g - %_fg{i (4.13)
3 i

From this step w172 ig obtained, For the second atep, again the use of Taylor expan-
sion for £*'* and equation 4.1 without third order derivatives, provides the tools to
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replace the Jacobians by values of fluxes at time n + 1 /2 [3]. The complete system of
equations now becomes:

An” — IV ndl/2 " i [en41/2 i A g o
s At /n g (f": B ) il - [] N (fi A i)"‘H (<. 14)

where f,-M 2 can be directly obtained from the u /2 values computed in the Rrst step.
The intermediate steps for reaching eq. 4.14 and ita practical equivalence to eq. 4.11
can be read in [3].

Subseript n refers to boundary normal values and M is again evaluated vsing a
Inmped form to preserve the explicitness of the scheme. The overbar refers to mean
clemental values, The definition of the shape funciions can be obtained from (9] aud
are detailed in section 4.7,

4.3 Artificial Dissipation

To account for discontinuities in the solution of fluid fow using a high order scheme, a
certain kind of artificial viscosity or diffusion must be introduced to avoid unphysical
oscillations especially near strong gradients. Firat an algorithm of the Lapidus kind
(10] and then an approach similay to Jameson [11] are deseribed.

4.3.1 Lapidus Algorithm

The form by which a Lapidus type diffusion may be added to the Euler and Navior
Stokes equation iz described next. The original algorithm has been developed by
Lapidus [10] und hag been suecessfully extended to multidimensional compressible low
by Lohner [12].

The iden is based on the correction of the solution obtained al every time step by
mncorporating a smoothing diffusion of the form

3ttt
Au; = ult! ="t = m.g_'l (L‘&;ﬂ—)) (4.15)

k* is variable to determine the amount of viscosity necessary, 1 is the normalized vector
of velocity gradients, Au, are incremental smoothed valnes, u?™ iz ihe smoothed
solution at time ni 4 1, and v is the vector of velocity.

k* is abtained as follows:

ik

(4.16)

where C is the so called Lapidus constant chosen by the user, h is the element length
chosen as the minimum helght of the trianglo and the vector 1, indicating the divection
of the strongest gradient of velocity, is
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alv?*
=} = i ) (417

: v v L2
The resull is a diffusion proportional to the velocity gradient in the divection of max-
imum change in velocity. The advantage of this type of sealing i that the diffusion is
largn near strong gradients such as shocks while reducing a smearing of the solution in
the boundary layer by reducing the crosswind diffusion. In this work, the application
of a Lapidus type diffusion is not shown explicitly by examples, as it lias been tested

by others [3, 5, 7, 12].

4.3.2 2nd and 4th Order Artificial Dissipation

Instead of the artificial viscosity of Lapidus, an artificial dissipation of a blend of second
and fourth order can be chosen [1, 11|, However, the original formulation must be
adequately modilied for use with finite elements.

Consider the Navier-Stokes oquations 4.1 written in compact form

du
4 V.f* =0 418
where ¥V« £* s the divergence of * which containg the advective fluxes [, the viscons
fluxes g and the added dissipative fluxes £

FJ' — By — f:!
7 = { v } 4.19

fy —gy—fu ( )
where the subscripts 2 and ¢ refer to the divection of the Aux.

One Dimension

For simplicity, the way to caleulate the diffusive fluxes fy is shown in one dimension and
extended to two dimensions in a heuristic way, Tho basic expression for the diffusive
Auxes f; is taken from [24] as a blend of first and third order derivatives in 11

a4 | 2 3
_ oA BE | pldu gy g FT0 A
fi=a'" AxA 5 |a3| Bz AxtA o (4.20)

In eq. 4.20, 3 is an average pressure of the elements surrounding a node and the coeffi-
cientd a are chosen by the user according bo the problem and detailed lafer on. Aw is
the element length and A is defined by the maximum eigenvalue of the advective flux
Jacobian 5 which is [24]:

A= Nz = |v|+e (4.21)

is the modulus of the velocity and ¢ = :/'yﬁ ig the apeed of sound. Deriva-
tion of the fluxes in ag. 4.18 leads to second and fourth order dissipation terms after
TEETOUPINg:

where |v
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Je = A radl Fa i m = Y ATTAAT m {"1.22}

The evaluation of the diffusion i eq, 4.22 vequires the caleulation of second and fourth
derivatives, which can be computationally expensive. However, through the use of
a more compact stencil, second derivatives can aceurately be approximated given a
regular mesh. 1t can be shown that for the unidimensional solution of node 1, & second
derivative of the unknown can he obtained using mass matrices [7, 25] (the equality
holds for a mesh of equal spacing):

. i o - 1=
O [a{me’-—‘f}]‘ = [M;'(M, - M;)¢], (4.2)

i

M, iz the diagonalized or lumped mass matrix,

M, is the consistent mass matrix,

€/ i8 a constant equal to il; for linear 11D elements, and

¢ s any unknowns variable and ¢ is the vector containing the nodal valies of the
nnknown function within the clement.

Replacing the expression for the evaluation of second derivatives in eq. 4.22, one
gets omitting the overbar

Oty (2) Ax® ﬁt.‘ﬂ 1 () < Neml
= oA 2 (M (M, - Mu) — ol (M (Mf.-M;Ju)A;u"m
(4.24)

whEI'GH the constant € is absorbed in the coefficients of® and o). Replacing again
Au-j%ﬂ by Mrl (ME_MI)U and omitting the constant C, we obtain after simplification:

at,
dr
_ \ " 42 | ot ;
where the pressure switched term § = Qj{— |§;4} was introduced which is a sensor for

discontinuities. The assembly of eq. 4.25 is performed clement wise and the Aux £ is
accurmulated atb each node of the mesh.

= [0A8 — ol (M] (M, - M)u)| (MM, - M;)u) (41.25)

Extension to Multidimensions

In a heuristic approach this idea can be extended to two and three dimensions. Then,
the general expression for the dissipation flux is as follows in finite element faghion:

a; (1 _1 a2
A [ = O (M7 (M. = Mpu)| (M, - Mpw) (4.26)
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where the coefficients ¢ have been introduced which will be detailed below, The follow-
ing mass matrices for linear triangles for a smooth mesh are used:

A 2 1 1 A 1 0 0
M, = 55 [1 2 1| and My = 3 [U 10 (4.27)
1 2 001

and for linear tetrahedral elements:

o111 1000

vl 2 11 “vio1 0o :
Me=goly 1o 1| ™ M=714 01 0 (4:28)

P11 00 0 1

where A and V are the element area and element volume, respectively.

Remarks

e The summation over the elements using elemental mass matrices and spreading
the values to the nodes is exactly equivalent to performing a summation over the
sides in the mesh, e, [13].

s Eq. 4.26 is the additional term to be added to all the equations 4.1 with the
modification of the energy equation where the enthalpy is consiant at alendy
state. Hence, the last component of w, pk, is replaced by the expression ph
where H = E + Jr-: ig the enthalpy.

The two coeflicients, «2) and Y, are obiained from the expressions

2 = oPlag (4.29)

e = max {),m“)—frm:‘i'] (4.30)

The terms o' and o!?) are user defined constants that are adjusted according to the
degired amount of diffusion to be added. o' is of the order of unity, generally chosen
botween 0.2 and 1 for flows with shocks, whereas the coefficient ol is chosen hetween
0.05 and 0.6 for inviscid flows and 0,005 and 0.1 for viscous flows.

A pressure switched diffusion coefficient Sy for each node is caleulated aceording to
the following term:

Nﬂi M

1) pl "
[E 1M =i} P (4.31)
where p is the pressure of each node within an element and Ny is the number of
clements in the domain §2. This formulation is well suited for both supersonic and
subsonic flow. The second order dissipation accounts for stvong discontinuities such as
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ghocks. The fourth order terms introduce a background dissipation to avoid escillations
where |v| = 0, ie. stagnation zone. If no shocks oceur, accurate results can be abtained
using only the fourth order background dissipation only [13]. Note however, that now
the formulation has changed slightly in comparison to the original formulation, as the
pressure switeh is taken ag the maximum within each eloment instead of the side.

4.4 Boundary Conditions

4.4.1 Euler Equations

The discretized equation system, eq. 4.14, assumes a computational domain Q sur-
rounded by a boundary I'. So far, the algorithm only deseribes the contributions of
each element across the integral §2 but does not yet state how to incorporate the bound-
ary conditions for integral T',

In this thesis, two types of boundaries exist: the wall boundary through which
mass flux is not possible and the inflow /outflow boundary through which mass flux
is possible. As mentioned in chapter 2, the boundary conditions must be applied in
a compatible form with the cquations to be solved, Performing a oue-dimensional
linearized characteristic analysis of the Buler equations normal to the bonndary T', the
conditions for inflow outflow and salid wall can be deduced,

A transformation into charaeteristic variables similar to section 2.5 lor eq, 2.18 can
be done by chosing A = X' AX, where A contains the eigenvalues and X containg the
eigenvectors of the matrix A = 4L This leads to

av oV |

where V = X~'u are called the characteristic variables. The system is now decoupled,
so that the boundary conditions can be applied according to the signal of the charac-
teristics of each equation. Details can be found in [24]. For the two dimensional case
the characteristic variables and its cigenvector become [25]:

P ;Ev iy

. i . n o
V= b L EII%._ and A = s (4.33)
gy .f_'?f‘_* Uy = €

The asterise denotes the linearized state at the time step £*, subscript n and 4 denote
inward normal and tangential direction, respectively, The gign of the components of A
in eq. 4,33 determines whether variables are prescribed or not.

& Supersonic inflow

All components of A are positive, hence all variables must be prescribed, 1o, by
infinity values Vo = V. (subseript O denotes the corrected state).
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« Supoersonic outflow

All components of A are negative, hence all variables ave loft froe. They are taken
as prodicted values at time slep 2 Vo = V2 within the program,

e Subsonic miflow

The last component of A is negative (0 < uy, < ¢) and, hence, the last component
of V is left free. The other components of V are consequently prescribed by
infinity values which are the velocity and the pressure.

s Subsonic outflow

The third component of A is positive and has to be prescribed while the other
components are left free. For external flows, the oufer houndary is placed al a
far distance, ie. = 10 chord lengths for airfoils, and the free stream pressurve is
prescribed there.

s Wall boundary

As the thivd component of A is positive, it must be sef. The wall boundary
condition requires that no mass Hux erosses the wall or w, = 0.

A detailed deseription and the resulting correciive states after mathematical expan-
sions for the conservative variables u can be found in [15]. The application of these
conditions is done in a weak form in eq. 4.14 by correcting the fluxes at time 1+ 1/2
in the integral I".

4.4.2 Navier-Stokes Equations

The determination of the boundary conditions of the Navier-Stokes equations is similar
than for the Euler equations, However, the steady momentum and energy equations are
elliptic and its modeling is more complex. Details are dealt with in 124] and different
possibilities are exposed.

One possibility is a divect extrapolation from the interior for supersonic outfow
houndaries, so that the corrected states can be fonnd, The physical wall boundary
conditions which are imposed which is the no slip condition w; = 0. An additional
condition is the type of wall which is simulated. If an adiabatic wall s modeled, then the
heat Aux across the wall i zero, whereas if an isothermal wall is given, the Lemperature
is set, The other houndary conditions are the same as for the Euler equations for the
type of external Hows considered here.

4.5 Stability

The extension of the stability properties of the numerical scheme for non linear systems
are extended from the findings in gection 3.1.2. In the case of stability limits in the
convective case the limit Courant number was defined by € = [A|§! < 1. For non linear
convective equation systems such as the Euler equations, a decoupling is performed like
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¢ 4.32 using characteristic variables and each equation can be analyzed separitely.
So, |A| of eq. 3.23 for the Courant number is replaced by the mazimum eigenvalue of
the Jacobian A = g& which is for eq. 2.18 A = |v| + ¢ obtained from A of eq. 4.33,
Hence, according to section 3.1.2 the stability of the algorithm is presorved if the fime
step meets the following criteria for the inviscid algorithm

cah
(|v] +¢)
where the subseript I refers to the inviscid time increment, o, is a safoty factor, usually
close to ity and A is the element length. Details can be found clsewhers [3* 7, 24|
Including the viscous terms, the time step criteria is

Al =

and ¢y = | (4.34)

Al el
s -qu'/?a»r,;,f
(Ivl . f.‘-) + m,l“,. THuh

where ppiq is the minimum density within the element surrounding node 1, M. is
the free stream Mach number, Pr is the non dimensional Prandtl number and fe iy
the Reynolds number. The other variables have the same meaning as defined earlier.
Details can be found in [3, 24, 13]:

and oy = 1 (4.35)

Loeal Time Stepping

In order to enhance the performance of the program and to accelerate the solution
towards steady state, local time stepping can be used. Then, time steps of ditferent
size are used within each element individually according to the local stability lmit. As
the mesh size increases, ie. with the distance from the body, the time increment will
also increase. However, this option is only permissible if the trangient solution is not
of interest.

4.6 Adaptivity and Error Estimation

The solution program has the possibility to increase the efliciency of the ungtructured
solution by adapting the element sizes in the mesh. This reduces the amount of work
without sacrificing accuracy, For instance, strong variations may appear in very loeal-
izad regiong of the domain, whereas the rest of the solution remains smooth. A way
to perform remeshing is by estimating a posteriort the ervor [16]. Although this pro-
cess hag been developed for elliptic problems, practical applications have shown that it
works well and efficient for many compressible flow applications as well.

The element mean quadratic error for unidimensional elliptic problems is:

94

e T

ot

Ji i the 1D clement length, ¢ is the variable chosen, and C is a constant, Fq. 4.30 is
used asg the basia for estimating the error in advective-diffusive and compressible flow

Bt = ¢n? ol (4.36)
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problems. Although there is not a sound mathematical proof of this extension, il has
been verified in practice that it provides accurate estimates of the regions where the
changes in the numerical solution are higher, ie. where mesh refinement is necossary
[3, 7, 26, 27).

If the eriterion of equidistribution of the error among the elements is adopted, fhen:
v
da?
For 2D problems eq. 4.37 may be extended as follows:

2

o = constant (4.37)

(8)%|Ai| = comstant i=1,2 (4.38)

whers A; are the eigenvalues of the Hessian matrix C); = ;;-f"—ﬂ%— ane d; i the eorre-
# k alu ALt
sponding new sloment size,

This has the advantage of providing divectionality to the error estimator which can
produce stretched elements (le. 8y # d2) [3]. Tt is a desivable property, since some
discontinuities present a strong variation in one direction and u smooth behavior in the
direction normal to the firat.

A sealar variable should be chosen for the error estimation like the Mach number,
density, ete. The new element sizes §) and §; in the principal directions are obfained
according fo:

(80) |Ai] = (62) 1Al = & Amax (4.39)

Ar and Ay being the eigenvalues of the Hessian matrix €, 4, is 4 user specifiad constant
(minhmum element size) and Ay, 18 the maximum eigenvalue over the whole mesh.
The same process is easily extended to 3D problems.

4.6.1 Mesh Generation

A finite element mesh of linear triangles of § nodes is generated uging the advancing
front technique [3, 7, 26]. The element sizes ave decided in aceordance with the sizes
apecified by a background grid. The initial background grid may be a very simple meslh,
and the subsequent grids are those used for the latest or seemingly best computation,
where the sizes are decided as specified in the previous section. For details of the
preprocessor, the reader is referred to the above references.

4.7 Quadrilateral Elements

The finite element formulation of the compressible Navier-Stokes equations based on
a two-step explicit Taylor-Galerkin scheme is being extended to treab unsbructured
quadrilateral bilinear elements. Adaptive mesh refinement as well as shock capturing
technigues ean used Lo enhance the numerical solution in the vicinity of steep gradients,
such as shocks.
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As shown in the previous section, the advantage of the use of a bwosstep algorithin
with a lumped mass matriz formulation i a reduction of stored memory [3] resulting in
a lean, explicit algorithm. The aim of this report is to extend these features mentioned
ahove to the solution of quadrilateral elements. Three main advantages are apparent,
which will be discussed in the examples

s More flexibility using more types of elements
s Cost reduction by reducing the total number of elements

e lmproved accuracy through more structure near boundaries

However, a disadvantage of unstructured qllmh.'il.‘.wl’!ll'?hlﬂ is the difficulty to coutrol
the quality of the elements, necessary for accurate resulis, and the higher generation
¢Ost.

4.7.1 Time Integration

Consider again the Taylor-Galerkin method [3] already described, Recall the time
integration using a Taylor expangion up to second order just like eq. 4.6. The two
step scheme divides the time integration into two parts. The resulting equation system
ig given by a similar one as obtained from eq. 4.13 and ey, 4.14. The first step of
the computation gives an estimation of the unknown vector at time step n 4 1/2 and
the second part completes the time integration by using the evaluated values ab time
no+1/2.

4.7.2 Space Discretization

Performing the spatial discretization using Galerkin shape functions, we rewrite eq. 4.14
and we get for the second step:

Auh N ﬁN; n'l'”'-‘! =T T “.|.*‘13 7 .
Mo = fn ol (£ — ) da - AN (6417 ) an (4.40)

The terms appearing in ¢q. 4.40 have the same meaning than in eq. 4.14, except that
M is solved by the lumped mass matrix of quadrilaterals which will be detailed in sec-
tion 4.7.3. The appearing derivatives of the gshape functions are exprossed for quadri-
laterals [9]. By recalling the use of triangles, the differences in the caleulation of the
shape funclions for quadrilateral elements become olear:

Shape Functions for Linear Triangles

For linear triangles with area A and nodes ¢ = 1,2, 3, the shape functions and its
derivatives can be ealeulated in o steaightforward manner:

1
Nj = 2 (a; + biz + eiy) (‘L‘“J
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Deriving the shape functions with respect to x and y we obtain the following con-
gtants for a linear triangle 1,2, 3:

ONi _ b _ -1

br "3~ 2A W
i OV _m-m .

By 24 24 D
Quadrilaterals

The evaluation of equation 4.13 and equation 4,14 may be done by using nmumerioal
integration at one Gauas point, which preserves the simplicity of the algorithm. T'he
integral along T is evaluated similar to triangles bt the fivat integral of equation 4.14
over the elements is rewritten using numerical infegration as:

ﬂNT 111 = i e - aN“ L i ;
LFE (t} +1/2 gJ-) dfl = Z [2 E (f.f +1/2 y;,-‘)‘ " w 17| (4.44)

In this case the weight function w; has been introduced for numerical integration and
is equal to two at the center of the element for one Gauas point. |J| is the determinant
of J, defined further down.

=3

i S
fad

srrmmravsrsrrarrrsfreer ey E

Figure 4.1 ; Coordinate transformation of Cartestan coordinates to local coordinntes

Shape Functlons for Bilinear Quadrilaterals

Sonsider the transformation of Cartesian coordinates (x,y) into local coardinates (£, 7)
as shown in Figure 4.1, By means of the Jacobian transformation the following velation
between £ and x can he stated:
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x:{m}::JE (4.45)

(- (3)

whare J 18 the Jacobian matrix, defined as

] i
g | ?’,] (4.47)
4 &

Hence, from the local coordinate system, the shape fimetions ean be expressed as

or

Ni(€,m) = 0.25(1 + &) (L +mm) , i=1,2,3,4 (4.48)

For the caleulation of derivatives in Cartesian coovdinates, obviously the process be-
comes more complicated than for trinngles:

o, 1 (@mdy _ Biidn i
dr I\ 9¢ dn OE '
aned
H,_M. e (_%ﬁ %“Ef) (4.50)
ay || ac iy dan
whirs
anN; :
az;" = 0.25(1 + )& . 1= 1,2,3,4 (4.51)
anil
AN
f';.h; = 0.25(1 + E&)my ., 1=1,2,3,4 (4.52)
and the determinant of the Jacobian matrix is
Oz dy Oy ”
=g ~ oy o Ko

Using 1 Ganss poinl the evaluation of the determinant of the Jacobian muirix is:

A
q

where A is the area of the quadrilateral element, The shape finction derivatives reduce
for node 1 as (with similar expressions for the other nodes):

1] = (4.54)
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aNy 1 ) U .
aé;;! = gfl:'l'i'(ﬂz ‘y‘l) y ay = EIJ](.M .-l'.--z) (‘-L-Jn?)

Incorporating |J| = fl’ the following ghape funetion derivatives for a quadrilateral eles
ment with the nodes 1,k and 1 s obtained for one Gauss point;

aN; L CJP.NI 1
= ot (4 — i = e — 4,50
5z~ gAW —w) dy 54 = ) (4.56)

Equivalence to Finite Volume Scheme

The finite volume method for the Buler equations 2.18 can be written as [17]

0 ) Nuf’ 11 |
b4 10y medll = ( 1.57
3 -/!"h.- udfly + -/I.E Tt (4.57)

Different forms for ealeulating and storing the Auxes of this scheme exist, For instance,
il & central scheme ia used, the cell vertex finite volume method is equivalent (o the
Galarkin finite element method using & lumped mass matrix for both triangles and
quadrilaterals [17]. This is important to know, because the cell veriex finite volume
method is very popular among other authors to date. Hence, extensive developments
and testing exist which can be used or compared to the finite element seheme used o
this thesis. In chapter 6 more detailed comparisons are made.

4.7.3  Artificial Dissipation

Agnin, the addition of artificial viscosity 13 needed to stabilize the solution in regions
where the flow field is not smooth. The fwo previous possibilities exist for adding the
necessary dissipation: Lapidus [10] and Jameson [11]. The routine for the ealeulation of
the Lapidus diffusion is straightforward and does not need further explanation, How-
ever, in case of the Jameson diffusion theve appears the difference of the consistent
and lumped mass matrix, which must not be identical to the mass matrix of bilinear
cuadrilaterals:

3 21 2 8 0 0 0 -5 2 1 2
A2 321 Alo8 00l _Al2 -5 2 1
Mc=M)=g311 2 3 2| 75008 0| 8|1 2 -5 2
21 % 3 00 0 8 2 1 2 =5b
{4.58)
It can also be approximated by
-3 1 [ I
All =3 1 1
(Mn = MI) = ﬁ 1 1 _ 1 (459)
I I =3
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4.7.4 Adaptive Solution and Mesh Generation

The adaptive remesghing procedure is similar to triangles described in section 4.6 and
does not nesd further degeription.

A finite element mesh of lnear unstructured quadtilaterals of 4 nodes is generated
using the advancing front technigue |3, 7] or a method proposed by Rank's eonversion
techinique [30, 31]. The element sizes are decided by the sizes specified in a background
grid, which may come from the ervor indicator,

4.8 Three Dimensional Fluid Flow

The Buler/Navier-Stokes equations in three dimensions can be written in conservative
form (in case of the Buler equations g = 0):
Lh L}
E')u ¥ 't-{& = HE, f= 1,3 (4.60)
at o ok dx
where the u, £ and g; are the nodal unknowns, advective fluxes and viscous fluxes,
regpectively.

] i {0
e gy 4 pdy, iy
u= ¢ pug fi = ¢ pujug +pdy, 0 B = o N (4.61)
g puitg -+ pdy, G
pk (pE + p)w kgt owy oy

The variables in the above above equations have the same meaning as in eq. 4.2, The
numerical scheme to resolve the three dimensional Eualer/Navier-Stokes equabions i
similar to that presented in section 4.2 and [18]. The spatial discretization is performed
by means of linear tetrahedral elements.

The mass matrices appearing in the several equation of the procedure ave now

defined by:

2111 1 0 0 0

V(i1 2 11 Vi9io 1 0 0 "

M, = w112 1 and M; = Tlo o 1 (4.62)
1 1 1 2 0 0 0 1

where V' is the volume of the tetrahedral element. The error estimation is performed
in analogy to the scheme of section 4.2 nsing three dimensions (4 = 1,3).

4.9 Axisymmetric Fluid Flow

Some axisymmetric How configurations can be simplified by reducing the order of the
dimension if both the geometry and the flow are axisymmetric. “This can simplify
greatly the cost and increase the accuracy for a test problem,
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The three dimensgional Navier-Stokes equations from eq. 4.60 are modified by the
addition of the axisymmetric approximations similar to Briickner [28]. In oreder Lo
he able to simplify the three dimensions (2, %, 2) of eq. 4.60 into two axisymmetric
dimensions (z,7), the equation system is rewritten by introducing in the cylindrical
coordinate system (z,7, @), using polar coordinates:

= \/(-y'z +2%) and O = arctan(y/z), (4.63)

‘I'he terms in the circumferential direction are eliminated according to the symmetry
condition, ie, 8/808=0 ns well as the velocity component in ©-direction, which is zevo.
Henee, the Navier-Stokes eqs. 4.60 reduce to;

du o, Of, +t'r gy | Y8r |

TR T Rl T A i iU T (4.64)

The nodal unknowns u and the fluxes £, g are again given by eq, 4.2, with the difference
that the axisymmetric stress tensor changes:

4 e 2 [fdu, uy .
o = g~ 5 (3 + %) (L6
Tpp = 51“6:;% - %p (%? MTF) (4.66)
iy ﬂu, ;
Ty = Ty —H( Br d’-ﬂ) (1.67)

where j¢ is defined earlier.

Deseription of the numerical algorithm

The technique used to diseretize oq. (4.64) is now similar to the two dimensional Taylor-
Galerkin method, deseribed in section 4.2,

In the first step, a Taylor expansion at time n+ 1/2 Is performed (neglecting the
viscous terms), including the axisymmetric contribution:

ned gau"_ .“_é_z(dﬂ f:;:) X
u u” +z o = U s \F 7 (4.68)

For the second step, the equation system becomes

Au” _ aNT -+ i f !H—ﬁ # (B F:
Mg-= | 55 (f, —g,-)dﬂ—ll_ ( g,).rﬂ" /N ( )fmuw)

Note the axisymmetric contributions as the added term on the right. The coordinates
(x1,m9) refer now to (x,r). The rest of the notation is the same as in section 4.2, In
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the limit + — 0, the use of PHapital replaces the right term by the derivative and it
becomes [, N7 (%&« - %frf-) S,

The use of artificial dissipation, identical to section 4.3.2, stabilizes the solutions
near digcontinuities and avoids unphysical oscillations,

4.10 Numerical Examples

4.10.1 Two Dimensional Validation

The Taylor-Galerkin scheme has had diffienlties with the resolution in the stagnation
area for which |v| = 0 [19]. Even the addition of an artificial viscosity has not heen
able to resolve these problems. So, the following test cases have been performed 1o
validate the incorporation of the Jameson type artificial diffusion model described in
previous sections and to demonsirate the oxcellent behavior when used in conjunetion
with the Taylor-Galerkin scheme.

[ PRIV IO 2,100 UNIVIIRSITAT DIECATALUNY A 11 1A 16
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Figure 4.2 1 NACA0D1Z profile for inviscid test case My = 0.5, o = 0% 5) Finite elemont mezl of
2056 nodes and 4902 elements, b) density contours, t'.) close up density lined i the staguation aven and
d) density values along the stagnation stream line. Note that no escillations are present in the solution,
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Subsonic Compressible Flow

e NACADDL2: M. = 0.5, inviscid flow at an angle of attack of o = 0°,

1|2 T T T 1 Ll L]

1 L] L
Prossure coefflclent =

08} |
0.6 | i
0.4 |

Cp
o2

Figure 4.3 : Pressure coelficient for subsonic inviscid flow around a NACADOL2 airloil at 07 angle of
altack and Mo, = 0.5,

The firat test case illustrates the quality of the Aow solution for two dimensional
inviscid subsonic compressible flow. Using a rather coarse unstructured moesh
of 26566 nodes and 4902 elements shown in Figure 4.2 a), already rensonnble
results are obfained. In Figure 4.2 b) and ¢) density contours and a zoom in the
stagnation area are shown, respectively. No oscillations are observed, netther in
the global solution neither along the stagnation stream line of Figure 4.2 ).

A test for accuracy is the value of the density at the stagnation point for which
the analytical result is known:

) = (4.70)

0 = o (]- + 72 IM:?
where pe, = 1 and v = 1.4 for these caleulations. Inserting M., = 0.5, we obtain
1.129726 as the analytical value. The numerical result for this test case wag ob-
tained as 1,1302 which differs about 0.04% from the analytical value. The fourth
order diffusion constant was chosen as o' = 0.01, whereas the second order dif-
fusion wasg switched off (of*) = 0). The pressure coefficient can be observed in
Figure 4,3

Another test for accuracy arve the drag and lift coeflicients which must be zero for
gubsonic shock free symmetrical flow around a symmetrical airfoil. The values
for ep and ¢p are 0.0015 and 0.0011 yield a very precise resull for this test case
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using 4 non symmetrical mesh without adaptivity. The reduction of the regiduals
iz shown in Figure 4.29 and compared 16 a similar solution for a quadrilateral
mesh,

A more detailed analysis of this test ease, also performing o mesh convergonce

atudy, using different meshes and different values ol is treated in seetion 6.1.2,

s NACADOI2: Mo, = 0.5, lnminar viscous How with a Reynolds number of Be =
5000 at an angle of attack of o = 0°,

| PEMEUMAEMYIEW 102 1 DNIVERSITAT I CATALUNYA (RN VR R

(=9

Figure 4.4 ;| Viscous flow solution around a NACA0012 alrfoll (Re=5000, Mo=0.5, n=0") on an
unstructured mesh of 15002 nodes,

In order to resolve this test case two meshes were generated. The fivst mesh (which
i# not shown) contains 7970 nodes and 15666 elements including 20 O-type structured
layers near the boundary from which an initial result has been obtained. Performing
adaptive refinement using the Mach nunber as the error variable, a new and finer mesh
hag been obtained with 15092 elements and 29701 elements that are mainly clustered
in the wake region, see Figure 4.4 a). Note the 20 structured boundary layer elements
along the surface of the airfoil.
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Figure 4.5 ¢ Progsure coeflicient along the airfoil for the solution of viseous flow aronned 8 NACA0012
airfol] (Re=5000, Mo=0.5, a=0"),

The solution obtained for the adapted mesh using s = 0.02 is presented in the
following displays. Mach mumber contours of Figure 4.4 b) shows overall excellent
agreement with the reference result [13]. Figure 4.4 ¢) illustrates the recirculation
bubble at the trailing edge by velocity vectors. Each vector vepresents the modulus
and direction of velocity at each node of the unstructured mesh, Pressure contours are
shown in Figure 4.4 d), The fact that the lines are parallel to each other with almost
no oscillations indicates good quality of the results.

A more severe test of accuracy is the plot of the pressure coefficient ¢; and the skin
friction coefficient ¢p along the airfoil, shown in Figure 4.5 and Figure 4.6, respectively.
The ¢, agrees with the reference resull whereas the op slightly underpredicts the peak
value of the reference result, The prossure drag coefficient is ep = 0.0235, which s
alightly above the reference results lying between ep = 0.022 and ¢p = 0.023, A
close-up view (Figure 4.7) of ey indicates the location of separation which is also nsed
to test for accuracy, The value of 81.8% chord is in excellent agreement with the
comparisons made in the reference paper, ranging from 81%-83% chord. However, the
reference meshes were much finer (= 20000 nodes), so that a similar order of accuracy
is achieved using unstructured stretched meshes with less nodes.

The convergence history for this test case is plotted in Figure 4.8, After 8000
iterations a reduetion of 7 order in magnitude of the L2-norm of the density residuals
has beon reached.



CONTR. TG ADAPTIVE NUMERICAL SOLUTIONS OF COMPRESS. FLOW PROBLEMS 67

015 7 ' T v v T ' v 1
Skin triction coefliclant ——

o4

0,05 | ]

o 0 F —

0.06 ¢

0.1

0,16 5 : : -
0 01 02 03 04 g’E o6 o7 oB 08 1

Figure 4.6 : Skin friction coefficient along the airfoil for the solution of viscous flow avound a
NACAD012 airfoll (Resb000, My =05, a=07),
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Figure 4.7 : Close-up of the skin friction coefficlent along the aiefoil to shiow the location of the
spparation point, yielding about BLEY for the solution of viscous flow around & NACA001? airfoil
(Re=5000, Ma=0,5, a=0°),
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Figure 4.8 : Convergence history of the density residual for the solution of viscous How around »
NACA0012 airfoll (Re=5000, M. =05, a=0°).
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Transonic Flow

When shocks oceur, the incorporation of a pressure switched second order diffusion,
makes it possible Lo caplure a good resolution of the discontinuity without distorting
the solution in smooth parts of the flow. The following examples illustrate this:

FEMCINANMYIENY 210050 URIVERSTTAT DI CATALUNYA 11 TAN T

72

Figure 4.9 : NACA0012 profile for transonic inviscid test cnse M, = 0.8, o = 07 using a mesh of
25666 nodes and 4902 elements: a) density contoura, b) close up density lines o vhie stagnation area and
) dimsity values along the stagnation stream line. d) Mach number contours,

o NACAD012: My, = 0.8, at an angle of attack of o = 07,

"This test case demonstrates the quality of the flow solution for two dimensional
inviseid transonic compressible flow. Using the same coarse unstructured mesh
of 2666 nodes and 4902 elements of Figure 4.2 a), the shock is captured within
three elements and two nodes without oscillations. In Figure 4.9, the a) density
contours, b) density lines in the stagnation area, ¢) The stagnation stream line
and d) Mach number plots are shown, Figure 4.9 ¢) prosents the density values
along the stagnation stream line showing no oseillations showing a peak of about
1.35. The pressure coefficient in Figure 4,10 clearly indicates the definition of the
shock and its location of about 0.5 chord.
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Figure 4.10 : Pressure coefficient for transonie inviscid flow around & NACA0012 aiefoll ar 09 augle
of nttnck and Mo = 0.8,

The analytical value of the density in the stagnation point from vy, 4.70 is 1,351
which agrees well with the calenlated resull of 1,346 which underpredicts the
exact value of only 0.41%. The fourth order diffusion constant was chosen as
o) = 0,02, whereas the second order diffugion coefficient was (o) = 0.35), The
lift coeflicient which should be zero is predicted al ¢ = 0.0054 which is within
reagonable limits for a non symmetric mesh without adaptation:

e NACAODL2: M., = 0.8, al an angle of attack of « = 1.25%,

This test case is taken from ihe reports of the AGARD working group 07 [32]
which have contributed to a data base of fransonie and supersonic airfoil solutions
nsing numerical methods.

Again, the same mesh of 2656 nodes and 4902 elements as seen in Figure 4.2 a)
has been used. The artificial constant o™ and oY) has to be increased to 1.0
and 0.056. respectively, in order to compensate for the stronger shock on the
upper surface of the airfoil. Figure 4,11 shows the dengity contours from which
the location of the shock can be observed. The shock itself is eaptured within
2 elements with minor oscillation before and after the stronger shock, see the
pressure coeflicient In Figure 4.12. The result is graphically compared with the
results of [32]. Considering that the reference results of [32] were obtained on a
adapted mesh nsing 36400 points, the results are in good agreement for the coarse
mesh of 2556 points,

The drag and lift coefficients ave ep = 0.0209 and ¢, = 0.3176, vespectively, The
underprediction of the lift coefficient is as expected. This is due Lo the reduced
distance of the outer boundary which is only 20 chords compared Lo 48 chords of
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Figure 411 @ Density contours for o NACAD()12 prﬁﬂh: for transonic inviscid How (M. = 0.8,
a = L26%) using & mesh of 2556 nodes and 4002 elements, )

the reference test case. In [32] the influence of the outer distance is studied and
shows an underprediction of about 6% in the lifi coefficient. Thus, correction of
the lift coafficient gives a value of ¢y = 0.3367 which is slightly lower than the
reference results using finer and adapted meshes. The drag coeflicient (withont
correction) is also underpredicted where values near 0.0225 are compuled. The
convergence of the residuals (L2 norm of the density) has dropped by more than
eight orders of magnitude as shown in Fignre 4.13.
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Figure 4.12 @ Pressuro cosffelent for transonle mviscid fow arsund 8 NACADOL2 airfoil ai 1.25°
angle of attack and Al = 0.8 (AGARD tost case £ [32]).
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Figure 4.13 : Convergence history for transonle inviseld fow around a NACA0DI2 nivfoil at 1.25°
angle of attack and My = 0.8,
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Supersonic Flow

Two peometries are selected for tests using supersonic Huid flow ealealations, “The frst
geomelry is a ramp with a given angle and the other geometry is a double ellipse taken
from a known test case of a workshop.

shock

Figure 4.14 : Inviscld flow past o ramp of & = 15" inclinaiion at M. = 2,

e Corner flow: M., = 2, at an angle of attack of & = 07, the ramp angle is & = 157,
Schematically this can be seen in Figure 4.14. From fluid dynamics theory we
ean derive certain analytieal results for this test case, such as the shock location
or the Mach number downstream. In order to obtain the shock location augle it
I8 necessary 1o solve the following thivd order equation equation for the angle /7

3 Lf =Yg 2 J_%IFL?_ )
tan”(3) — mmu (M + (I =+ P IL )me(ﬁ) + W =0 (4.71)

where L is the Laval number, ¢ is the ramp angle. The Laval mimber is a function
of the Mach number:

= \/ —1El (4.72)
7=1:F ﬁy

Hence, for a ramp angle of 15 degrees at Mo = 2, 4 Laval mumber of 1,633
results. Solving equation 4.71, a shock angle of 3 = 45, 344° results annlytically.
The caleulations on a mesh of 15635 points and 2908 elements of similar size
(Figure 4.15 yiolds an angle of approximately 45 degrees, which means that the
shock location on this mesh is accurately eaptured, Figure 4,16 displays Mach
mimber contours which indicate the shock inclination. The shock is captured
within three elements or two nodes, if analyzed closely. Al the wall boundary
this can also be observed from pressure coeflicient which is compared to the exact
value in Figure 4.17. The convergence history for this triangular mesh is compared
later on to quadrilaterals in Figure 4.18.
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Figure 4.15 | Mesh of 1535 points and 2008 elements of similar size and shape, for Mo, = 2.
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Figure 4.16 : Mach number contours for the corner flow using 0 mesh of 1635 poluts and 2008
aloments al Mo = 2, Note the shock angle is approximately 45°,
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o Viscous hypersonic flow past a double ellipse geometry al M., = 8,15, Re/me, =
1.67 % 107, Tiy, = 56K and o = 30° (L=0.06m).

This example corresponds to a workshop test problem of the Workshop for Reen-
try Problems held in Antibes 1990 and 1991 (test case: 6.1.2) [20] and [21], hence
it provides a good bagis for comparison with other contributors, for instance rof-
erencos (22, 23).
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Figure 4.10 : Initial mesh of 2087 points and 5757 elements for the adaptive solution of hypersonic
yisvons How.

The sequence of meshes can be seen in Figures 4.19, 4.20 and 4.21. A detail of the
bonndary element layer can be observed in Figure 4.22. The adaptive refinement
process can be observed for which the Mach number was used as the scalar ervor
yariahle.

Figure 4.23 shows Mach number contours where a clear definition of the shock
can be appreciated. No wiggles are present in the contour lines and only a alight
avershool of 1.7% in the Mach number is observed. The next graph (Figure 4.24)
presents density contours, No oscillations are present in the stagnation area. A
better test for aceuraey is the pressure coefficient along the surface of the object
which is presented in Figure 4.25, The plob agrees well woth the vesults of the
workshop where a peak of nearly ep = L8 18 reached. The convergence history
of the maximum residual is presented in Figure 4.26.
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Figure 4.20 ¢ First adapted mosh of 4300 points and 8252 clements for the adaptive solution of
by personie viscous fow,

The results obtained for this test case uging the adaptive Taylor-Galerkin scheine
to solve laminar viscous flow are very good, This provides a good basis for the
extension of the algorithm to include real gas sffects, chemical renctions and or
even turbulence in order to better simulate and o obtain a more precise prediction
of real reentry problems,
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Figure 4.21 : Second adapted mesh of 8083 points and 17410 clements for the adaptive solution of
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Figure 4.22 : Detail of the structured Inyer of eloements along the boundary near the canopy, 10
layors are digplayed,
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Figure 4.28 | Mach number contours for the hypersonic viscous flow avound s double ellipse al an
incidence of 307 for the final mesh. -
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Figure 4,24 : Density contour lines for the hypersouie viscons Aow around o double allipge at an
incidence of 30° for the final mesh.
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Figure 4,25 : Pressure coaflicient for hypersonic viscous How around a double ellipse for the adapted
medh (307 angle of attack and Mo, = 8.15).
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Figure 4.26 | Convergence history of the muximum density residual for hypersonie viscons How
around a double ellipse for the adapted mesh (30" angle of attack and M. = 8.15),
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4.10.2 Quadrilaterals
Subsonic Test Case

NACAOD12: My = 0.5, inviscid flow at an angle of attack of o = 07,
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Figure 4.27 : NACA0012 profile for inviseid test case Mo = 0.5, @ = 0% a) Finite clement
quadrilateral mesh of 4412 nodes and 4288 elements, 1) density contours, ¢) ¢lose up density lines in
the stagnation areéa and d) density values along the stagnation stream line,

The same test case as for linear triangles shows the quality of the solution for
lwo dimensional inviscid subsonic compressible flow, For the unstructured mesh of
4412 nodes and 4288 elements shown in Fignre 4.27 a), good results are obtained. In
Figure 4.27 b) and ¢) density contours and their close vp values in the stagnation area
are shown, respectively. No oscillations are observed, neither in the global solution
neither along the stagnation stream line of Figure 4.27 d).

Apgain the test for aceuracy is the value of the density at the stagnation point for
which the analytical result is known pg = 1.120726. The numerical result for this
test case was obtained as 1.1294 which is about 0.03% less than the analytical value,
The fourth order diffusion constant was o") = 0.6 and the second order diffusion was
switched off (#'®) = 0). The pressure coefficient can be observed in Figure 4.28
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Figure 4.28 : Fressure coefliciont tor subsonic inviscid flow around a NACAOULZ aufoll using quadii-
laterals at 0° angle of attack and M = 0.5,

Another test for accuracy are the dreag and lift coefficients which must be zero for
aubsonic shock free symmetrical flow around a symmetrical aivfoil. The values for the
acrodynamic coefficients of drag and 1ift are ¢p = 0.0018 and ¢, = 0,0006, This is a
very precise result for this test case using a non symmetrical mesh without adaptivity.
Convergence of the residuals is showu in Figure 4.29 and compared to a triangular mesh
of 2556 nodes. The convergence versus the cpu time is shown in Figure 4,30, Obviously,
as more nodes are used to obtain similar aceuracy, the performance is slightly lower
for quadrilaterals. A complete analysis and mesh convergence study lor this test case
using different meshes and different coeflicients ol?) is presented in section 6.4.2,

Comparing the results with those of the trinngular mesh, there is n dependency of
the guality of the results upon the mesh which can be detected from Figure 4.27 ¢). This
is not so visible for the linear triangles beeause the mesh quality of the unstructured
triangular mesh is much better. The reason for this i that the accuracy of the solution
depends on the smoothness and quality of the mesh which determines the order of
precision of the numerical scheme [29), Generally speaking, unstructured quadrilateral
meshes are of lower quality than similar trinngular meshes. A study and discussion of
the quality of quadrilateral meshes can be found in [30].
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Figure 4,29 : Convergence history for subsonic inviscid flow around a NACAD012 airfoll at 07 angle
of attack and M. = 0.5, Shown is the L2 norm of the deusity residuals versus the time step for
triangular and quadrilateral meshes of 2566 and 4412 nodes, respectively.
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Figure 4.30 : Convergence history for subsonic inviscid Aow around a NACAO012 airfoil at 0° angle

of attack and Me = 0.5, Shown is the L2 norm of the density residuals versus cpu thne for triangular
and gquadrilatersl meshes of 2556 and 4412 nodes, respectively.
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Supersonic Test Case

Corner flow: Supersonic inviseid flow of My, = 2, ai an angle of attack of o = 07, the
ramp angle is & = 157,
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Figure 4.31 ; Quadeilateral mesh of 2163 points and 2082 elements of similar size and shape, lor
My =2,

This is the same test case {or the ramp flow as deseribed in section 4.10.1. Schemat-
ically the test case is shown in Figum 4.14. Recall that the analytical shock location
can be obtained from eq. 4.71. For ff = 156° a shock angle of ® = 45,3441° results ana-
lytically. The ealeulations on a mesh of 2163 points and 2082 elements of similar size
(Figure 4.31 yield an angle of approximately 45 degrees, which means that the shock
location on this mesh is accurately captured. Figure 4.32 displays Mach number con-
tours which indicate the shock inclination. The shock is captured within three eloments
or two nodes, it analyzed closely, At the wall boundary this can be also observad from
pressure coeflicient which is compared to the exact value in Figure 4.33. Convergonce
of the solution for this quadrilateral mesh is compared to the results oblained on a
similar triangular mesh shown earlier in Figure 4.18,

Note that the quality of the quadrilaterals is very good and that no distorted ele-
ments appear. Thus, comparing for instance the pressure coefliciont with that of the
triangular mesh we observe that the result of the quadrilateral mesh is equal or befbter,
using approximately the same number of noded but half the miinber of eleinents, This
shows that the solver of quadrilaterals is more efficient than the use of triangles for the
same mesh quality and the same elaim of precision. This will be analyzed more closely
in chapter G.
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Figure 4.32 : Mach number contours for the cortier fow using a quadrilateral mesh of 2163 poiits
and 2082 cloments af Mo, = 2. Note the shock incidence is approximately 45°.
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Figure 4.33 ; Pressure coeficlent compared to the analytlenl result at Mo = 2. Note the shock 1s
cuptured within three slements and two nades.
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4.10.3 Three Dimensional Test Problem

Three dimensional results are only presented for supersonic flows, The particular ob-
jective of this test problem was to analyze the eapabilities to solve the Euler equations
on three dimensional unstructured meshes nsing adaptive remeshing techniques and
compare them to other known solutions used by other anthors employing different
techniques., A well known test ease was chosen for comparison, test ease 6.1.7 of the
I, Workshop on Hypersonic Flows for Reentry Problems. The two seemingly good
comphtations from ONERA [33] and DLR [34] presented at the workshop were chosen
for comparison of the pressure cocflicient. ONERA uses a MUSCL typae finite volume
method on structured grids, whereas DLR uses a Jameson type Runge-Kutta finite
volume method on structured grids, both of which are well known methods in the CFD
comrmunity,
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Figure 4.34 : Initial mesh for the caleulation of hypersonic flow around a donble ellipsoid (M. =8.15,
a=30%) on an unstructured mesh of 38734 nodes.

The test example corresponds to the hypersonic inviscid How past a double ellipsoid
in three dimensions under the following conditions: M., = 815, a = 30°. All the
calculations were obtained on a Silicon Graphics R4000 workstation, with the exception
of the largest mesh which was run on a CRAY-YMP.
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Figure 4.35 : BRefined mesh for the ealenlation of hypersonle flow around 4 double ellipsoid
{Mo.=8.15, a=30%) on an unstructured mosh of 35308 nodes,

The resulta for only three different meshes are presented for clarity even though
several meshes have generated. The sequence of the initial fine mesh and the final
refined mesh can be seem in Figures 4.34 and 4.35. The initial mesh with equal sized
element containg 38734 nodes. After the refinement process two meshes were obtained,
n coarse refined mesh of 35808 nodes and a fine refined mesh of 75006 nodes which is not
shown. Note at this stage, the remeshing process has produced many small elements
in the vicinity of the two shocks, according to the error estimator.

Figures 4.36 and 4.37 shows Mach number contours tor the initinl and conrse refined
mesh respectively, where a clear improvement of the resolution of the shock can be seen.
Note also that the canopy shock has been captured much more precisely using the finer
prid, also the principal shock shows a evisper pattern than the comse mesh. Figure 4.38
compares the pressure coefficient (¢,) of the three meshes for the plane of synimetry
along the body to the results of different authors. The pressure peak s much better
resolved using the more refined mesh and compares very well to other codes nsing
structurad meshes, '

The final figures document the evolution of residuals and forces of the finest grid.
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Figure 4.36 ; Mach numbar lines for tha initial mesh for the Liypersonie Bow aronnd a doubls ellipsold
(MemB.15, am30”),

The convergence was of 5 orders of magnitude (Fig, 4.39), although some oscillations
are present at some stage of the caleulation. The convergence of the non dimensional
forces Fx and Fy is represented in Figures 4.40 and 4.41. The cpu-time of the final
caleulation was about 7,6 hours on a Cray YMP.
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Figure 4.38 | Pressure coeflicient for different meshes compared ta other authors,
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Figure 4.41 : Convergenco of the non dimensionsl pressure force Fy versus the time stop,
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4.10.4 Axisymmetric Examples

Numerical resulls are presented for two lest cases of hypersonic axisymmetric Hows
around a hyperboloid flare. The numerical results were stored in the BHVDEB database
at INRIA. In addition, experimental results are available which are also stored in the
databage, We have nsed the adaptive remeshing technique, local time stepping and
artificial dissipation of (he Jameson type to resolve these lest cases. Both eases studied
were run on a Connection Machine CM-200 which is o massive parallel computer, 1ts
implementation will be disenssed in the final chapter.
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Figurn 4,42 : Initial mosh of the refinement process for hoth test ermos: M2 and LTI

HZK {fest eaze

The free-stream conditions for test cage H2KK were the following: Mach number M =
8.7, Reynolds number Re.= 37025, isothermal wall 77,= 310 K and the temperature
To= 7269 K

A total of three unstructured triangular grids are used to discretize the flow domain
in the adaptive remeshing process; the initial and final mesh of a total of three are shown
in Figures 4.42 and 4.43, respectively. The final mesh had 23155 elements, employing
14 structured layers of stretehed eloments along the surface of the object to eapture
boudary layer effects more accurately and efficiently,. The resulls show a shodk closer
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Figure 4.43 : Final adapted mesh for tesh case H2IK

to the body for this axisymmetric geometry than one wonld expect in a vegular two
dimensional solution,

The solution has converged more than five orders of magnitude for the density
regidual (L2-norm) which is compared to the following test case LTB in Figure 4.50.
Both, the avrodynamic coeflicients do not show any significant change and the length of
the separation bubble has reached a steady position. Figs. 4.44, 4.45 and 4.46 present
the pressure coeflicient, skin friction and Stanton number along the surface of the object,
respoctively, These values coinelde closely (o the experimental and numerical resulis
which were presented at the workshop in November, In the plots of Figs. 4.44 and .46,
the available experimental data obtained from the database is represented. It was not
possible to obtain other experimental data yet.

The pressure cosflicient ep coineides well with the experiments, except for the area
of the recirculation zone. In fact, one would expect a pressure increase as prodictod
by the numerical solutions, but this is not reflected in the experiments. All unmerical
solutions from other contributers for that test case predicted this pressure vise as well,
Omn the other hand, the solutions for the Stanton number 54 coinecides much better with
the experiments, where only the peak valies are not quite reached. The proceedings of
thig workshop which have not been published yet may give o move detailed explanation
(35).
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Figure 4.44 : Pressure coctficient for test case H2K. The compuiations using the Taylor-Galerkin
schome s compared o experimental results obtained from the database,

LTRB test case

The free-stream conditions for the LTB test cse were: Mach number M. = 683,
Reynolds mumber He,,= 414680, isothermal wall T),= 310 K and the temperature
T= 67.765 K

Aganin; three meshes were nsed to resolve this case, similar to the ones shown in
Figures 4.42 and 4.43. The size of the final mesh was 24026 elements with 14 structured
lnyers of elements along the surface, which was similar to the grid shown in Figure 4.43.
In thig case the solution has converged to only three orders of magnitude for the density
residual (L2-norm). A steady state has not been fonnd indicated by the oscillations
after 2000 iterations. Also the mesh does not seem to have suflicient points in that
region which is reflected by small oscillations in the skin friction coefficient and the
Stanton number, The cpu time for this case was alimost four hours in the CM-200 nt
a OFL number of one. The pressure coefficient, skin friction coefficient and Stanton
number for test case LTE can be observed in Figures 4,47, 4.48 and 4.49. Note the
ogcillations thal are present, indieating that the solution has not renched a steady state,
This was aldo observed by other contributors of numerical solutions.

A comparison of convergence histories for both test cases is presented in Figure 4,50,
Clearly, test case H2ZK approaches a steady solution after o residual drop of five orders of
magnitude at 10000 iterations, although the gradiont after 4000 iterations has decrensed
due to the slow build up of the viscous recireulation bubble, Contrarily, test ease LTR
does not converge to a final steady solution, where the recireulation bubble in the corner
of the flap moves back and forth,
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Figure 4.45 : Skin friction coefficiens for tese cnse H2K
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94 Chapter 4: Taylor-Galerkin Algorithn for Compressible Flow

1.8 I | 1 1
1.4 |- Preraure coefficient .
1.2 I~ =
1 |- =
& 0.8 -
06 [~ =
04 [— =
o2 [~ L[ =
0 | | | | | e
0] 0.2 0.4 0.6 0.8 1 1.2 1.4
Xsooordinate

Figure 4.47 : Pressure coefiicient For vost cose LTR
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Figure 4.48 : Skin hiction cocfficient for test case TR



CONTR, TO ADAPTIVE NUMERICAL SOLUTIONS OF COMPRESS. FLOW PROBLEMS 95

0.038 | | I I I T
Stanton numbar
0.03 =]
0.025 =
0,02 [ =
i
0.015 ]
0.01 =
0,005 -
o | | | |
0 0.2 0.4 0.6 0.8 i 1.2 1.4
¥-coordinate
Figure 4.49 : Stanton number for est case LTH
100 T T T T T T T T T
H&kK —
LTE®
10 o
1
§ a1
ﬂ o0l
0.001 .
0.0001 | == |
a T— —
Tae05 ———

0 1000 2000 8008 AOGO  BOGG  #O00 7000 HODO BO0D 10000
Timé atisgs

Figure 4.50 : Compasison of convorgenee historlos of the L2-novm density resdual for both test
oases, H2K and LT,
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4.10.5  Accuracy

This section demonstrates the accuracy of the Taylor-Galerkin scheme for a subsonic
test cage by performing a mesh convergence study using four triangular meshes and
four different artificial diffusion constants o). The test case considered i again the
subsonic fow around a NACA0012 with no incidence and M, = 0.5.
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Figure 4.51 @ Four triangular meshos for the mesh convergence study of o MACA0012 prafile tor
inviscid test chse Mo = 0.5, oo = 0% 4) D32 nodes and 1740 elements, b) 26606 nodes and 4902 clements,
¢) 4022 nodes and 7750 elements and d) 148306 nodes and 20108 elements,

The four meshes of unstruetured triangles used in this study are shown in Fig-
ure 4.51. The density contours in the stagnation area for the four mesles are shown in
Figure 4.52.

Numerical comparisons of the drag coeflicient ¢p and the stagnation density gy are
shown in Table 4.1. Graphically, the stagnation density g is presenied in Figure 4,53
which is compared to the analytical value of 1.129726. The comparison of the con-
vergence of the drag coefficient ep is shown in Figure 4.53 and its analytic valne is
ep = (0.0, The abscissa shows the inverse of the number of points per mesh, So, the
result for an infinitely fine mesh can be extrapolated by extending each of the lines
until they cross the ordinate. The vanishing influence of the artificial dissipation can
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Figure 4.52 : Density contours ln the stagnation seea oblajued from the respeetive brlangular imeshies
in Figove .51 for the NACA0012 profile for inviscid test cose Mo = 015, o = 0%

also be observed as the meshsize goes to zero. This is demonstrated by the fach that
the distanee which separates the curves reduces,

The error in the stagnation density s shown in Figure 4.556 indicating quadratic
convergence for as b decreases. The ervor in the stagnation density pg is defined by:

Error(pg) = |po — 1129726 (4.73)

h = 1 in Figure 4,55 is the spacing in the stagnation avea of the coarsest mesh of
the four. Quadratic convergence is seen from the fact that if h decrenses by one half,
the error diminishes (o one quarter. A comparison of the drop in the L2-norm of the
density residuals for o) = 0.2 using the different meshes is shown in Figue 4,56,

Another comparison of the same test case using triangles and quadrilaterals for the
Runge-Kutta Galerkin acheme presented in chapter 6 i8 shown in section 6.4.2.
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| s =0.08 e = 0.1 #h =0.2 & = 0.4
Npoin en 20 °pn £ tp 70 cp /|
032 | 0,00059 | L1111 ) 0.00065 | 11131 | 0.00078 | 1.1137 | 0.00001 | 1.11-H)
2566 | 0.00028 | 1.1269 | 0.00029 | 1,1272 | 0,00034 | 11271 | 0.00045 | 1.1270
4022 | 0.00017 | 1.1273 | 0,00019 | 1.1274 | 0,00022 | 1,1277 | 0.00028 | 1.1279

14836 | 0.00007 | 1.1205 | 0.00008 | 1.1296 | (.00010 | 1.1206 | 0.00013 | 1.1207

Table 4.1: Comparison of the deag cosfficient cp and Che seagnation density po for 4 diffsrent
triangular meshes and 4 diferent diffusion constants a'*'. The analytic vesults wre op = 0.0 and
pn = 11207

K4=0.06 ~o—
kd=0.1 —+—
ol &
=0.4 =]
E VIas Analytic —
g 142 | :
11115 ™ =
1-11 1 i i i i
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Figure 4.53 : Comparison of the stagnation density po for four differont meshes and three different
artificial diffusion constants to analytical value of 1120726, Plotted wro the donsity values versug the
tlie tnverse of the nuimber of pobits,
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Figure 4,54 : Comparison of ihe drag coeflicient for four different meshes and three different aviificial
diffusion constants Lo the analytical value of zero for inviscid flows, The plots show the ep versus the
inveran of the number of points.

uvuz L] ¥ L] ¥ ¥ ] ¥
0.018 k4=0.06 —+—
":i.g'é Apna
=0, i
0013 ™ k4'l0..4 .

0.014
0.012

0.01 |

Ermor density

0.008
0.006
0.004

0,002

0
0.2

Figure 4,55 : Plot of the error of the stagnation density with respect to the mesh size h. The non
dimansional value b= | ig taken from the coarsest mesh
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4.11 Conclusions

The elassical Taylor-Galerkin algorithm for linear unstructured triangles and tetrahedra
has been extended for bilinear quadrilaterals and a Jameson-type artificial diffusion
[1]. The three dimensional scheme has been simplified using eylindrical coordinates to
also cover axisymmetric flows. Therefore, a wide range of applications for flnid flow
simulakions is possible with this procedure.

Different types of numerical examples have been shown to validate the features of
the new algorithms for subsonic, transonic and supersonic low. Some results were
compared to the analytical values whereas others were compared to experiments or
other mumerical solutions. Also the analysis of precision and the estimation of the order
of accuracy for a cortain test cases have been done by performing a mesh convergence
atudy.

The Jameson type artificial dissipation routine used for finite elements has led Lo
stable and ore accurate solutions in vegions where |v| < 0, such as stagnation areas.
Also, the influence on accuracy of the artificial diffusion constanis has been analyzed
with respect to the test problem, mesh size and element type. Shocks were resolved
within three elements and yields therefore superior resulis as the Lapidus type diffusion,
especially at higher Mach numbers,

The use of quadrilateral elements has shown to add more precision with respect to
the number of nodes used. However, the demands on the quadrilateral mesh generator
are higher with respect to the quality of the generated elements becanse distorted
quadrilaterals greatly degrade the quality of the solution whereas regular quadrilaterals
lead to more aceurate results than sunilar trinngles.

Error estimation and adaptive unatructured mesh generation have improved the
relation cost and accuracy, especially for flows with shocks.
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Chapter 5

Finite Point Method in 2D

In eomputational mechanics, there currently 18 a trend towards nsing elouds of points
in a multidimensional context, in which the advantages of ol uging a traditional mesh
are more apparent than in one dimension. Many possibilities exist [1, 2, 3, 4] for
performing this new type of spatial discretization and to come up with a new procedure.
As mentioned earlier, this work applies these ideas in the context of 2D compressible
flow,

The scheme derived for the one dimensional problem of section 3.2 is extended to
the solution of the non linear two dimensional Euler and Navier-Stokes equabions by
using the concepts of the Taylor-Galerkin algorithm of section 4.2:

du Oty B gy

O Day O
where the nodal unknowns and the advective fluxes are given by eq. 4.2, Subscript k
inatead of ¢ is used to avoid confusion with the central point i of each local interpolation
domain £, which i8 defined further down.

k=1,2 (5.1)

5.1 Time Discretization

Consider the second order two-step scheme of section 4.2 in order o advanee the so-
lution in time, which avoids the calculation of the flux Jacobian, The first step is by
replacing eq. 5.1 (neglecting viscons Lerms)

[T T At

=0 — —7—

2 dxy

and the second atep becomes using aq. 5.1 and in analogy to section 4.2 neglecting thivd
order derivatives or higher:

u k=132 (5.2)

o™t pgn a
Hel L — gt ok e T . n-p—ﬁ R - . .
u u" - Al Do Bufim ~u At_f):::g. (h.(u ) gk) k=1,2 (5.8)
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5.2 Space Discretization

The concepts of section 3.2 are extended Lo two dimensions and the differonces are
outlined in what follows,

e ——
——

Figure 5.1 : Loonl interpolation domain £, indicated by the dashed curve, for 4 nodes g plos tha
central node ¢

Let us describe a local inferpolating domain £2;, also called “clond of points”, by a
sel of § = 1,n poinis including the ceniral node i = 1 as seen in Figure 5.1, With ihe
help of these points a sought function, now of & and y, w(x, y) can be approximated by
the function (z, y)

u(z,y) = difz,y) (5.4)
Performing a polynomial expansion of order 2 like eq. 3.37, the function n(z, y) can be
deseribed within £, ie. for quadratic polynomials (m = 6 )as

(2, 4) = ai + a3z + agy + age” + agy® + agey (6.5)

ar in vectorial form

iz) = p'(z)a (5.6)

where the polynomial coeflicients ay, have bean cast into the vector a and the base
functions p for the linear and quadratic case are, respectively:

pl =L,y form=3 (5.7)

PT = [l,n:‘y,u:u, y* oyl form =6 (5.8)

in two dimensions (5],
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The process tor obtaining the polynomials follows that of section 3.2, so that wo
can write directly equation 3.52:

a= A 'Bu (5.9)

where A and B are now composed of the two dimensional base [unctions p aned arve
given by eqs. 3.53 and 3.54. Eq. 5.9 is resolved in the same fashion as in section 3.2,
optionally with the incorporation of weighting functions, Then, A and B are piven by
eqs. 3.61 and 3.62.

Figum 5.2 : This fipgure shows the two dimengional cone for Gauss weighting funceions for Ao = |
and p = 2 and the central node (z, 1) = (0,0). Note, as the distance rom the central node inereases,
the waight decrenses rapidly,

5.2.1 Weighting functions

The weighting functions are again a function of the distance, and a possible choice is
the Gauss function of eq. 3.64:

wlry) =e (""A)' (5.10)

wheare A; i4 a characteristic length of the local interpolating domain € defined below,
p is a constani. chosen equal to 2 and 7, is defined in two dimensions as the absolute
distance between the nodes 7 and the central node ¢

vy = g = )2 + (g — )2 (5.11)

Graphically, the Gauss disiribution in two dimensions can be seen in Figure 5.2,
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5.2.2  Stability

The extension of the stability propertics of the Taylor-Galerkin scheme presented in
previous sections, Lo this explicit two step scheme using clouds of points is done in
a heuristic way. The result is therefore a conditionally stable explicit second order
algorithm with the following limit in inviseid flow for Af; which is obtained from
). .34

= l‘.:_-,l]l' : . L AR
Al = e and ¢, =1 (5.12)

The condition including the viscous Huxes for Al is given by eq. 4.35,

A difficulty in a multidimensional conbext arises from the determination of A na
given cloud of points £2,. In finite elements, using linear triangular elements, i is defined
according to the minimum length within each element (6] In meshless methods, a clear
definition has not been presented yet, In this work, a prudent choice for i has been
taken equal to the minimum distance of the points j to the center poiul ¢ within each
interpolation domain §2;:

hi=Ay=min(ry) j7=2n (5.13)

5.3 Balancing Dissipation

Since the hyperbolie Euler equations do not eontain any diffugion terms, some balancing
damping must be added to prevent unphysical oscillations. Following Jameson [7], 2nd
and dth order diffusion terms are added to the flnxes as described in chapter 4. The
formulation is adopted divectly for isotropie diffusion from [12] by multiplication of
weighting functions w; with the dissipation flux. The dissipation fiux f; for each node
¢ which iz added to eq, 4.18 of section 4.3.2 is then constructed as

(lv|+¢) < 1w
f’ e i B = 0| —r FI
S Y B S )
whiers
{2) g ""“\
e = u — g S (uy - ) (5.15)
i=2

where u are the nodal unknowns, ([v| + ¢) is the maximum eigenvalue of §5 w) are
the same woeighting functions used in the interpolations of eq. 5.10 and the coeflicienis
e; of eq, 5,15 are obtained as:

J 2pj + i

where p; denotes the nodal pressures and
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cE'l) = max((), all) = EEE}) (5.17)

al® and o'V are user defined constants, chosen similar to section 4.3.2. The sumimation
J extends across the numbaer of points in each cloud and is acoumulated at both the

cenlral point ¢ and the point j. In subsonic flows c.f"” ig penerally switched off,

5.4 Selection of Points

I a multidimensional domain, the difficulty arises on how to define each local interpo-
lating domain. In section 3.2, a necessary condition for the selection of the minimm
number of nodes has been stated in eq. 3.43: 1 = m. However, this s not sufficient in
a multidimensional context, as can be seen from a simple example. Let’s assume that
wir are using linear base functions v = 3 in fwo dimensions and we chooge three nodes
1 o= 3 which lie in a straight line to comply with condition of eq. 343, However, if we
agsemble matrix A, we find that it is singular and it can not be inverted.

i e e e e

i
i
s
;
:

Figure b.3 : Selection of points using n criterin of quadrants. At least the closest point in each

guadrant is cliosen,

Figure 5.4 : Selection of points nlong the boundary using n cone of around the point normal.

In order to avoid A being singular, several conditions upon the selection of points
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hayve been imposed and even though weighting funetions ave employed, it is still neces-
gary to choose the most significant points for each £2;. Therefore, the following condi-
tions are imposed for the proper selection of points for the results of this thesia:

s The central point plus the closest points are chosen,

e A condition of quadrants is imposed such that there must be at least one point in
avery quadrant of orthogonal axes (Figure 5.3). Hence, the closest point in each
quadrant is selected. This leads to a minimum of 5 points per cloud.

s At the boundary, the two points adjacent to the cenfral point on the bonndary
plug at least the 2 clogest closest points within a cone along the boundary point
normal are chosen (Figure 5.4).

s Another condition is that no boundary section is crossed so that points from the
opposite side are not chosen, For instance, at the trailing edge of an airfoil, the
closest points to a point on one side of the airfoil may lie across the wall on the
other side (Figure 5.5). Bince there s a physical separation of these points, they
are nol ineluded in the same interpolation domain.

ie. trailing edge

Figure 5.5 : Poini selection across physical separations such as a wall boundary s inhilnued,

Hemarlk

1. The proposed criferia for the selection of points is by no means optimal, and can
be oplimized for improved accuracy and performance. But these conditions work
well in practice; they are easy to implement and they are inexpensive. For the
scope of this thesis 11 noded clonds of points (the central point, plus the 4 of the
quadrants, plus the rest of the 6 closest points) are stored in a data file, This
relioves the need to recalculate the definitions of the local intevpolation domains
every time a golution run is performed.

2. In addition the above way for selecting points avoids that A is singular in the
case of linear basis Ninctions, For the use of guadratic basis Nunctions, 1t 1s oot
rigorous and more than the minimum set of points (1 = m = 6) should be choser.
In practice. it was found that 9 or 10 points for use with quadratic basis functions
was gufficient. A more rigorous way to select nodes for quadratic basis funetions
would be the use of octants, however this was not tested in this work,
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Figure 5.6 : Initial point distribution around a NACA0012 profile with 6694 poinis.
5.5 Numerical Examples

The flow around the NACAD012 airfoil is again used as a test case to validate fwo-
dimensional low solutions, because extonsive analytical and numerical results are known.
The following test cases compare the solution obtained by the FPM 10 some reference
numerical solutions with the focus on aceuracy,

5.5.1 Subsonic Inviscid Flow

The first test ease which is presented here is an example of subsonic nearly ncom-
pressible How of My = 0.3 and at an angle of 10 degrees. The fact of the How being
incompressible and inviscid is beneficial for comparison with a solution approximated
by a potential solver.

In Figure 5.6, the grid of 6694 points around the NACAOD12 airfoil is illustrated.
The points have been taken from a previous generated mesh of finite elements for
convenience of comparison, The aim of this lest case was to show the influence of
weighting functions upon the solution of an unstruetured grid of points. [n this test case,
the Gauss weighting functions have only been applied to the interpolation functions for
the evaluation of the polynomial coefficients a for clarity. The diffusion terms have not
been submitted to the use of weighting functions, The number of nodes per cloud was
taken no= 5 and linear basis functions were employed (m = 3).
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Figure 5.7 : NACA0012: Comparigon of the prossure coeflicient avound the airfoil of the FPM
(n = b, m = 3) with a reference potential solution and a finite element solution. Note the nuprovement
for welghting functions,

Figure 5.7 shows a comparison of the solution of consiant (or no) weighting and the
influence of using Gauss weighting functions with a reference solution obiained from a
potential flow solver and a finite element solution using Runge Kutta time integration.
The finite element mesh consisted of the same mesh points as the finite point mesh,
80 a direct comparison between the solutions s possible. Clearly the improvement of
weighting functions is appreciated, however the solution is not yot of excellent quality as
can be seen from the wiggles of the ¢, in the stagnation area and near the frailing edge.
A comparison of the convergence properties of the FPM versus the Taylor-Gulerkin
two-step scheme is shown in Figure 58, Clearly, both solutions of the FPM converge
much slowir than the corresponding finite element solution. The residuals drop by
approximately 5 orders of magnitude after about 15000 iterations,

Part of the Jow quality of the resull ia due to the low number of points on the
boundary and their uneven distribution. Performing adaptive refinement using the
previous solution, a new prid is obtained with even less nodes (5463) as shown in
Figure 5.9.

Figure 5.10 compares the density contours obtained for both meshes and for em-
ploying weighting functions or not. Note the global improvement for each mosh, respec-
tively, after the use of Gauss weighting functions. Oseillations have reduced strongly.
The computed pressure coeflicient along the surface of the airfoil can now be seen from
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Figuru 5.8 NACAO02: Comparison of the convergence history of the FPM (n = 6, m = 3} without
weighting nnd using Ganss wolghting functions with the relerence Taylor-Galerkin solubion,

Figure 5.11. The improvement is evident, but again it seems that the use Ganss weight-
ing functions has contributed toward an improved resolution of the test case. Both the
stagnation area as well as the flow around the trailing edge have improved.

Quadratic basis functions

The incorporation of quadratic basis functions m = 6 has also a favorable effect upon
the acouracy. Again the use of weighting functions was compared. For the density
values, similar grapha to Figure 5,10 are obtained. Much bebter conclusions are drawn
from the comparison of the pressure coefhcient presented m Figure 5.12. A more drastic
improvement is achieved for the use of Gauss weighting functions, ag n= 11 points per
clouds are introduced,

Convergence

A plot of the convergence history for the use of weighting functions and without weight-
ing funetions can be obgerved from Figure 513, Note that the use of weighting functions
slightly inereases the rate of convergence. For clavity, the convergence for quadratic ba-
sig functions v = 6 is omitted, however it is similar to the linear case m = 3.
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Figure 5.9 : Pout distribution around a NACAO0L2 profile with 5436 pointa after adaptive temeshing,
Mote the elustering of pointd at the leading and trailing edpe

Giauss Weighted Diffusion

S0 far, the incorporation of Gausa weighting functions has been limited to the inferpo-
lation values a. Leb ug test the use of Gauss woighting functions also for the diffusion
terms just like in eq. 5.14. The first wnrefined mesh is again subjected to same initial
conditions of the test case. Figure 5.14 illustrates the improvement of the results os-
pecially in the stagnation are when compared to the potential solution and the finite
element solution.

Sensitivity to the number of points n

The behavior of the algorithm with respect to the number of point per cloud has a
similar effect than for the one dimensional case, 8o it is not expressly repeated here,
The resulis for bhig test case of a How of & = 107 hlias been resolved with 5 noded eloudy
nnd hag been increased up to no= L1, resulting in a strong deterioration of the results
if no weighting functions are employed at all. However, if weighting functions are used,
Bhe results are quite insensitive to the number of the nodes. As more nodes are adided
less weight are given to them becanse they are generally farther away, so the global
quality of the result is retained. In order to show the use of more nodes per cloud, the
next Lest case s resolved with no= 7,
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Figure 5.10 : NACA0012: Comparison of density contowrs (n = 5,m = 3): a) FPM without
woighting functions for the first mesh, b) FPM using Gauss weighting functions for the fivst moesh, ©)
FPM without welghting functions fov the adapted mosh, d) FPM using Gauss weighting functions for
the adapted mesh,
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5.5.2 Subsonic Inviscid Compressible Flow

From the above Lest cage we have seen thal it is importani to uge weighting functions
for both the Huxes and the balancing diffusion terms. Let us analyze this behavior
more closely on another classic test case. [t is known that a numerical scheme can
not be justified accurate if it is not able to reproduce golutions on coarse grids with an
appropriate precision. The objective is to show that suflicient accuracy can be abtained
also on a coarse mesh using weighted balancing diffusion (WBD) terms,

The following test case uses a mesh with the same points for both fimte point
and finite element solution and compares the nse of Gauss weighting fimelions also
for the diffusion terms, The test case congists of o subsonic compressible flow around
a NACAO012 profile with a free stream Mach nmumber of 0.6 and 0 degrees angle of
altack, analyzed by [11]. Again, in order to compare solutions, a finite element mesh
and its solution hias been taken for comparison, The meshless grid of 25506 points is
shown in Figure 5.15. The same points have been used for the FE solution on the
equivalent unstructured triangular mesh oblained using o standard advancing front
technique [8, 9].

Figure 5.15 : Point distribution around o NACA0012 profile uslug only 2556 points

The objective is t0 compare the influence of the weighting functions in the finite
point approximation. In the previous section, results have been shown proving the su-
periority of weighting functions in a 2D context, but without using weighting functions
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for the balancing diffusion terms (except for the nal figure). Here, the benefit of the
weiphted diffusion terms shall be presented, see eq. 5.14.
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Flgure 5146 : NACADDL2 profile: a) Mesh, b) TG solution, ¢) REK solution and d) FPM solution we
shown.

The results of the FPM were obtained by employing 7 nodes in @ A = Ay, ¢ = 1
and linear base functions (m = 3). A pglobal comparison of the meshless solution s
shown in Figure 5,16, In Figure 5.16 a), the finite clement mesh is shown, in b), ¢)
and d), density contours are presented for the Taylor-Galerkin solution, a four-stage
Runge-Kutta Galerkin result (detailed in chapter 6) and the FPM solution, respoe-
tively, Qualitatively, all vesults are very similar, In Figure 5,17, close-up views in the
stagnation area enhance the comparison of density contours and thervefore the quality
af the results, The following list describes each pEu'E of Figure 5.17:

a) Finite point method using Gauss welghting functions for the space interpolation
but without WBD,

b) Finite point method with full Gauss weighting imeluding the diffugion terms,

¢) RK-Galerkin finite element and
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d) Taylor Galerkin finite element scheme.

Note the improvement of solution b) using Ganss weighting function also for the
diffusion terms when compared to golution a). The density contours of b) do not exhibit
any oscillations in the stagnation area through the use of weighted diffusion terms.
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Figure 5.17 : NACA0012 profile: Close up density contours in the stagnation area for a) FPM
without WBD, b) FPM with WBD, ¢} Runge-Kutta solution and d) Taylor-Calarkin solution (WBD:
walghted balancing diffusion),

In Figure 5.18 and Figure 5.19, velocity veetors and velocity contours in the stag-
nation zone are displayed for the FPM nsing weighted balancing diffusion, respectively,
The quality of the results are again very good, always keeping in mind that a very
coarse grid is used,

A test of aceuracy is comparing the pressure coeflicient ¢, of the FPM with the finite
element solution. Figure 5,20 shows the comparison of FPM without WBD and using
Gauss WBD with the Taylor-Galeckin rosult. Note that without WBD, oscillations and
a deviation from the finite element result is visible, whereas the use of Ganss weighting
for the balancing dissipation the result improves.

The other test of accuracy is error in the stagnation density which is for the FPM
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Figure 5,18 ; NACAO0L? profile; velocity vectors tu the stugnation zone are ghowi oy 1w FPM

with Guanssian weighted balancing diffusion terms for Mo, = 0.5 and o = 07,

without WBD: 0.47%, using Gauss weighted diffusion: 0.06%, for the Taylor-Galerkin
scheme 0,04% and for the Runge-Kutta Galerkin scheme 0.02%. The drag coefficient
i without WBD: ep = =0.0040 and using Gauss WBD: e¢p = <0.0017, compared to
ep = 0.0028 for the Taylor-Galerkin result and ¢p = —0.0015 for the Runge-Kubtn-

Galerkin scheme,

The overall accuracy 18 similar to the finite element golutions for this test ease if
weighted diffusion terms are incorporated. The objective was to show the importance

of the WBD for preciae results and no oscillations,
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Figure 5.19 ¢ NACAONLZ profile: velocity contows in the stagnation zone are shown for the FPM
with Gaussian weighted balancing ditfusion terms lor Mo = 006 and o = 0%,
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Figure 5.20 : NACA0D12: Comparison of the pressure coeffielent around the airfoil for the FPM

with a reference finite element solution. Note the improvement for weighting functions for the diffusion
terma, (WBD: weighted balancing diffusion,)
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5.5.3 Subsonic Viscous Compressible Flow

Numarical experiments have been performed for the following test case already analyzed
by finite elements in section 4.10.1: laminar Navier-Stokes solution in two dimensions

(NACAQ012; Mo, = 0.5; fle = 5000; ee=0") with the reference in [12].

Tha grid of points (Figure 5.21) that was used to roesolve the test problem consisted
of 14106 points which were expanded in siructured form away from the boundary. The
points wore oblained from the same mesh as were used for the results of section 6.4,
The clouds of points exhibit a strong stretehing close to the houndary and in the wake,
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Figure 5,21 : Grid of 14100 [mhltlh for the solution of viseous How around o WNACADDTZ weloil
(Re=5000, M. =05, a=0").

The computation using 5 points per clond with weighting functions for the spatial
diseretization as well as for the diffusion terms show that the overall features of the
flow are very similar to the results obtained from previous calculations in section 4.10.1.
The Mach mimber contours (Fig, 5.22) around the airfoil or velocity veciors along the
trailing edge (Fig. 5.23) show good quality of the solution as no differences can be
vignalized. The pressure coeflicient (Fig. 5.24) and the separation point of 84.0% chord
are within reasonable limits for this difficult test ease. The pressure drag coefficient
shows a very nice agreement with 0.0225 compared to 0.0228 of [12].
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Figure 5.22 : Mach number contours for the solution of viscous How around a NACAO012 aivfoll
(Re=5000, Mo =05 a=0%) using 14106 points,
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Figure 5.23 | Velocity vectors at the trailing edge for the solution of viscous flow around a NACAODI2
airfoil (Re=5000, Mo=0.5, a=0"). Note the recirculation at tip of the trailing edgs,
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Figure 5,24 | Pressure cocllicient along the aicfoll Tor the solution of viscous flow weound o NACAO()12
alrfoil (Re=5000, M. =05, a=0°),
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Figure 5.25 @ Skin friction confflelent along the aicfoil for the solution of viscous flow srouid a
NACADNL2 airfoil (Resb000, My =05, om0},
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Figure 5.26 : Pressure lines in the wake for the solution of viscous flow avound a NACA0012 airfoil
(Re=5000, M=0.5, n=D“). Note their parallel position to each other in the wake.
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Figure 5.27 : Convergence history of the density residual for the solution of viseous How around a
NACADDLZ abifoll (Ro=5000, M=0.5, a=0"),
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5.5.4 'Transonic Inviscid Flow

[n the following, the test case of transomic flow of section 4.10.1 (M. = 0.8, o0 = 07)
i repeated. The points of the game coarse mesh ag for the finite element solution nre
used and shown in Figure 5,15, The solution of the pressure coeflicient ¢, can be seen
in Figure 5.28.
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Figure 5.28 : Comparisan of fhe pressure coefficient o, for the solntion of o transonic low (Me = 0.8,
a = 00") without welghting and using Gauss weighting functions, including WERD,

The resolution of the shocks of the upper and lower surface should be i the same
location, The shock location for the upper and lower surtace are not the same and,
hence, the results are wrong. Obviously, the result for flows with shocks depend on
the grid of points, becanse they are not generated in the same form on the upper and
lower surface. The use of weighting functions has improved ihe solution but has not
been able to capture the shock in the right position. The reason for this is that the
method presented in this worlk is non conservative and thevefore is not able (o resolve
shocks correctly, beeanse vital physical shock relations such as the Rankine-Tugeniot
conditions are violated, see chapter 2 and [13). For subsonic flows, conservation of
mass, moment and enargy do not play such a vital role as when shocks appear, This is
observed from the good results for subsonic flow.

5.5.56 Supersonic Inviseid Flow

It has been shown that the finite point method so far described is non conservative,
which i prohibitive for Hows in which shocks oceur becanse the Rankine-Hugeniot
condition can not accurately fulfilled. However, the following test case shows that a
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solution of high speed flows may be oblained even though no conservative correction
hias been applied. This has been achieved by generating a regular grid with an equal
gpacing size all over the grid.

Flg'urﬂ 5.29 : Finite point grid of 11000 points for tha resolution of hy personic How around i double
ellijpae,

S0, the next 2D test case is again a hypersonic inviscid flow of Mach 8,15 around
a double ellipse at o = 30° as described earlier and which is documented by the
proceedings of the workshop in Antibes, 1990 [14]. The solution is charactovised by a
strong primary bow shock and a weaker canopy shock.

To solve this problem, a grid of 14943 points was generated as shown in Figure 5.29.
Linear base functions (m = 3) and n = 7 point clouds with Gaussian weightiug were
uged. Figure 5.30 presents the Mach number contours and density lines, respectively.
Note that the solution is very smooth and the location of the canopy shock is well
eaptured. The numerical overshoot of about 3% in Mach number is within reasouable
limits.

Figure 5.31 illustrates density contours in the vicinity of the stagnation area showing
no oscillations. Figure 5.32 displays the pressure coefficient ¢, on the boundary of the
double ellipse which compares well to other contributors [15].

The residuals of the solution have been reduced to more than five orders of magni-
tude, see Figure 5,33, The initial bump is due to the increase in the safety factor after
1000 iterations. The low safety factor for the first 1000 time iterations aveoids negative
'DI‘EH'HI.I 1es.
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Figure 5.30 : Mach number and density contours and for the hypersonic flow around a double elfipse
at M =B 15 and & = 30°.

Digcussion

By use of an equal spacing of the elements, the error committed compared to a con-
servative scheme can be kept small. A conservative scheme would integrate across the
volume of the domain. Since each contribution of integralion is of similar ize for this
problem; it finally cancels ont. This explaing the good solution obtained in this test
caso, Obviously, it is not the idea to use equally spaced points for this method, so that
suitable modifications should be made to assure conservation. Thal, however, 15 uol
dealt with in this thesia.
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Figura 5.31 : Density contours in the siagnation zone for the hyperdonic How around a double ellipse
al Mo = 8.15 and & = 30°.
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Figure 5.32 : Pressure coelficient along the surface of the body for the hypemsonic flow around a
double ellipse at M., = 815 and o = 30°. '
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Figure 5.33 : Convergence history of the density residuals (L2-norm) for the hyparsonie How avoud
o double allipae al Mo, = 816 and o = 307,
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5.6 Conclusions

The use of clouds of points is extended to solve compressible flow problems in two
dimensions. A global concept for linear and quadratic interpolations is presented which
avoids the use of defined connectivities among points. The two step algorithm of
the Taylor-Galerkin scheme advances the solution in time, The necessary balancing
diffusion which avoids oscillations s of Jameson type and s adequately modified for
this type of formulation.

Soveral conditions for the adequate selection of points is used Lo locally formulate the
spatial discretizations in order Lo avoid singularities for the setup of matrices, Weighting
functions are added for both the basic discretization and the diffusion terms.

The test cases of subsonic flows withiout shocks have been accurately resolved with
respect to the number of points employed. [t hag been demonsatrated thaf the incor-
poration of weighting functions, also for the diffusion ternis, s necessary Lo maintain
the high level of accuracy, Even though only isotropic weighting terins have been used
with meshes containing clouds with high nspect ratios for the solution of laminar viscous
flow, good resulis are oblained. The incorporation of anisotropic weighting functions
may improve these results, especially near the boundary and in the wake,

However, if shocks appear such as transonic flows, the formulation so far proseited
15 not able to reproduce them in the correct location. This greal drawback is due to the
non conservative character of the method, Tn addition, the convergence of the vesiduals
for the solution using clouds of points is slower when compared to the finite element
results using a Taylor-Galerkin procedure. The cost efficiency is therefore lower, also
becanse of the additional evaluations of the weighting terms,

Further research in this avea is therefore needed to enhance the solution in these
cases. However, the advantages of a more flexible discretization tochnique, especially
in the field of mesh goneration and adaptivity, may compensate the disadvantages. As
this young concept of spatial discretization is in its infancy, many possibilities exist to
improve the method and to avoid some of the drawbacks encountered in the prosent
schema,
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Chapter 6

Performance and Accuracy

6.1 Introduction

This chapter contains diferent practical methods which are used to exploit the available
resources as far as possible. First of all, a description is made of how the convergence
properties ol the numerical scheme can be enhanced by introducing the Runge-Kutia
Galerkin algorithm together with residual smoothing, In addition, an enthalpy damping
routine is used Lo improve convergence to steady state for inviscid flows.

I the final section, the work in the field of paralle]l computing is presented together
with some numerical examples, The computing architectures employed in this thesis
have been serial, vector and SIMD parallel, Most of the serial caleulations have been
performed on a SGI R4000 workstation. Some of the results for three dimensional flows
of section 4.10.1 were done on the Cray-YMP of CESCA (Centre de Supercomputacio
de Catalunya). All resulls using parallel computing were obtained on a CM-200 of
CEPBA (Centre de Paral-lelitzacid de Barcelona). The implementation of the programs
developed in this thesis wore done on Silicon Graphics workstations and Cray-YMT are
not explicitly detailed here, hecause their form of programming using Tortran is fairly
standard. However, the details of the installation of the Taylor-Galerkin scheme on
the CM-200 are explained, because new data structures and communication algorithims
have to be definad.

6.2 Runge-Kutta Galerkin

The two step Taylor-Galerkin procedure described in sections 3.1.2 and 4.2 has a limi-
tation of the Courant number C:

< (6.1)

This limit. can be increased by applying higher order time integration procedures, such
as the explicit Runge-Kutta scheme (2], In addition, a residual averaging procedure
can increase bhe limit of stability, which again increases the CFL limit, Finally. a

136
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simple enthalpy damping procedure for inviscid flows greatly improves convergence to
steady state, A detailed description of this methodology for finite volume schemes
can be found from other authors [2, 14, 3], The very effective multigrid strategy for
comvergence acceleration [4, 5] or the use of a side based data structure [6] has not been
considerad in this work.

6.2.1 Runge-Kutta Time Integration

A k-stage Runge-Kutta time integration may be written as

) = M A (w0)] (62
Wl (8 (6.3)

where the superseript (4) represents ench integration stage, x; are the coeflicients which
are chosen according Lo the number of dtaged employed. My is the lumped mass matrix
and the function of the fluxes £* is given by eq. 4.19.

"

ho advantages of using higher order integration are to increase the order of bima
accuracy of the scheme as well as increasing the stability limit. For instanee. fourth
order time accuracy can be obtained by a d-stage Runge-Kutta scheme with a condition
for ' as [2, 3];

C<2/2 (6.4)

This is ahnost three times greater that conventional two step explicit schemes, The
coefficients of this 4-stage algorithm are:

e = 1

Ay =3 ?"-'J—Ep N3—§
The advective fluxes are ovaluated at avery stage whereas Lhe evaluation of the viscous
fluxes is performed only once per time iteration. The evaluation of the dissipative fluxes
Fq of eq, 4.19 are evaluated either once or twice at each time iteration. This combination
together with the increase in Couwrant number provides an inerease in convergence of
gonerally more than two.

kg =1 (6.5)

6.2.2 Residual Smoothing

Another form of inereasing the limit for the Gr)tlr_l:.{lh number is by means of implicitly
averaging the residuals [7), by introducing r = 220 u”,

F=r—eV% (6.6)

where ¢ iy chosen about 0.2 and the overbar yefors to the final state of the residuals
This equation can be solved approximately by performing two explicit Jacobi iterations.
The explicit lierations are then formulated in an isotropic form by extending eq. 4.23
fo two dimensions for any function ¢:
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V%) = (M7 (M. - Mg, (6.7)

where the terms arve the same ns for eq. 4.23 excepl for h and the mass matrices which
are now defined by eq, 4.27.

6.2.3 Enthalpy Damping

For inviscid calculations, the stagnation enthalpy in the energy squation remains con-
stant all over the flow field al steady state,

Hy = constanl = Ho (6.8)

where H = [ +E is defined as the enthalpy. This property is important for the incorpo-
ration of a damping function. Henee, the addition of a damping term does not alter the
result at steady state (%% = 0), because H = H.. [2]. In fact, this damping does have
considerable convergence acceleration properties. The non dimensional damping term
which is implemented for the continuity and momentum equation is, slightly modified

from [2| by division of H..:

1

= 6.9
ol o

where a is a constant, usually chosen 0.1. The energy equation contains n the term
similar to the above but s modified [2, 3] to avold a quadratic term in H, resulting i

pl'= B0l oy 4 aH ., (6.10)

Details can be found in the referenced literature.

6.3 Parallel computation

6.3.1 Introduction

I recent years, the development of finite element and finite volnme methods for the
simulation of fuid Aow has reached a gtage at which robust solvers are available to deal
with even complex flow situations. Even some of the more comiplex problems in CFD
can be accurately solved. However, future demands in CFD, especially for acrodynamic
design, require a huge amonnt of computational power and memory, see Figure 6.1, that
can only be attended by parallel systems in the next yeavs [1]. For this, parallel solvers
necd to be developed which provide the same degree of acenracy and robustness as
their gerial versions to be able to meet some of the objectives in CFD in the next years.

Parallel CFD is still a research topic and the practical performance of different
parallel platforms running different applications are still not yet tested completely.
Many possibilities exist to cluster a number of processors in order to form a parallel
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Figure 6.1 : Estimate of future demands on computational power in CFD [0]. This plot shows
computational versus memory needs for a given problem approximately, RAN refers to the solution of
the Reynelds averaged Navier-Stokes equations which ineludes turbulence madeling,

environment where different variables influence itz structure, These are, for example,
memory, cache, disk storage and commuuication bus. The choice to asserble a parallel
computing network lies in the fact of sharing these items or locally owning these devices
and how fast communication can be done among them,

In the following several definitiony of parallel vocabulary are nsed, but are not
explained here in detail. A thorough definition of the employed expressions can be
found in [1]. Especially, the classification of parallel computing architectures according
to Flynn's taxonomy for different processor clusters and Bell’s taxonomy describing
maoemory divisions ave explained thore,

6.3.2 Classification of Parallel Computing Architectures

One platform is the current state of the ary RISC-processor environment, which is quite
inexpensive because of masg production and very popular for modern workstations.
Most of the two-dimensional examples were ealculated such a processor gyatem bl
into a SGI Indigo workstation and can be classified as serial processing or SISD. There is
a current trend to cluster these workstations or the processors to form a MIMD parallel
computing system, such as the IBM SP2 or the Silicon Graphics Power Challenge,
respectively. Another platform is the powerful vector processor environment capable of
executing several similar tasks ab a time, provided that the program has been properly
vectorized, ie. Convex C3480 or the Cray-YMP, which was nsed to caleulate some
three dimensional examples presented in chapier 4. Finally, there exists the SIMD
massive parallel computing environment, such as the Connection Machine CM200 with
2048 processors, for which numerical experiments and performance estimations are
presented,
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SIMD

Two of the general groups of parallel architectures have been distinguished: The sin-
ple instruction multiple data (5IMD) environment is capable of performing the same
instruction on different data at the same time ie. multiplication of a vector with a
senlar.

MIMD

The multiple instruction multiple data (MIMD) environment can execute different in-
structions on different data at a time, thus providing more flexibility. Many times
for numerical methods running on MIMD type architecturos, domain decomposition
procedures are applied in order to divide the number of elements into subdomaing of
elements in accordance with the number of processors. Then, the equations are Hrst
solved in each subdomain and communicated with the vest, The best performance is
obtained by balancing the workload of each processor in order to avoid as far as possible
that processors run idle,

6.3.3 Computational Platform

Because of the multiples of choices and subsets of possible architectures, the optimal
choice for a computational algorithm is not easy. But obviously, the abiove elassification
has its implication on performance and programming style for each seheme,

"This is a contribution to demonstrate the strengths and weaknoesses of an explicii
algorithm using unstructured triangular meshes, the Taylor-Galerkin scheme in a SIMD
environment. Anu advantage of the two-step algorithm with a lumped mass matrix
formulation is the explicit form of the algorithm without matrix solver and low memaory
demands, This avoids a global restructuring of the program and reduces complexity,
However, the unstructured mesh connectivities lead to more communication overhead.

For the scope of this thesis, T will limit myself to deseribe the work in the field of
parallelism using the Connection Machine CM-200 which exploits a SIMD-type archi-
tecture, The main parallel computing environment and tools consisted of:

» Computer; Connection-Machine CM-200 with 2048 processors and 1 Mbit mem-
ory.

s Commuuication: Router software libraries (methaod FASTGRAPH).

Peak performance: 640 MFlops

Programming language: Fortran 90 and CMF Fortran

6.3.4 Parallel Implementation

The implementation involves the use of local time stepping to accelerate convergence
to the steady atate solution. However, other convergence aceeleration techuigues such
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as enthalpy damping or implicit residual averaging have not been incorporaied. The
following list summarizes the main features of the Taylor-Galerkin scheme (eqs. 4.13
and 4.14) used as a basis for parallelization which was described earlier in seetion 4.2

® 2D Taylov-Galerkin finite element formulation

s Two-step explicit scheme

e Addition of balancing dissipation (Lapidus and Jamason)
s Loeal time steps

e Adaptive remeshing and error estimation

Once the algorithm is determined, some thought must be given to the data structure
and interprocessor communication to be able to exploit the speed of the massive parallel
environment of the CM-200.

In the present form of the program, no attempt has been made to decompose the
domain into partitions, according to the number of processors, This practice is common
for MIMD platforms, but seems to be impractical for SIMD machines with more than
2000 processors, egpecially when using completely unstructured meshes, However, it
must be mentioned that Farhat ef al [15] have shown that it is possible to partition the
mesh into structured submeshes of 16 clements each which coincide with the atructure
of the processor connectivity, This is to reduce the communication bandwidth, and the
promising results presented by Farhal ef al [16] are based on caleulations of irregular
grids. However, with the advent of a new communication library, called FASTGRAPH.
a decomposition is preprocessed once by the system and stored as the conumunication
pattern for performance enhancements [17).

Data Structure

It is important to find the adequate assignments of the vectors involved in order maxi-
mize performance. Three different parameters are important that affect the decision of
the data structurer vectors with a size of multiples of number of poinis, elements and
boundary sides. The optimal layout for assigning these parameters in parallel to the
processors of the CM-200 is sought for.

The optimal choice is dividing the main vectors into miltiples of number of points,
elements and boundary sides and keeping any other dimension in serial. This i Justified
by the fact that most operations occur at the level of these vecior combinations having
the same dimension in one direction but different dimensions in the other direction, An
example would be the multiplication of the vector u with the sealar Af,

Consider, for instance, the conservative variables u with the following dimensional-
imabion:

dimension u(4,npoin)
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iy 1 2] 3 4 npoin

u (1] 2] 3 | 4 npoin

uz |1 2| 3 4 npoin

gy (1| 2| 3 4 npoin
: One processor

Fig’l.l.l‘a 6.2 : Layout of the conservative variables 1 where eacli box assigns one processor to each
varlable and each node,

By means of the following compiler divective, we are able to control the layout and
performance of that vector:

cmf$layout u(: serial,: news)
We obtain 4 virtually parallel vectors assigned to ench processor as shown in fig-

ure 6.2, It is interesting to note that the serial version of the code has exactly the
opposite structure in order to optimize the cache alignment:

dimension u(npoin,4)

At |1 |z2]a]a npoin

i one processor

Figure 6.3 : Layout of the time step increment Af where cach box nssigns one processor to sach Af
of dach node.

The advantage of inverting the structure is that this vector can be combined with
a vector of the same size, but with a different dimension. For example the time step
increment Af with a dimension and layout as shown in figure 6,3, The assigniment in
the program code is controlled by the following statements:

dimension Atf(npoin)

and
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emfflayout At(: naws)

Any other distribution would provide additional difficulties in combining the two
vectors, A similar form of data structure has also been advocated in [18], also using
unstructured meshes Lo explicitly solve laminar viscous flows.

Interprocessor Communication

Once the layout of the vectors has been defined, some data communieation between
vectors of different layouls remains which requires that different. processors exchange
their contents with others. Therefore, interprocessor communication is an essential
part in parallel computations, both on MIMD architectures as well as SIMD systems
suich ag the Connection Machine CM-200. [n the current implementation, between 35
and 45 percent of the cpu time (depending on the mesh) is devoted to shift data from
elemental values to nodal values and vice versa. In particular these ave gather and
seatter rountines [19).

Although the refined structure of the program has avoided the exchange of elemental
and nodal values as far as possible, a minimuim data transfer still remains which is the
bottleneck of the parallel codifieation of eqs, 4.13 and  4.14,

Basically, two possibilities exist for establishing interprocessor links on the CM-200.
One is the North East South West (NEWS) system and the other is the Router system.

NEWS System

? & 4 i 5 4 i
Wit | —&= [ 6 g | —f= 2 g ! 4
i
* v 7 & |
e 7 # i
NEWS Communication Streuvtured Grid of Provessors Structurud Grid

Figure 8.4 : Schematic deawing of the interprocessor eonimunicition ayubiom for data sxeliunge among
vertors of differont, Inyouts.

The NEWS system allows a structured data exchange between the neighboring proces-
sors making it attractive for flow calculations using structured meshes, The way data
axchange is handled by the NEWS systom can be appreciated from figure 6.4. Fvery
processor can perform a dita exchange only between the next four neighbors separated
by the edge of each clement. Thus, only a structured grid can be mapped exactly on
to the structured grid of processors,
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However, communication based on the NEWS system for unstruetured meshes be-
comes leas avident and was shown (o be slower than the Router systen in an attempt
to optimize interprocessor communication [19).

Router System

Mades: LA L ‘\\ \ H\ }‘-.‘ * % *\ ,_‘
e AL TR
Y B 5
r v \‘ \' \ A U | S
Eleinenia + | Y b AR |11 N \
1
Gather uperition Suntter operation

F!H“Tl: 6.5 Stfilﬂ.ﬂiltil.'. l.'ll‘ﬂ'l\"lllﬁ of the |'h|il!l'[.l'l'0l.‘l,lﬂﬁnr COMMinealion system for data I'.'J{i':l'.ll'l.tlgt' oy
veators of different layoiits.

For the current version of the program the Router system has been preferved for sim-
plicity even though parts of the mesh could be generated in a structured way using the
NEWS system. In order to invoke the Router communication system it 18 necessary Lo
usa the automatic communieation routines provided by the (M system library rontines
[17]. It allows for arbitrary data exchange between processors as shown in figure 6.5
where source and target arrays do not have to have the same rank. Figure 6.5 also in-
dicates both gather and scatter routines which are conventionally used in finite elament,
calculations. A gather routine collects nodal values and stores them at the elements
whereas scalier routines spread elemental values to the nodes.

We have considered three available gather and scatter routines in this context, The
first one is provided by the Conneetion Machine Seientific Software Library (CMSSL),
sparse.util_gather ov sparse_util seatter modules. The other two possibilities would be
the emf send.add module with option FASTGRAPH or NOP. FASTGRAPH has a
speed advantage of about factor 3 for a reasonable size mesh, but with the limitation
of long setup times and large memory requirements. The setup for option NOP is [ust
and less memory intensive but performance is slower, A comparison of these routines
can be found in [20],

6.4 Numerical Examples

The first examples correspond to the use of the Runge-IKutta Galerkin seheme for the
solution of the inviscid compressible How around an airfoil using different triangular and
quadrilateral meshes, The objective is to demonstrate performanee and accuracy and
compare the results to the Taylor-Galerkin scheme, The final examplos demonstrates
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acenracy and pm'i‘m-mmﬁ:n for the Taylor-Galerkin scheme running on the parallol com-
puter Connection machine CM-200. The test case is the compressible laminar viscous
flow around a NACAD012 profile alveady exposed in section 4.10.1.

6.4.1 Performance

The improvement in performance of the proposed Runge-Kutta Galerkin algorithin
nsing residual smoothing and enthalpy damping is demongirated lor the same test ease
ol seetion 4.10.1: compressible inviscid How of My, = 0.6 at ¢ = 07 around a NACADOD]2
airfoil using a triangular mesh of 2556 points and 4902 elements. The accuracy is dealt
with in the following section 6.4.2, so the plots are only focusing on cpu time and
convergence. All the constants that were used are: a® =0, o) = 0.1, ¢, = 0.95
for the Taylor-Galerkin scheme and ¢, = 2.8 for the Runge-Kutta Galerkin schome,
First, Figure 6.6 displays the convergence histories for the Taylor-Galerkin scheme
(TG) using local time stepping. The plot compares the unmodified TG scheme, the TG
with residual smoothing, the TG with enthalpy damping and TG nsing both residual
smoothing and enthalpy damping. Clearly, the acceleration properties of the enthalpy
damping routine become vigible. Also residual smoothing improves convergence, but
only marginally. A combination of both routines does not increase the performance
comparad to the convergence of the enthalpy damping procedure ilone.

Then, Figure 6,7 presents the convergence histories for the Runge-Kutta Galerkin
scheme (RK) using local time stepping. The graph again compares the RK scheme,
the RK with residual smoothing, the RK with enthalpy damping and RK using both
residual smoothing and enthalpy damping. The positive acceleration properties of
the enthalpy damping routine is again apparent, The residual smoothing procedure
inereases convergence more than for the Taylor-Galerkin scheme. A combination of both
routines yields slightly slower performance for convergenee up Lo 7 orders of magnitude,

In summary, the RK scheme is about twice as fast for the convergence of the resid-
uals, Topether with residual smoothing or enthalpy damping, convergence may be
accelerated, For inviseid flows, the enthalpy damping routine dramatically ineroases
performance. However, enthalpy damping can not be used for flows for which diffu-
give effects can not be neglected. For the acceleration of viscous Hows, the vesidual
smoothing routine may be used, The effect of residual smoothing may be limited,
though, if strongly stretched elements are employed, because the formulation for resid-
ual smoothing is isotropic. Both routines have neglectable effects on acouracy at steady
state, However, the use of REK slightly alters the resulls when compared 1o TG, be-
causé the time integration acheme is different. The resulta for RK is shown in the next
example,

6.4.2 Mesh Convergence and Accuracy

From CFD, the design engineer needs an aceurnte vesill as fagt ay possible. However,
often the most accurate result would lead him to generate a mesh of millions of points
which i8 not feasible or too expensive. Therefore, the computational solution should
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Figure 6.6 | Comparison of the convergence histories versus cpu time for different Tavior-Galorkin
schemes (TG) for &'V = 0,1: unmadified TC scheme, (he TG with residual smoothing, the TG with
enthalpy damping and TG using both residual smoothing and enthalpy damping,

indicate how precise the solution is for 4 given mesh size. This information can be
difficult to obtain, especially when the exact solution 18 not known. But using the
knowledge of the order of approximation of the numerical algorithm, an estimation of
aceuracy can be performed by a mesh convergence study [29].

&N = 0.05 kM =0.1 k1) = 0.2 w = (0.4
Npoin | ep 0 £n 0 en 0 - 10
032 | -0,00064 | 1.1244 | -0.00073 | 1.1222 | -0.00082 | 1.1202 | -0.0009] | L1118
2560 | -0.00015 | 1.1269 | 000021 | 1.1274 | -0.00029 | 11274 | -0.00041 | 1.1206
4022 | 000008 | 1,1288 | -0.00012 l..l‘ZET 0.00017 | 11283 | -0.00024 tT] 9%n
14836 | -0.00004 | 1.1294 | -0.00005 | 1.1293 | -0,00008 | 1.1292 | -0.00011 | 1,1289

Table 6.1; Comparison of the drag coeflicient ep and the stagoavion density po for 4 different

triangular meshes and 4 dilferent diffuslon constants o', The analytic results are cp = 0.0 and
po = 1.1297.

As a means for estimating accuracy, the convergence of the key variables of the
numerical solution is not a sufficient, indicator in order to have confidence in the preci-
sion of the solution. It only shows that the solution on 4 given mesh does not change
anymore but to assure accuracy, a mesh converpence study should be performed. This
shows that the solution is mesh independent within given orror botnds and that the
solution for an infinitely fine mesh can be estimated, Then, we also speak of a mesh
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Fignre 6.7 : Comparison of the convergence histortes versus epu time {or different Runge-Kutta
Galerkin schemes (RK) for alpha'’ = 0.1; unmodified RK schome, the RK with residual smoothing,
the RK with enthalpy damping and 1K using both vesidual simoothing and smthalpy damplig,

converged solution which means that the resull depends on the mimerical scheme and
not mesh. Moreover, by means of a mesh convergence study, the order of the numerical
scheme can be demonstrated.

The test case considered is again the subsonic flow around a NACA0012 with 1o inci-
dence and My, = 0.5. In total four triangular and guadrilateral meshes were generated
containing between 900 and 19000 nodes. In addition (o nceuracy, Lhe R\]ylgp-.[{u[,h;,,
Galerkin scheme is used to enhance the performance of the scheme along with enthalpy
damping,

Mesh Convergenece using Triangles

The same four meshes of unstructured trinngles of seetion 410,56 (Figure 4.51) have boen
subjected to the Runge-Kutta Galerkin scheme, Different values for the fourth order
diffusion constant a!") were analyzed as well, The density contours in the stagnation
arca for the four meshes is shown in Figure 6.8,

Numerical comparigons of the drag coefficient ep and the stagnation densily o are
shown in Table 6.1. Graphically, the stagnation density pg is presentod in Figmre 6.9
which is compared Lo the analytical value of 1129726, The comparison of the conver-
gence of the drag eoefficient ¢ is shown in Figure 6.9 and its analytic value ig e = 0.0,
The abscissa shows the inverse of the number of points per mesh. So, the result for an
infinitely fine mesh can be extrapolated by extending each of the lines until they cross
the ordinate. The vanishing influence of the artificial dissipation can also be observed
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Figure 6.8 : Density contours in the stagnation area obtained from the difforent trimngulor meshes
in Figure 4.51 using the Runge-IKntta Galerkin scheme for the inviseld test case: Ma = 0.5, o0 =07

as the meshsize goes to zero. This is demonstrated by the fact that the distance which
separates the curves reduces. fi = | in Figure 6.11 is the spacing in the stagnation area
of the coarsest mesh of the four, Quadratic convergence is seen from the fact thai if A
decreases by one half, the error diminishes to one gquarter. The history of convergence
versus the time step for four different diffusion constants o® nsing the third mesh
of 4022 points is plotted in Figure 6.12. The convergence history for different meshes
using the same ol?) = 0.2 is shown in Figure 6.13.

In summary for the Runge-Kutta Galerkin schema, stronger influence of tho ar-
tificial diffusion constant ol?) is observed, if compared to the Taylor-Galerkin scheme,
Convergence is higher and acenracy is improved slightly for the drag coofficient ¢p.
The error in the stagnation density is generally lower except for o) = 0.4, where (he
error is approximately the same. The second order accuracy of the scheme is again
manifested by the fact that as the mesh size h decreases by one half, the error in the
stagnation density reduces to a quarter or more and the error in the drag coeflicient
reduces to a quarter for all meshes except for the fine mesh for which the exror is nearly
a third depending on o',
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Figure 6.9 : Comparison of the stagnation density pp for four different trlangular meshes and four
different artifietal diffusion constants kd = o to analytical value of 1.129726 using the Runge-Kutta
scheme, Plotied are the densiby values vovsus the the inverse of the number of points,
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Figure 6.10 : Comparison of the drag coefficient for four different triangular meshos and four difforent
artificinl diffusion constants kd = o™ using n Runge-Kutta Galerkin scheme, The analytical value s
ap = 0 for inviscid flows. The plots show the ep versus the inverse of the number of points,
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Figure 6.14 : Four quadrilateral meshes for the mesh convergence study of an inviscld flow avound
a NACAO012 profile (M = 0.5, o = 0°): a) 2150 noded and 2068 elomonts, b) 4412 nodes and 1288
clements, ©) 8070 nodes and 7900 slemonts and d) 18974 nodes and 18701 slements.

Mesh Convergence of Quadrilaterals

The four quadrilateral meshes are shown in Figure 6.14. Solutions were obtained for
three different values of o/ = 0.2, 04 and 0.6 to also show the influence of the
artificial diffusion. The density contours in the stagnation area for the fonr meshes can
be appreciated in Figure 6,15,

Numerical comparisons of the stagnation density and the drag coefficient are shown
in Table 6.2, Graphically, the stagnation density pg is presented in Figure 6.16 and
compared to the analytical value of 1.129726. The comparison of the convergence of
the drag coefficient ep is shown in Figure 6.17. The vanishing influence of the artificial
dissipation can again be observed as h — 0.

The error in the stagnation density is shown in Figure 6.18 indieating quadratic
convergence for as b decreases. The error in the stagnation density pg is again defined
by eq. 4.73. h =1 in Figure 6,18 is the spacing in the stagnation area of the coarsest
mesh of the four, so quadratic convergence 18 also observed in this case,
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Figure 6,156 : Density contonrs in the stagnation aren obitained from the respective quadrilateral
meshios in Figure 6.14 for the NACA00L2 profile for inviseid test cise Mo = 0.5, a = 07 using the
Runge-Kutti Gulerkin schome.

Again, a stronger influence on the accuracy of the artificial diffusion constant ot
is observed. Compared to triangles, the accuracy for quadrilaterals is slightly lower for
this test case which is due to the lower quality of the unstructured quadrilateral meshes
containing elements with high angles and strong deformation, whereas the quality of
the trinngular meshes is globally higher and much more vegular. In alimost all cases
guadratic convergence is reached for both the ervor in ep and py, demonstrating again
second order accuracy of the algorithm.

The comparison of the convergence histories for quadrilaterals for difforent o' s
not plotted here, because similar conclusions can be drawn as for triangles. However,
an interesting comparison is the direct comparison of the convergence ol the residuals
to that of trinngles which is shown in Figure 6.19. Three different curves for similar
accuracy are drawn which are; Taylor-Galerkin (TG) using triangles, Runge-Kutta
Galerkin scheme (RK) with triangles and Runge-Kubta scheme with quadrilaterals,
From that plot, it is obgerved that the convergence for RK time infergration scheme for
triangles is superior that of TG triangles and RK quadrilaterals it compared to the time
gtep, S0, for similar accuracy quadrilaterals converge slower, beeause more number of
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&M =10.2 K =04 &Y = 0.6
Npoin p 0 op A0 ] I
2150 | -0.00045 | 1.1432 | -0.00068 | 1.1347 | -0.00090 | 1.1294
T 4412 | -0.00019 | 1.1398 | -0.00032 | 1.1346 | -0.00044 | 1.1320
8070 | -0.00012 | 1.1339 | -0,00018 | 1.1321 | -0.00022 | 1.1300
18974 | -0.00008 | 1.1310 | -0.00012 | 1.1305 | -0.00015 | 1.1301

Table 6.2: Comparison of the deag coefficient ¢p and the stagintion density go lor 4 different
quadyilateral meshes and 3 different diffusion constants o using the Runge-Kuita Galerkin schome,
The nnalytic results are cp = 0.0 and po = 11207,

nodes are used.

In terms of performance, the consumed cpu time is compared for each scheme for
the convergence curves ol = 0.2, The residual drop in dengity versus the epu time is
ghown in Figure 6.20, Again for the lact that more nodes are used, the convergence rate
tor quadrilaterals is slower than for trinngles if the same rate of aceuracy is reached. The
best form to analyze this behavior is comparing the solution on a triangular mesh with
that of a quadrilateral mesh using the smne points which is presented in the following
example.

Triangular versus Quadrilateral Mesh Using the Same Points

In order to create a good basis for comparison, a triangular and quadrilateral mesh
using the same points has been nsed. The triangular mesh has been oblained from the
structured quadrilaterals by subdivision of each eloment. In total 14106 points were
used giving 27630 triangles or 13818 quadrilaterals, The points that were used for both
meshes are shown in Figure 5,21 which have already been applied to resolve anoiher
best case.

The resulis now indicate that, in fact, the quadrilateral mesh is more cost efficient
than triangles. In terms of accuracy, the ¢p = 0.000016 for quadrilaternls and ¢ =
0.000039 for triangles, the error in the stagnation density was 0.00040 for quadrilaterals
and 0.00031 vsing the trinngular mesh, Hence, accuracy is much better for the drag
prediction but slightly lower for pg. However, performance is now almost twice as high
for the same amount of points and similar accuracy using quadrilaterals. Figure 6.21
demonsirates this for the residual decrease in the L2 norm of the density versus cpn
Eime,
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G.4.3 Example Using Parallel Computing

Numerical experiments using the parallel computing environment of the Connection
Machine CM-200 (CMSSL, FASTGRAPH (FG) and NOP) have been performed for
bhe hypersonic viscous flow around a double ellipse and resolving the subsonic laminar
viscous flow past a NACAQ012 airfoill. Both test cases have been solved earlier in
section 4.10.1.

Hypersonic Flow Around a Double Ellipse

some results of the hypersonic test case around the double ellipse have been run us-
g the samne meshes as earlier, yielding nearly identical results and therelore are not
repeated here. However, performance measurements arve presented for the calenlation
of several 100 time steps using four different meshes of 5450, 17410, 31380 and 54866
elements, The number of elements was controlled by the variation of elements in the
structured layer section.

2048 Processors 4006 Processors

Nelem | SGI | CMSSL | FG [ NOP | OMSSL [ FG | NOP
5450 | 0.76 | 0.41 0.26 | 0.53 | 0.29 0.19 | 0.33
17410 | 2.49 | 1.37 0.52 | 1.65 | 0.89 0.33 | 1.01
31380 | 4.6 | 2.21 0.69 | 2.57 | 1.55 0.45 | 1.81
B4B66 | 7.0 | .31 0.97 [ 379 [ 2.25 0.65 | 2.78

Table 6.3: Performance compitigon of diffevent communication rovtines for ditferent numbers of
processors with a serial Silicon Graphics Indigo workstation (SGI). The values are in seconds per time
atep.

The main indicator that was chosen for comparison is cpu-time per time step be-
canse Lhe munber of time sleps to converge to steady state is different for each mesh
and depends particularly on the elements sizes. Also the setup effects for the different
communication routines are ignored,

The performance study involves three available communication possibilities of the
Router data transfor system in the CM-200 in comparison Lo the speed of Silicon
Graphics workstations. Moreover, the use of 2048 and 4096 processors of the CM-200
are also compared. We had the possibility to use 4096 processors for a short period of
time, based on a rental agresment. So, only the following results were run using 4006
processors. A summary of the results can be abtained from Table 6.3.

A comparison in terms of speed up ratios versus one single processor are not possible
lor thig type of computer architecture, A different method comparing with a known
gerial processor is made inatead. The speed increase for different Router constellations
and number of processors can be observed from that table as well as from Figures 6.22
and 6.23. Note the extreme difference of the FG utility, The CM-200 shows a declining
slope as the number of elements increases, whereas the serial system presents a linear
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Figure 6.22 : Comparison of performance lor dillerent mesh sizes and For four dilferent computing
configurations (serlal, CMSSL, FG, NOP). The reaulta for the parallel syseem were performed using
2048 processors,

relationship of time versus number of elements, This 1 devoted to the increase of
communication efficiency as the mesh size increases. This non-linear relationship can
best be analyzed if we compute the ratio, speed factor, which is the epu-time of the
gerinl computer divided by the cpu-time of the FG utility, tabulated in Table 6.4,
Figure 6.24, shows this effect graphically for 2048 and 4096 processors,

However, doubling the number of processors does not provide double speed in the
parallel environment. This is again due to the loss in efficiency, especially in commnn-
nication. Thig limits the potential power for parallel systems when sealed becanse of
sealar operations performed within the pavallel system, also known ag Amdahl’s law [1].
(For the CM-200, 2048 processors are taken as one processing unit for the ealeulation
uging the formula of Amdahl's law.)
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Nelem | 2048 Processors | 4096 Processors
5450 2.88 3495
17410 1.79 7.55
31380 6.67 10.22
54866 8.14 12.15

Table 6.4: Ratio of the apeed factor of the cpu thme per time step for serial workstation over parallel
system using FG.
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Pigure 6.23 : Comparison of performance for ditferent mesh aizes and oy four different computing
configurations (serial, CMS5L, FG, NOP). The results for the parallel system wore performed nsing
4096 procesaors.
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Subsonic Viscous Flow around NACAO0012

This test case again resolves laminar Navier-Stokes solution in two dimensions aronnid
a NACAQD012 airfoil (Moo = 0.5; Re = 5000; a=0") as referenced in [7]. A veference
mesh was used for resolving this test case obtained from a database containing 14106
nodes and 27636 elements. This mesh, although vnstructured, has been obtained by
subdivision of a structured quadrilateral mesh with & high aspect ratio in the wake
region, In addition, the results were prepared in digital form to comply with the
proposed database format by the [nstitut Nationale de Recherche en Informatique et
en Automatique (INRIA) and presented for comparison with other confributors at a
workshop held on 11.07.1995 at INRIA Sophia-Antipolis, France,

The contribution to the database includes two dimensional results (Mach mimber,
pressure, density ete,) adg well ag gome 11 eurves (pressure cosflicient o, skin friction
coefficient ¢f, convergence history, ete),

Accuracy

The aim of this test case was to compare the solution for the Taylor-Galerkin scheme
with the very well documented reference fest case 7], Since the blended 2Znd and dth
order artificial diffusion medel is very similar Lo the one of the reference solution, i
was very easy to establish a basis for comparison of the results.

Al graphs are presented for the seemingly best computation which used af? = 1-:[:-0- if
not otherwise stated, The calenlations show that the overall features of the fow are very
gimilar, if not identical, to the results obtained from the reference solution 7). In the two
dimengional plots like Mach number contours (Fig. 6.25) around the airfoil or velocity
vectors along the trailing edge (Fig, 6.26) no differences can be visualized. Also, the
pressure coefficient (Fig. 6.27) and the separation point of 82.7% chord agrees extremely
well with the reference solution on unstructured meshes (82.4%) given raughly the sune
valnes for the fourth order diffugion coefficient. Fig, 6.28 shows the location of Lhe
separation point as a function of the iteration time step for two diffevent coefficients
al: & and 5. Thus, as ol") i increased the location of the separation moves towaid
the rear of the airfoil, Also the pressure drag coeflicient shows a very nice agreement
with 0.02286 compared to 0.0228 of [7].

From the 2D analysis during the workshop, parallel pressure jsolines and o clear
definition of the recireulation area were observad which demonstrate the quality of the
results, Note also the parallel pressure lines withoul oscillations in the wake (Fig. 6.29)
which underline the high quality of the results. However, the main difference that
was observed at the workshop was comparing the skin friction coeflicient ¢y with the
reference results and other partners (Fig. 6.30). Especially near the leading edge the
peak value of almost ¢p = 0.15 has not been obtained using this scheme, Most other
contributors had similar results which underpredict the peak. A reason for this is conld
be the different meshes that have been used. The normal mesh spacing in Jameson’s
mesh ig about 0.0002 chords, whereas in the mesh used for this caleulation it is roughly
8 times higher (0.0017 chords),
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Figure 6.25 : Mach number contours for the solution of viscous flow around a NACA0012 alvfoil
(Re=5000, M=0.5, n=0") on the common unstructured mesh with 14106 nodes using the TG sclvine
on the CM-200,

[n summary, the results using a parallel compuiing environment show a suceessful
implementation of the Taylor-Galerkin schome using triangular meshes. [t Las been
shown that accuraey 1s not sacrificed.

Parallel performance

The other objective of the workshop was not only to assess the aceuracy of different
Aow solvers, but also to give o measine of efficiency. In order (o give an estimate of the
efficiency of each solution schame, a good indicator 18 the convergence curve for which
a given accurake selution has been obtained. Tn this context it is necessary to show, lor
instance, the residual drop in orders of magnitude versus work unita in epu=time, Thus,
Fig, 6.31 shows the convergence history of the energy-residual versus epn time where
convergence to about 5 orders of magnitude can be observed. Total time to reach a
steady state where no more gignificant change s appreciable can be reached for this
mesh in about 30 minutes for o/t = ?{5 and 90 minutes o = 1—&,5.

Due to the nature of using unstructured finite element meshes, n large amount of
gather, scatter and scatter-add aperations can be expected. Thus, we can expect a
strong amount of interprocessor communication for this type of problems,

A comparison of the performance, ie. speed-up rates, is very difficult for this type of
parallel architecture, because the comparison with one processor would be meaningless,
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Figure 6.26 : Velocity vectors at the trailing edge for the solution of viscons flow avownd w NACAO012
airfoil (H.::[-(mﬂ, Meo=0.5, n=ﬂ"} ot the commaon unstructurved mesh with 14108 nodes using the TG
scheme on the CM-200. Note the reclrculation ab tip of the teailing edge.

A possible comparison can be the claimed peak performance values of a serial processor,
like the MIPS RB000, running at 300 Mflops peak. However, the comparison of peak
flop rates is problem and gystem dependent, therefore the following conelusions can not
be peneralized.

The CM-200 has a peak performance of about 640 Mfops nsing 2048 processors.
For the present calculations, the communication required between processors consumes
nearly 40% of the total computation, So for the reference mesh, we obtain 0.4515 sec.
per time iterafion. A similar version of the code which wad optimized for the R8000
yielded for the reference mesh a value of 0.685 sec per Gime iteration,

Comparing the results, the losses in performance (ie. due to commmunication) be-
come vigible, The ratio of peak performances for the parallel syatem over serial come
putation is 2.13, the ratio of consumed cpu time (parallel over serial) is 1.51. Henee,
the parallel vergion performs less efficient using these refersmee values than the corve-
sponding serial version, The loss of roughly 30% due to parallelization seems very low,
considering that we must communicate information between 2048 processors, As men-
tioned earlier, the overall performance of the program can be improved by elaborating
a better strategy for communication [15}, thus reducing that cost.

In (18], a comparison of different parallel computational platforms (CM-200, iPSC-
860 and KSR1) using unstructured meshes to explicitly resolve viscous flows is pre-
sented. There, the computational performance (756 MFlops) of the scheme runs well



162 Chapter 6: Performance aud Mcm'mﬁy

1:2 T T L T U 1

T T - )
Pressure coefficiant —

08|
0.6 §

0.4
Cp
0.2 !

08y —67 02z 03 04 05 08 07 08 08

XL

Figure 6.27 ; Pressure cocfficiont along the airfoil for the solution of viscous flow around o NACAOD]2
airfoil (Re=5000, Mo =0.5, 4=07) on the common unstruetiured mesh with 14106 nodes using the TG
seheme on the CM-200,

below the elaimed peak performance on the CM-200 and comparisons were made only
on the basis of consumed cpu time. The efficiency of the procedure using the CM-200
was the lowest for the given platforms. However, each of the mensures which exiat for
comparing performanee on the CM-200 to other platforms is subjective and depends
very much on the scheme, the implementation and the programming effort.
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Figure 6.20 ; Pressure lines in the wake for the solution of viscous flow around a NACA0012 airfol
(Re=5000, M=0.5, =0") on the common unstroctured mosh with 14100 nodes using the TG schieme

on the CM-200. Note their parallel position to each other in the wale,
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Figure 6.31 1 Convergence history of the energy residual for two different values of o™ for the solution
of viscous flow around o NACA0012 airfoll (HE:!':UDU, Moo =05, 4=0") on the eommon unstruebiead
misl with 14106 nodes using the TG schomo on the CM-200,
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6.5 Conclusions

The accurate and robust Taylor-Galerkin scheme deacribed in section 4.2 to solve Euler
and laminar Navier-Stokes flow solver in 2D on nnstructured meshes has been improved
in terms of aceurncy and performance by introducing the Runge-Kutia Galerkin proce-
diire. Also, the Taylor-Galerkin scheme has suceessfully been implemented on a massive
parallel computing environment with 2048 and 4096 processors yielding a strong spoed
up.

For the Runge-Kubta Galerkin scheme, accuracy is demonstrated by solving a Lyp-
ienl test ease for the Euler equations in 2D for compressible Aow conditions. Again, a
mesh convergence study using the Runge-Kutta Galerkin scheme is performed for dif-
ferent artificial diffusion constants. The solutions are compared to the original Thylor-
Galerkin scheme in torms of aceuracy and performance, both for triangles and quadri-
laterals, The result is that superior performance for a given aceuracy is achievad hy
using higher order time integration. Also, the use of quadrilaterals improves the cost
efficiency provided that meshes (triangles and quadrilaterals) of similar quality are

used,

The parallel computations for phe test ease Tor the golution of laminar viscous How
were performed on the massive parallel computer, CM-200, and are compared to a
proven reference solution [12]. Apgain, the accuracy is high and performance is very
good considering that the CM-200 with 2048 processors is the smallest of this com-
puting system. The disadvantages that were encountered are mainly due to hardware
limitations such ag availability, service and scalability, Three years ago, whon this
waork was initiated, this contribution to a workshop was to identify Lthe possibilities of
exploiting SIMD machines within CFD caleulations on unstruetured meshes.

The conclusion that can be drawn from this work in the fiold parallel computing
is that the nse of SIMD machines is feasible and that the speed np compared to serial
machines is impressive, but the scalability of this kind of architecture has its Himitations
both in cpu performanee and problem size, especially when using irvegular grids, The
communication overhead remains large and convergence acceleration techniques such
as multigrid will be difficult to implement on such a system, The complexity of the
multigrid strategy will complicate the current data structure and communication,

Another important [act is that the availability and service of CM-200 can not be
guaranteed in the future because of problems by the hardware manufacturer. Thus,
the anthor's recommendation mmat go towards strategies in MIMD environients, This
would make necessary the use of domain decomposition methods to divide the load
among different processors if a significant performance increase is (o be achieved on
unstructured meshes in the liture, Many tools already exist to help reduce the pro-
gramming effort in domain decomposition and communication (21, 22, 1]. In addition,
these types of programs are less machine dependent, becanse communication standards
like, MPI or PVM are available on many architectures, whereas the environment of the
CM-200 nses special communication routines and different data struelures,
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Chapter 7

Conclusions and Future Work

The objective of this monograph was to present a methodology whicl addresses two
of today's CFD problems, 1) the cost efficient resolution of flow problems and 2) the
difficulties in mesh generation. A strong emphasis was pul on the accuracy of the
schemea and the presented results,

1) Cost efficiency relates assured accuracy to performance. In this context, this
monograph has provided solutions for a wide range of compressible flow applications
yielding precise results nsing the Taylor-Galerkin procedure. The basic procedure has
been successfully enhanced Lo cover different types of How constellations in 2D, 3D and
axisyminetric flows for subsonic, transonic and supersonic lows, Validation of the pro-
gram was done by comparing results to analytical, nmumerical as well as experimental
data. Performance wad enhanced by incorporating the Runge-Kutta time integration
procedure, together with convergence acceleration techniques such as enthalpy damp-
ing and residual smoothing. Moreover, the Taylor-Galerkin scheme was impleinented
on a parallel computing environment, the Connection Machine CM-200), yielding an
additional speed inerease.

2) The difficulties of mesh generalion programs have lead to investigate a solution
algorithm based only on clouds of points, in which arbitrary points are locally gelectecd
to form the interpolation domain. This relicves the generation of fixed connectivi-
ties forming non overlapping elements. The initial scheme hag been compared to the
classical solution of the steady 1D convection-diffusion equation using an explicit (ime
marching schame. Bxavt nodal values were obtained as the scheme is equivalent to the
Taylor-Galerkin scheme for three noded clouds, Nearly exact nodal results resulted for
use with Gauss weighting functions for n = 3. Using weighting functions, the order of
the scheme can alio be retained if n > 3, whereas a deterioration of aceuracy is reached
if no weighting functions are employed.

T'his 80 called finite point method has been extended to the solution of some com-
pressible How problems in 2D, The results for subsonie inviseid and viscons Hows showed
very good results, Especially, the need for weighting funetions, also for the diffu-
sion terms, is vital for the guarantee of accurncy, Many possibilities using linear and
quadratic basis functions have been also tested and compared in 11 and 2D exninples.
Difficulties were encountered when solving transonic and supersonic flows as the seheme
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T T —

does not satisty the Rankine-Hugeniot condition. Hence, this problem of conservation
muat be resolved in fufure research.

Future wrnrk

This work may be the initiative to extend some of the ideas presentod.

1) 1t was shown that the algorithm is second order accurate, but only for smaoth
meshes. However, especially using quadrilateral elements in 21 or tetrahedral elements
in three dimensions, smooth unstroctured meshes ave difficult (o control, Therefore,
line of future work may be the presentation of a scheme which is second order accurate
no matter what mesh is used. Another form of mproving the accuracy is the better
control of the artificial dissipation which is added to the scheme,

2) Performance enhancement techniques such as multigrid or parallel computations
can be implemented. The multigrid method achieves high convergence properties and
the use of MIMD parallel computation including domain decomposition is also a way
lo improve performance of the scheme,

3) The concept of clouds of points needs the modification to puaraniee conservation
especially in those parts of the Hows where strong gradients are present, Also, the
selection of points can be optimized, because the criteria of quadrants selects more
points than necessary or is not sulficient for quadratic basis functions in 2D,

4) Finally, the proposed methodology for the solution of flows using poiuts can only
axploit the advantages in mesh generation if & point generator; adaptivity and a 3D
version ig operative, Siill a lot of open topics and questions exist in that field.



Appendix A

A.1 Quadratic basis functions in 1D

In chapter 3 the equivalence of the finite point method for three noded clouds (0 =
3) to a central difference approximation has boeen shown using linear basis functions
p = |1, 2], Here the proof of equivalence is extended to quadratic basis funtions in 1D
p = I]'!'T"* "Bl’t]'

Consider again the three noded cloud with the points (i = 144 4 1) (as shown
in Figure 3.8) and the coordinates (u:f_;,:u,-,wi.H) and at equal distance A from each
other, Their unknown values are w;_ g, w;, %41, respectively. The unknown polynomial
coefficients @), 4 and ag for the local interpolation domain are given by equation 3.52

and is for m = 3;
@
az 3 = A 'Bu (A1)

i3

Matrix A can be calculated from equation 3.53 using eq. 3.42 as

A = EJH"' "f"i E’rl’*‘

T E—H-‘-J 2 15‘%]
Ljm1 '"f w 23 T II

4 3, a2 + 2h*
= Bay o 3af 4 2h° B + G ? ] (A.2)
[ 32? + 207 3ad + 6mih? 3a) + 126307 4 200

Inversion of A leads to

y b - }]}E’* +1 “J?g*ﬁﬂ ATk — o
A= SRl G (8:3
M-k am o bk
The missing array Bu is obtained by multiplication of eq. 3.54 with u and is for
quadratic basis functions
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Ui i+ U
Bu = ¢ w2 + w4 w1 tip (AA)
‘ i
thy .jmf_, + m:r.f T 1'1.;+'|."I.L',-;_|_:
Racall that a function @(z) can be approximated by quadratic polynomials from eq. 3.38
as (again omitting the hat over the function u(z) for clarity)

ii(z) = u(z) = p'a = a; + apx + gz’ (A.5)
The first derivative of u(z) remalng a function of x and becomes at point
i ;
;%(m‘] = ag + 2aqu, (A.6G)

Using eqs. A.1, A.3 and A4, the polynomial coefficients oy and ay are obtained and
can be replaced in og. A6, Regrouping leads to

du

golw) = a2+ 2a3m, (A7)

3af  Buy 3l 2:.:,) :

(it 4w + 1) (H ATy B i (A.8)

8 -
(agy + iy (3 = W) + uigq (204 b)) ((i”bﬁ‘f. 4 ' . %L) Je
(1.*.,-.1,";-a + gy (g — h.)"" + gy (g + h.)“) (_..m. )

Simplification of eq. A.8 results in

a =
SR = (i i) (-ﬁ) +

(imi + vy (20— h) +uigy (2 + h)) (ﬁt_-‘) (A.9)

Further simplification cancels the contributions of ; and leads to
du -
_,'_':Ef,):tH-l-l. Hhi—|

d 2h

which is equal to a second order central difference approximation at point 2 as in
eq. 3.1 which in turn is equal to a linear Galerkin finite element discretization,

(A.10)

The second derivative of function w(z) using quadratic basis functions from eq. A5
is constant

—iT:;H = 21’13 (A.I I}
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Again inserting egs. A.1, A.3 and A4 in eq. A.6 the expression for ag is obtained. Thus,
we get for the second derivative

03.
53 = (A.12)
B 2
= (g b ey i) ( h.'? = h,_") i
i
(mgq + wioy (m = h) + w (x: + h)) (— -h]') + (A.13)

3
('““f'l" + i (J‘\l _h') oty (ﬂ": + h.) ) (h_i)
Stmplification of eq. A.14 reduces to

e 2 i-1 . Sy
G = T (e )+ T+

The final term for the second derivative within a three noded eloud nsing quadratic
basis function then becomes

(A.14)

d*u _ ti-1 = 20 + Uiy
du? h?
This result is what one obbains from a central difference approximation (eq. 3.2) or a
Galerkin finite element space discretization for the point @y in one space dimension.

(A.15)

A.2 Accuracy Estimation for n = 3

A.2.1 Without Weighting Functions

The order of approximation is estimated for the use of 4 noded clonds but can be
performed in a similar fashion for more than 4 nodes. The following proof deseribes
the use of non symmetric clouds of points with 4 nodes per (3 (1 = 4) for demonstrating
that second order aceuracy is lost for equally spaced points as shown in figure 3.9,

The mabris A can be assembled from eq. 3.53 as

Ay + 20 ] (A.16)

- [4::;;' + 2h -'I'.c.':'-f + dzih 4 6h?

Inversion of A leads to

From eq. 3.54, the matrix B is DI.'-t.n.im-:cl nnrl when multiplied by u we get:
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B { Ujoy & U U 4 U } (A.18)
L (o = h) o wiwg o+ wir (w6 + h) o+ upa(a + 2h) =

The equation for the polynomial coeflicients a; and ay is:

[“'] = A 'By (A.19)
iy

The derivatives of the function u of eq. 3.79 can now be caleulated:

; 2Ly 1
g—“: =a; = - (E’“; 2 - 'ﬂ) (11 + i + wigy - wiga) + (4.20)

2
W (i1l = h) + wmy + g () 4 ) +wo(z -+ 20)

Simplification leads to the final term for which the order of approximation ean be
estimated,

i Lo - ; ;
T =M= (=Buiy =y wigy + Buggs) (A.21)

Then, the condition 3.97 for second order accuracy is not satidfied:

at+et+dd=-341412#£0 (A.22)

So only first order accuracy is obtained for n = 4 and for equally spaced points.

A.2.2 Gauss Weighting Functions

The order of approximation is estimated for the use of weighting functions in given
cloud of points. The proof is performed for 4 noded clouds but can be performed in a
similar fashion for more than 4 nodes,

Let the weighting functions be defined by the Gauss eurve from eq. 3.64. This means
that the value decrenses quickly ag the distance from Lhe central node ry increases. The
following proof deseribes the use of non symmetric clonds of points with 4 nodes per
i (n = 4) for demonstrating the second order accuracy for equally spaced points as
shown in figure 3.9, The associated weights are here 1 for the central node i, wy for
the nodes ¢ — 1 and i + 1 and wy for the node ¢ + 2.

Then, the weighted matrix A can be assembled from eq. $.61 ag

£ [ L+ 2un + 12 @i+ 2wty + wary 4 Lunh ) (A.23)
ik 2wywi oy + 2uwnh a4 2wy (aF 4 h2) 4w (2, + 2h)* e

Inversion of A leads to



CONTR, TO ADAPTIVE NUMERICAL SOLUTIONS OF COMPRESS, FLOW PROBLEMS 175

e 1 [ar? + 2wy (] + 07) 4 we (2 +20)7 = (g 2wy + way + 2wy )

T der(A) | = (w4 2wy +waay + 2ugh) L+ 20 4w

(A.24)
where det(A) is a constant and is approximated (w1 < wy) by

det(A) = 2h*w; (1 + 2w;) (A.25)

From eq, 3.62, the weighted matrix B can be caleulated and multiplied with u leading
to:

Uty - U+ W+ gty } ALS
By = {w;u;,_,(:e:. = h) by g (e o+ h) + waugys (@ + 20) hce)

Then the polynomial coefficients aq and as become:
i -1 ‘
[ ] = A 'Bu (A.27)
ay
which is inserted into eq. 3.79 80 that we can now write:
%‘}: ¥ L (A-QH)

m [= G thimy + w5+ wiuigy + watkida) (®i + 2unay + wen + 2wsh) -+
|
wimimt (2 = B) + ngwi + witiign (y + k) + wptiigs (g o 20)) (1 4 2u11 + wy)]

The approximation wy < w, can be used to cancel the terms involving way and w}
and simplifying gives

‘O 1
B =2 mm (=i yh 4 Wit h) (14 2un) - 2wghug + 2uahugy] (A.29)

Further gimplification leads to the final term for which the order of approximation ean
be estimated.

du vk . ) i : .
B W= 2h (Mg = i) haoy (1 4 2uy ) Whiga ~ ) (A.30)

For the condition wy < wy, the condition 3.97 beeormes

4 c+dd =0 (A.31)

which yields second order accuracy for equally spaced points.





