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Abstract. The flexural vibrations of small-scale plates subjected to stochastic input are investigated.
The dynamics of this problem is studied under the kinematic assumptions of the Kirchhoff axisym-
metric model. This research is relevant to the design of bidimensional nano- and micro-structures
used as energy harvesters, sensors, actuators, wave converters, components of transistors, bioinspired
devices, small-scale robots, and similar applications. For these miniaturized structures, often made
from unconventional materials, classical local elastic continuum theories fall short in providing ac-
curate models. Therefore, their mechanical behavior is analyzed by considering two crucial aspects:
viscoelasticity and nonlocality. The constitutive law employed is based on a stress-driven integral non-
local model combined with fractional-order viscoelasticity. This approach captures both hereditary
and size-dependent effects. The external dynamic loads are modeled by incorporating their stochastic
nature to provide a more realistic representation of the system’s conditions. Under these assumptions,
the dynamics of this complex system in terms of time-dependent transversal displacement field is
governed by a stochastic partial integro-differential equation incorporating fractional differential op-
erators. Solving such an equation is computationally challenging. For this reason, a semi analytical
procedure to solve this problem by means of a modal decomposition procedure, evaluating the steady-
state response and providing results in terms of power spectra is proposed. Presented results show
how geometry, nonlocal parameter and viscoelastic coefficients influence the mechanical response
and the main frequencies of the structure. Numerical and theoretical outcomes can help in the design
of sophisticated small-scale bi-dimensional devices.

1 INTRODUCTION

In recent decades, the field of constitutive modeling of materials has witnessed significant advance-
ments. This progress has been driven by the need for mathematical models capable of accurately
capturing the behavior of unconventional materials, as well as the specialized responses of conven-
tional materials in unique engineering applications. These models are expected to strike a balance
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between predictive accuracy and computational efficiency. Among the most rapidly evolving areas
is nonlocal mechanics. Classical continuum theories often fail to predict the mechanical response
of micro- and nanostructures due to pronounced size effects. Although molecular dynamics simula-
tions provide high-fidelity representations of material behavior across scales, their computational cost
frequently makes them impractical for large systems or long time spans. As a viable alternative, non-
local theories extend classical continuum mechanics by incorporating long-range interactions and/or
higher-order gradients into the governing equations. The strain-driven Eringen integral model (EIM)
is among the first and most well-known nonlocal constitutive models[1, [2]. In this model, the stress
field is obtained by convolving the elastic strain field with a suitable kernel function. In unbounded
domains, this convolution leads to a first-kind Fredholm integral equation, which can be reformulated
as a differential equation, known as the Eringen differential nonlocal model (EDM). This reformula-
tion is convenient due to the implicit satisfaction of boundary conditions that vanish at infinity. How-
ever, when applied to bounded domains, EDM does not directly correspond to EIM, necessitating
the introduction of appropriate strain-driven constitutive boundary conditions (CBC) for equivalence.
Additionally, mathematical challenges and physical paradoxes arise in bounded domains [3, 4]. To
address these issues, various alternative nonlocal approaches have been developed, including two-
phase models [3], strain-difference approaches [6]], strain and stress gradient theories [7], micropolar
Cosserat theory [8]], couple stress theory [9], peridynamics [10]], displacement-based nonlocal models
[L1]], fractional calculus-based models [12]], and stress-driven integral formulations [[13}14]].

Another key aspect of the constitutive behavior of unconventional materials is time dependence, of-
ten referred to as viscoelasticity or hereditariness. Viscoelastic materials exhibit mechanical memory,
leading to stress relaxation under constant strain and strain accumulation under constant stress. Tradi-
tional models describe viscoelasticity through combinations of elastic (spring) and viscous (dashpot)
elements. However, these models have limitations, particularly when compared to fractional vis-
coelasticity, which is based on extensive experimental evidence suggesting that stress relaxation and
creep follow power laws [[15]. In linear viscoelasticity, adopting power-law kernels in the Boltzmann
superposition integrals results in constitutive laws involving fractional differential operators [16].
Fractional viscoelastic models are advantageous due to their ability to capture long-term memory
effects and efficiently fit experimental data using fewer parameters [[17]].

This paper proposes a nonlocal viscoelastic model for circular Kirchhoff plates, suitable for sim-
ulating unconventional mechanical behaviors in various engineering applications. These include size
effects at small scales [[18]], strain and stress localization [19], anomalous wave dispersion in com-
plex materials with distinct microstructures [20]], and structures influenced by long-range force fields
[21} 22]. Additionally, the model is relevant for macro-scale engineering components, such as the
elastomeric membranes of Wave Energy Converters (WECs). These membranes consist of alter-
nating layers of elastomers and piezoelectric materials, with the latter converting wave energy into
electricity. The elastomer layers necessitate a viscoelastic description, while the piezoelectric layers
generate electric and magnetic fields that interact with membrane motion. Nonlocal interactions of-
fer a simplified approach to modeling these effects, which are explicitly considered in other studies
[23, 24].

For nonlocal behavior, this work adopts the stress-driven integral model, which has gained signifi-
cant attention in solid mechanics due to its simplicity, well-posedness, and ability to yield analytical
solutions for structural mechanics problems [25, 26, 27, 28]]. The fractional Kelvin-Voigt model is
selected to describe viscoelasticity, as it generalizes the classical Kelvin-Voigt model commonly used
in dynamic analyses of viscoelastic structures. The nonlocal viscoelastic circular plate is considered
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under stochastic loading, relevant for applications such as micro/nanosensors or WEC membranes.
Numerical simulations illustrate how the nonlocal parameter, and viscoelastic coefficients influence
mechanical responses and structural frequencies. The results provide valuable insights for designing
advanced small-scale bi-dimensional devices.

2 NONLOCAL VISCOELASTIC AXISYMMETRIC PLATE
The dynamic problem of a homogeneous nonlocal viscoelastic moderate-thin circular plate with
radius R and thickness £ is introduced below.

2.1 Kinematics relations

The problem is formulated with respect to a cylindrical coordinate system (r, 0, z) centered at the
centroid of the disk. Specifically, z is the vertical axis, while  and 6 define the mid-plane of the plate.
Denoting by w(r, ,t) the evolution in time ¢ of the vertical displacement of a generic point on the
mid-plane, the displacement field s is expressed as:

s, —z 0, w
S(r,0,2,0) = | 50| = | == 00w ()
Sy w

where 0; denotes the partial derivative respect j-variable, s,, sy and s, are the radial, circumferential
and transverse displacements, respectively. Under the assumption of polar symmetry, the displace-
ment field is independent of ¢, and sy = 0. Hence, according to the Lagrange-Kirchhoff model, the
non-zero component of strain are the radial €, (r, z, t) and the circumferential one €y(r, z, t). That is,

g = 008, = —2 8310 =ZXr (2a)
cg =0 = _Z9w =2y (2b)
T T

where x,.(r,t) and y4(r, t) are the radial and circumferential bending curvatures, respectively.

2.2 Indefinite equilibrium equations

The indefinite equilibrium equations of the circular plate in polar coordinates under axisymmetric
assumptions are obtained considering the infinitesimal plate element shown in Fig. In dynamic
conditions, under the assumption that the rotational effects related to the inertial forces are negligible,
the equilibrium equations are

T,
0T+ = = prdjw —q (3a)
M, — M,
oM, +——"_T (3b)

,

where ¢(r,t) is the load per unit area acting in vertical direction z, T,.(r, t) is the shear forces flow,
M,.(r,t), My(r,t) are bending moment flows, p, = ph is the mass density per unit of area of the
plate. The involved force and moment flows are defined as

h/2 h/2 h/2
T.(r,t) = / Trdz,  M.(rt) = / o,zdz,  Mp(r,t) = / op 2dz 4)
—h/2 —h/2 —h/2
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q(r,t)rdrdd
[T (r,t) + 0, T, (r, t)dr] (r 4 dr)d

\ (M, (r,t) + 8, My (r, t)dr] (r + dr)do

Mg (r,t)dr
———

Mo(rt)dr

M (r,t)rdd Lr(r,t)rdd pr(r, t)rdrdf

do

|

Figure 1: Free body diagram of infinitesimal plate element

where 7,.,(r, z,t) is the shear stress acting in vertical direction z on the faces of the plate volume
element normal to 7, 0,.(r, z,t) and oy(r, 2,t) are the normal stress along r and 6, respectively. Egs.
can be combined to obtain a single partial differential equation governing the dynamic equilibrium.
That is,

2 1
azMr + ;aer - ;ar M9 = Phath —q (5)

2.3 Time-dependent nonlocal constitutive law

The nonlocal constitutive law is derived starting from the viscoelastic local one.

2.3.1 Local fractional-order viscoelasticity

Various isotropic homogeneous linear time-dependent stress-strain models lead to the following
relations in terms of bending moment flow and curvature
M, (r,t) — vMy(r,t)
=)

Dy [ (r,1)] = (6a)
My(r,t) — v M, (r,t)
(1 —v2)
where D, [-] is a linear time-dependent differential operators related to the chosen viscoelastic model.

Among the viscoelastic models we consider the fractional order Kelvin-Voigt, where the differential
operator is

Dy [xo(r, t)] = (6b)

D [f(t)) = D (1+897) £(1) ™)
D represents the bending stiffness of the plate
E h?
D=—_ 8
1201 = 12) ®)

being £ the Young modulus and v the Poisson’s ratio, t is a characteristic time, such that the viscosity
of the material is expressed as n = E't, 8 € [0, 1] is the fractional order of the involved Caputo’s
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fractional derivative 87;3 , which is defined as follows

1 L A8 A o
—m_ﬂ)/o(t NP0 (AdE it0< B <1

07 f(t) = )
O f(t) ifg=1

['(-) is the Euler gamma function. It is worth noting that classic Kelvin-Voigt model can be seen as a
special case when 3 = 1 and Elastic relation can be obtained placing * — 0.

The adopted fractional-order time-dependent model leads to the following local bending moment
flux-curvature relation

(14707 ) xolr,t) = Mg(rgzl__”i\f; (1) (10b)

2.3.2 Stress-driven nonlocal model

According to the integral stress-driven formulation [13]], and taking into account the axisymmetry
of the problem we assume that the nonlocal curvature X, (r,t) is a function of the entire local one
Xr(r,t) by the following Fredholm convolution integral

R

X 8) = (61 x0) = / oa(r — P (7 )7 (1

-R

the averaging kernel ¢, (r) must have the properties of positivity, symmetry, normalization and limit
impulsivity. In this study, the Helmotz bi-exponential kernel is selected. That is,

1
oa(r) = %exp (—%) (12)

where Ry, = AR, and A is the dimensionless nonlocal parameter. This specific choice of the nonlo-
cal kernel allows us to recast the nonlocal integral formulation into an equivalent differential form,
supplemented with appropriate constitutive boundary conditions (CBCs). Specifically, the integral
relation in Eq. is equivalent to the following differential problem

_Ri 8’3XT‘+XT‘ :X’f’

2.9 : R (13)
CBCs{ A Xe = Xe - HTET
R\OrX, =—X, nr=R
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2.3.3 Bending viscoelastic nonlocal model

By combining time-dependent viscoelastic relation in Eq. (I0) and the nonlocal differential for-
mulation in Eq. (T3), the flux bending moments are given as

My(r,t) =D (1+70] ) (x, +vxs — R3 03x,) (14a)

My(r,t) =D (1497 (xo + vx, — RS 92x) (14b)

It is worth noting that the local elastic and viscoelastic cases are particular instances of these more
general constitutive relations in terms of bending flow moments and curvature. For example, the local
cases are recovered when A — 0. The nonlocal differential relations in Eqgs. must always be
accompanied by the CBCs in Eq. (13).

2.4 Equilibrium equation of nonlocal viscoelastic Kirchoff-Lagrange plate

By substituting the nonlocal viscoelastic bending relations in Egs.(14) into the equilibrium equa-
tion (5)), and by taking into account the kinematic relations in Eqgs.(2), the governing equation becomes

D (1 n Eﬁaf) [Vfﬁw _R? <a§w + QZ—Va;?w)} + 02w = g (15)

where V4w denotes the biharmonic operator in cylindrical coordinates for the axisymmetric case.
That is,

Viw(r,t) = 0rw(r, t) + gafw(r, t) — T—i@fw(r, t) + Tl?’(()rw(r, t) (16)

The solution in terms of w(r,t) of Eq. can be found by imposing two initial conditions, four
mechanical/kinematic boundary conditions and the two CBCs in Egs. (13).

3 FREQUENCY ANALYSIS FOR STOCHASTIC EXCITATIONS

Eq. (I5) can be solved by assuming the separation of the variable and performing the continuous
modal analysis. However, for the non-local cases (A > 0) the eigen-functions cannot be evaluated in
closed form. For this reason the eigen-analysis is conducted below by discretizing the spatial domain
into finite elements and evaluating the eigenvectors of the problem. Specifically, the space-variable
r € [R, —R)] is divided in a finite number n of spatial elements of length Ar = 2R /n such that r; =
JjAr, where j is an integer number varying in the interval [—n/2,7n/2]. In this way the approximate
solution of the displacement function w(r,t) can be obtained in terms of the displacement time-
dependent vector w(t) composed by n + 1 functions such that w,(¢) ~ w(jAr,t). By this approach
the partial differential equation in Eq. leads to the following set of coupled differential equations

K [w(t) + %ﬁa,?w(t)] + MW (t) = q(t)p (17)

being K the stiffness matrix obtained by performing the central difference of the differential operator
in the square brackets in Eq. (I5), M is a diagonal mass matrix, where each term is m;; = pp,, p is
the influence vector that describes loading space-distribution and ¢(t) is time-dependent part of the
load. In the following, we assume that the load function has a deterministic spatial distribution and a
stochastic temporal evolution.
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3.1 Modal transformation

The dynamic analysis can be conveniently carried out by introducing the following modal trans-
formation
w(t) =Py(t) (18)

where y(t) is the vector of the modal coordinates, and @ is the matrix of eigenvectors of dynamic
matrix D = K~'M. By performing this modal transformation Eq. yields

@*@[ww+ﬁ%ﬁww]+¢4D¢y@y=@*K*mq@) (19)

by introducing the diagonal matrix I' = ® 'D® and the vector p = ® 'K~!'p, the system of
uncoupled fractional-order differential equations governing the motion of n modal oscillators takes
the form

y(t) + 770y (t) + T §(t) = Ba(t) (20)

each modal coordinate y,(¢) can be obtained by solving the differential equation

yi (1) + 10 y;(8) +7595(8) = Bya(t) 2
by introducing the modal damping factor ¢; and the angular frequency w; = 1/1/7;, the Eq. can
be rewritten in canonical form as

2

@Iy () + 2807 P07y (8) + 4 (1) = pja(t) (22)

where p; = p,/7v;. Frequency analysis can be carried out by applying the Fourier transform to

Eq. (21)). Accordingly,
2 w)” 2
gi(w, T) Qw5 |1+ 2¢; (z @—) —w” > =p;q(w,T) (23)

J

where y;(w, T') and ¢(w, T') indicates the truncated Fourier transform in a finite time interval [0, 7| of
the process y;(t) and ¢(t), respectively.

3.2 Spectral analysis

Now we turn our attention to the random vibrations of the viscoelastic nonlocal plate, assuming
that the time-dependent part of the transverse load ¢(t) is a stationary Gaussian white noise with zero
mean denoted by 7(t). It is characterized by a Dirac delta as characteristic function (CF). That is,

R,(B) = E[n(t)n(t + )] = 27500 (7) (24)

where E[] is the averaging operator. Being 7(t) a stationary process, by virtue of Wiener-Khinchin
theorem, the power spectral density (PSD), denoted by S, (w), is the Fourier transform of the CF. That

is,
o0

1 iE1r 1 . R
Sp(w) == Py / R,(D)e ™!dt = Tlg{)lo FE (7" (w, T)n(w, T)] = S (25)

—0o0

where i = v/1 is the imaginary unit, 77*(w, T') denotes the complex conjugate of 7(w, T).
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A complete characterization of the stationary response of the nonlocal viscoelastic plate can be
obtained by the evaluation of the PSD matrix Sy, (w) of w(t). Taking into account the modal transfor-
mation in Eq. that PSD matrix is

Su(w) = lim ——E [ (w0, )W (@, T)] = &S, (0)®" (26)

T—oo 27T
where Sy (w) is the PSD matrix of the modal coordinate vector y(¢), defined as

1
Sy(w) = lim el [ (w, T)y" (w,T)] (27)

where y(w, T') can be obtained by performing the Fourier transform of the Eq. , that is,
{[1 + (z‘wiﬂ I —w21“} 5(w,T) = pii(w,T) (28)
where I is the identity matrix. By Eq. y(w, T') can be obatined as
y(w,T) = H(w) H(w,T) (29)

-1
being the diagonal transfer function H(w) = { [1 + (iwﬂﬁ } I- wQI‘} p. According to Eq. li

j-th diagonal term of H(w), denoted as H,;(w), is given as

1z
. (30)
() @2 [1 + 2 (z‘w/@j)ﬂ W

By taking into account Egs. (25), (26), and (29), the PSD matrix of w(¢) is given as
Sw(w) = S, (w)®H* (w)H" (w)®" = Sy@H* (w)H" (w)®* (31)

the generic term of the PSD matrix, denoted as Sy, (w), represents the cross-PSD between the
process w;(t) and wy(t). That is,

. 1 s .
S (w) = Jim o 5B [ (w, T)¥e(w, T)] (32)

From PSD matrix the covariance one X, can be evaluated as
Yo = / Sw(w)dw (33)

this matrix contains variance and cross-variance of the response, e.g., its generic term a?k represents
the stationary cross-variance between the process w;(t) and wy(t) defined as

Tawy = / Sy (w)dw (34)

when j = £ the PSD and variance will be indicate as S, (w) and vaj, respectively.
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4 NUMERICAL RESULTS AND PARAMETRIC ANALYSIS

For the numerical simulations, we consider a simply supported circular plate with the geometrical
and mechanical parameters listed in Table[I} The mechanical parameters refer to an elastomer used as
a dielectric in structural elements of WEC devices (Silopren LSR 2740 TP3783). The plate is subjected
to a uniformly distributed load with a time-varying amplitude modeled as a zero-mean Gaussian white
noise process with Sy = 1.00s. The numerical solution was obtained by dividing the domain into n
elements. The maximum deflection occurs at » = 0, which corresponds to the 1 + n/2-th entry of
the vector w(t), that is, ws; (t) &~ w(0, t). This discretization was performed so as to ensure an error
of approximately 2 % on the fourth peak of the PSD of the maximum displacement, with respect to
the analytical solution based on known eigenfunctions of the local case as A — 0. For the maximum
displacement, PSD analysis is presented below, including the evaluation of the stationary variance
and peak frequencies, by varying both viscoelastic 5 and nonlocal parameter \.

Rm]|h[m]| n| Ar[m] | E[Pa] | {i[s] | B |up[Pas]|plkgm®]| v
1.00 | 0.07 |60 [16.67-107% [ 9.00-10° | 6.77-10~" | 1.00 | 610.00 | 1120.00 | 0.50

Table 1: Geometrical and mechanical parameters of the circular plate

First, the PSD of the maximum deflection Sy, (w) is shown in Fig. 2| for the local viscoelastic
case A — 0 and different values of the viscoelastic parameters 3. It can be observed that the peak
frequencies shift to higher values as [ decreases. This behavior can be explained by noting that
the fractional Kelvin—Voigt model becomes increasingly elastic for smaller values of 5. Moreover,
the amplitude of the peaks increases with increasing values of 5. A similar trend with respect to
variations in the viscoelastic parameter (3 is observed in Fig. 3| for the nonlocal case where A = 0.05.
However, by comparing the first two Figures, it is evident that the peak frequencies increase in the
nonlocal case, while the maximum amplitudes decrease. This is because the adopted nonlocal model
leads to an increase in both the stiffness and viscosity, and thus in the damping, of the material as
A increases.  Finally, Fig. §] shows the comparison among the PSDs obtained for different values

— B=1.0 |
— B=0.9
£=0.8 |

[
o
|
[N
T

Sus, (@) [cm? - 5]
~
o
&
T
B
L

~
o
1
©
T
-
/g:

0 100 200 300 400 500 600 700
w[rad/s]

Figure 2: PSD of w3, (¢) for the local case A — 0 and different value of viscoelastic parameter 3

of A\, with # = 1 fixed (classic Kelvin-Voigt model). It can be observed that the PSD peaks shift
to higher frequencies as A increases, while their amplitudes decrease accordingly. This behavior is



Francesco P. Pinnola, Francesco Scudieri, Gioacchino Alotta and Francesco Marotti de Sciarra

0.01
1074
0
~N
510-5
—
—
310-3
=
k3
%)
10—10
10-12
0 100 200 300 400 500 600 700
w[rad/s]

Figure 3: PSD of wj; (¢) for the nonlocal case A = 0.05 and different value of viscoelastic parameter 3

consistent with the well-known stiffness effect induced by nonlocal interactions in the stress-driven
nonlocal model [235], which becomes more pronounced for larger values of A\. Numerical variations

0 100 200 300 400 500 600 700
w([rad/s]

Figure 4: PSD of wa; (¢) for different values of the nonlocal parameter A for 8 = 1

of the peak frequencies and the variances of the maximum deflection are reported in the Table 2] as a
function of the nonlocal parameter.

S CONCLUSIONS

A mechanical model has been proposed to describe the dynamic behavior of a circular thin nonlocal
viscoelastic plate. Main concluding remarks are reported below.

- The model accounts for nonlocal effects to represent spatial long-range interactions and incorpo-
rates fractional viscoelasticity to characterize the time-dependent behavior of rheological materials.

- The resulting well-posed problem is formulated as a sixth-order differential equation, accompa-
nied by four kinematic/mechanical boundary conditions, two constitutive boundary conditions, and
two initial conditions.

- The numerical results highlight the sensitivity of the structural frequency response to key me-
chanical parameters—particularly the nonlocal parameter and the fractional-order viscoelastic coeffi-
cient—emphasizing their influence on peak frequencies and displacement variance.

10
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A ‘ wyq [rad/s] ‘ wo [rad/s] ‘ ws [rad/s] ‘ wy [rad/s] ‘ oy, [em?]
0.000 10.88 62.45 153.64 283.61 13.45
0.025 12.50 68.23 173.98 338.52 7.44

0.050 13.25 77.30 214.23 452.78 5.63

Table 2: Peak frequencies and stationary variance of the maximum deflection for 8 = 1 and different value of \.
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