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FOREWORD

Although the numerical simulation of flow problems began in the sixties using finite
difference or panel methods, it wasn't until the early seventics that the Finite Element
Method (FEM) entered the field of computational fluid dynamies (CFD). Since then,
a lot of progress has been made, both in the understanding of the difficulties lying on
the application of the general finite element ideas and in the development of numerical
strategies to overcome them.

One of the difficulties associated to the numerical solution of the flow equations
is the presence of the convective term when an Eulerian frame of reference is adopted.
Using finite difference methods, centered approximations fail to give realistie solutions
when this term becomes important, a problem that was very soon recognized and
for which early remedies go back to the fifties. Finite element methods have also
the same problems when the standard Galerkin formulation is employed. Flows for
which convective effects are more important than diffusive ones are often referred to as
convection-dominated flows.

In order to isolate possible sources of problems, the linear convection-diffusion
equation is commonly employed as a model to study convection-dominated flows. Nu-
merical techniques are first devised for this simple equation and then they are extended
to more complex flow situations—an extension which is rarely straightforward, by the
way.

In this work we present several finite element techniques to solve the convection-
diffusion equation when the Péclet number is high, that is, when diffusion is very
small. The problem is this case becomes a singularly perturbed one, since its nature
changes when the zero diffusion case is considered. Physically, this is reflected by the
appearence of very narrow zones with steep gradients of the solution, either to aceo-
modate the boundary conditions (boundary layers) or to advect discontinuous profiles
into the computational domain (internal layers).

There are two levels of difficulty in the numerical solution of the convection-
diffusion equation. First, & numerical method must be designed in order to avoid the
instability of the standard Galerkin approach. Accurate methods aceomplishing this
objective usually yield small oscillations in the vicinity of sharp layers. Sometimes, even
this low-scale problem is unacceptable. The basie formulation has then to be modified
to overcome local overshooting and undershooting. Both the basic formulation and this
additional modification are ireated in this work.

The basic finite element formulation employed here is the Streamline Up-
wind/Petrov-Galerkin (SUPG) method. A thorough deseription of this approach is
presented in Chapter 1, where several extensions are introduced, such as the use of
quadratic elements, the computation of the algorithmic parameters of this formulation



and a particular version of its convergence analysis. Although our main concern will
be the numerical solution of the steady-state problem, Chapter 2 deals with the appli-
cation of the generalized trapezoidal rule to advance in time for the transient equation.
A complete stability and accuracy analysis is performed for the explicit Euler scheme,
both using linear and quadratic finite elements, Its main interest relies on the fact that
it allows to obtain steady-state solutions via a transient relaxation, an usual procedure
in CFD. Chapter 3 is concerned with the preblem of removing the localized oseillations
that remain about abrupt layers of the solution. A method basad on the introduction
of a nonlinear crosswind dissipation is proposed to remove them.

Some of the results presented in the first chapter have appeared in an article
written in collaboration with Prof. E. Ofiate and Dr. M. Cervera, A want to express
my gratitude to both of them for initiating my research in the field of computational
mechanics. I would like also to thank Prof. J. Miquel, for some fruitful discussions,
and my colleagues of the Department of Structures at the Polytechnical University of
Catalonia, for their support and stimulation during my work in the doctoral thesis on
which part of this monograph is basad.

Ramon Codina
Bareelona, October 1992



CHAPTER 1

THE STREAMLINE-UPWIND /PETROV-GALERKIN
METHOD FOR THE STEADY-STATE PROBLEM

1.1 Introduction and motivation

Besides the interest of the conveetion-diffusion equation as a mathematical model for
several physical phenomena, it also represents a good model for the development of
numerical methods for the approximate solution of more complicated transport equa-
tions. When the convective terms of these equations become important the standard
Cialerkin formulation fails and numerical oscillations oceur, These oscillations can only
be avoided after a drastie refinement of the finite element mesh. The lack of stability
that the Galerkin formulation shows in those cases is the common explanation for the
nonphysical behavior of the numerical solution, although we will see that an examina-
tion of the analytical solution of the discrete equations obtained for the one-dimensional
convection-diffusion equation shows the same problem.

Several numerieal methods have been introduced in order to overcome this mis-
behavior. The purpose of this chapter is to present one of them, introduced by Hughes
& Brooks [BH], [HB1|, [HB2] under the acronym 5UPG: Streamline Upwind/Petrov-
Cialerkin, Almost simultaneously, the mathematical analysis of the method was un-
dertaken by Johnson & Nivert [Jol)], [Na], [JNP], who preferred the name ‘Streamline
Diffusion’ (SD). Nowadays, the use of this method has become widespread and the
name SD seems to prevail over SUPG in mathematical circles, but SUPG is in general
preferred. For this reason, the latter option will also be used in this work (see [Hu2]
for further discussion).

As it happens for any numerical method, it is not fair to give all the credit to
the authors mentioned above. This first section tries to draw a schematic evolution
to the SUPG method and also to mention some other existing methods. The starting
point will be looking at the Galerkin solution for the 1D steady-state equation using
linear elements. What happens in this very simple case gives the clue for the develop-
ment of any numerical remedy, both the simplest and the most elegant, Extensions to
other problems (multidimensional, transient, other transport equations) are particular
of each approach. We will only concentrate on the SUPG method for the steady-state
problem. The transient equation will be adressed in the next chapter. The problem
of removing the localized oscillations that still remain using the SUPG method will be
treated in Chapter 3.



1.2 1 The SUPG method for the steady-state problem

1.1.1 The standard Galerkin method and a first approach to its instability
problems

The motivation of the finite element formulation that will be used throughout this work
can be found in the one-dimensional, stationary and homogeneous convection-diffusion
problem with Dirichlet boundary conditions: Find a function ¢ = ¢(z) such that

d 4
z4d—‘:—k&~§=0, D<z<t (1.1)
$0) = do,  $(¢) = ¢t (12)

where k = 0 and u are constants (having the physical meaning of diffusion and velocity,
respectively) and ¢, ¢ are the prescribed values of ¢ on the boundary. The fact that
we consider the boundary conditions (1.2) is not any restriction for what follows,

Let 0 = wg < 1 < ... < 25 = { be a uniform partition of the interval [0, £], with
Cmp1 — B = by, m = 0,...,N =1, Let us call y := uh/2k the element Péclel number
of {1.1) for this partition, This dimensionless number gives an idea of the relative
importance of convection and diffusion. Convection will be dominant when |7 is large,
whereas diffusive effects will predominate for small values of |y|. In the former case,
an examination of the analytical solution of problem (1.1)~(1.2) reveals that boundary
layers develop near = = £ if ¥ > 0 and near # = 0 if y < 0, that is, according to the
sign of the velocity u. The function ¢ will be very steep in these zones and numerical
problems can be anticipated if one tries to approximate it with a few discretization
points,

If problem (1.1)-(1.2) is solved numerically using linear finite elements and the
standard Galerkin method, the following difference equations are found:

(1 =7)bmsr = 2¢m + (1 + V)fm-1 =0, m=1,..,N -1 (1.3)

where ¢, is the nodal unknown at the point m and ¢q, ¢y are given hy the boundary
conditions (1.2). The same system of equations is found if instead of using the finite ele-
ment method (FEM, for short) one uses finite differences with a centered approximation
for both the first and the second derivatives:

dip
dz| 2h L
dﬂ‘ﬁ i "ﬁm-i-l == gd'm + ‘:’m—i ( I }

dz? h?

Pl = P

¥ri

If the exact solution of problem (1.1)-(1.2) is introduced in equations (1.3) and is
expanded in Taylor series, one finds that (cf. [Co]):

dg  d¢ L d'
ik DR Sl B =0 .
(“d:‘. da:*) “ b da? oy (38)
where
b = _i[l(th(z-,) ~ 1) sinh(27)] (1.6)
27 by -
that is, the truncation error of the scheme (1.3) is
e
by =¥ a1 o (1)
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It is easy to prove (cf. [Co]) that k* — 0 when 5 — 0 and that sgn(k*) = sgn(k).
From Eqn. (1.5) we see that the scheme (1.3) gives nodally exact solutions at the nodes
for the modified equation 7 i

d w&h
"E_“’"Hd:!‘" (1.8)
Sinee k — k* < k, we have a first explanation for the failure of the Galerkin method:
il solves evactly an underdiffusive equation, or equivalently, it introduces an artificial
negative diffusion. Thus, spurious oscillations can he expected when ¥ = oo, since it
can be shown from the expression (1.6) of k* that in this case k* — oo,

A different aproach is to solve exactly the difference equations (1.3) (see, e.g.,
Reference [IK] for background), The characteristic equation of (1.3)is (1=7)A" =22+
(14 7) = 0. Since the roots of this equation are A = 1 and A = (1 4 4)(1 - 7)1, the
exact solution of Eqns. (1.3) is given by

m
bm = C1 + C«'z(i H) (1.9)
=7

where (; and 'y are constants fixed by the boundary conditions. From Eqn. (1.9) it
is clear that escillations will be found whenever |y| > 1.

A third method to justify the wrong behavior of the Galerkin method is to com-
pute the eigenvalues of the system (1.3) [Ba]. One can prove (ef. [Pi]) that for v #£ 0
there exists a multiple eigenvalue given by A = 29~1, Thus, the matrix associated to
the system (1.3), say A, is nearly singular when ¥ — co and so this system is unsiable
when 7 is very large. This point of view is related to the analysis of the transient
problem [GP]. The alimost singularity of the matrix A indicates that the semidiserete
problem, that will have the form 2 4 Az = 0 (the dot denoting the temporal derivative),
will be structurally unstable in convection dominated problems.

1.1.2 Artificial diffusion and the former Petrov-Galerkin methods

From the previous discussion it is clear that any method whose goal be the elimination
of the instability problems of the Galerkin formulation must introduce, in one way or
another, an artificial dissipation. The crudest approach is just to add a diffusion in the
original continuous equation and then to use the Galerkin approach for this modified
equation. Although this idea is old and goes back to the carly finite difference methods,
a pioneering work oriented to the justification of this method in the context of finite
clement methods was done by Kikuchi [Ki), who considered the introduction of artificial
diflusion as a way to satisfy the discrete maximum principle,

In the finite difference literature, the idea of adding numerical dissipation was first
introduced (cf. [Ro]) by von Neumann and Richtmyer [NRi] and it was early recog-
nized that this dissipation could be introduced by means of a non-centerad difference
approximation for the first derivatives taking into account the direction of the fow,
i.e., the sign of u in Eqn. (1.1). This fact motivated the name upwind methods for
the numerical formulations based on a modification of centered schemes according to
the flow direction. We will see how this can be done in an accurate manner. For the
analysis of this method, the reader is referred to the classical book of Richtmyer and
Morton [RM].

The introduction of artificial diffusion designed in order to obtain an accurate
solution will be the seed of the SUPG method and will allow us to introduce the concept
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of upwind function. Let &’ be a numerical dissipation of the form

k= &Ejﬁ (1.10)

2
where « is a function of the Péclet number v to be determined and that will be called
upwind function. Now, if in Eqn. (1.1) the diffusion & is added to the ‘real’ diffu-
sion k and, as before, the standard Galerkin method is applied (or the finite difference
approximations (1.4) are used) the following equations are found instead of Eqns. (1.3):

[T+y(a = 1)|dmsr — 201+ ay)dpm + [1+y(a + 1)195,,,_1 =0 (1.11)
and the resulting truncation error is

oy ‘ d*
By = =5 [(5 + @)(eosh(2y) - 1) - sinh(27)] TG/

1

If one imposes E, = 0 the following expression for the function o is found:
1
= cathy - ; (1.12)

Since the truncation error is zero for this choice of &, the numerical solution will be
nodally exact. The error of the scheme will be exactly the error of the canonical pro-
dection of the analytical solution onto the diserete finite element space. For this reason,
the function (1.12) is called optimal.

Now we come to the main point of this discussion. In the finite difference method,
scheme (1.11) is obtained if the second derivatives are approximated by a centered
scheme and the first derivatives by

E{é . (1 — a)'?&mulul + ﬁﬂtﬁm — (\l i “)¢1n1
dz 2h

(1.13)

If finite elements are used, the weak form of problem (1.1)=(1.2) has to be introduced.
Multiplying Eqn. (1.1) by a suitable test function 4 (with (0) = #(£) = 0) and after
integration by parts one gets

[, do . uh dy dg
0 _/0 wu?;dr -i-A (i.-}-n?) — iy

1.14)
¢ hdg\ di E dydg (
= /0 (‘l,{l +ﬂIE) HR';'d.E | A EE‘;C!:
from where we see that scheme (1.11) is obtained if the weighting function
0 h dy)
Yi=y+ ] (1.15)

s applied only for the convective term. It will be shown later how this ineonsistency
can be removed, When the space of tests functions is different from the space of trial
solutions, as it will happen in this case, the resulting formulation is said to belong to
the class of Petrov-Galerkin methods.
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Remarks 1.1
(1) It is easy to see that the function a given by (1.12) is skew-symmetriec and that
it verifies ¢ — 1 when 7 — oo and o = %*7 + G("y“) as 7 =+ 0. Hence, a good
asymptotic approximation, often used, is

E if0<|y<3
“"(T)_{:ﬂn(ﬂ if | >3 (1.16)

(2) Expression (1.12) was obtained by Christie et al. [CGM] using a weighting func-
tion different from the one given by (1.15) but that leads to the same scheme
(1.11).

(3) If @« = 1, we observe from (1.13) that the first derivatives are approximated by
the backward differences

i_ P ¢'m = ¢'nl—l

dz h

m

and if @ = =1 by the forward differences

de Pma1 = Pm

=73 i h

m

These approximations for the first derivatives were the starting point for the so
ealled upwind techniques in finite differences. It should be remarked that they are
only first order approximations. 0

The interpretation we have given to secheme (1,11 ) as a modification of the weight-
ing function for the convective term to the one given by (1.15) is not the only one pos-
sible. Christie et al. [CGM| interpreted (1.11) through the use of a continuous third
order polynomial weighting function modified in order to give more weight upstream
of the flow. Hughes [Hul| obtained (1.11) by using a one-point integration rule for
the convective term. An expression similar to (1.15) was first used by Wahlhin [Wa],
who considered test functions of the form v := ¢ 4 hdyp/da for a semilinear hyperbolic
problem in one dimension. For a good review of early upwind methods, see Reference
[HZ2].

The upwind function o given by (1.12) has been obtained using a very stringent
requirement: the numerical solution should be nodally exact, One can also try to
achieve the more modest goal of aveiding numerical oscillations. For that, consider the
analytical solution of (1.11), that is found to be:

Pm = [ (F::tit_.:;)m (1.17)

Of course, if this expression is compared with the exact solution ¢{z) of problem (1.1)-
(1.2) one finds that ¢, = ¢{zm) if, and only if, o is chosen as (1.12) indicates. On
the other hand, if one only wishes to preclude the oscillations of the Galerkin method,
from (1.17) it is seen that || must exceed the critical value:

O = 1= —

i (235

This expression will be found again from very different approaches in the next two
chapters. Therefore, there are several reasons for taking |a| = a,.
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1.1.3 Multidimensional case: the Streamline-Upwind /Petrov-Galerkin
method

Congider first the continuous steady-state convection-diffusion problem, Let {2 be an
open bounded polyhedral domain of RV (N,y = 2or 3) and I' = 80 = Tp U Ty, with
I'p NIy = @, the empty set. The problem to be solved consists in finding a function
¢ = ¢(x) auch that

u V-V (k V)= f, in 0 (1.19)
¢=g, on I'p (1.20)
n-k:-Vop=r on Iy (1.21)

where 1 = u(x) is the velocity field, k = k(x) is the diffusion tensor, that we assume is
symmetric and positive-definite, f = f(x) is the source term, g = g(x) is a prescribed
value of ¢ defined on the part of the boundary where Dirichlet conditions are fixed, n
is the unit outward normal to I and r = #(%) is a preseribed diffusive flux.

In order to write the weak form of problem (1.19)-(1.21), let us introduce the
spaces of test functions ¥ and of trial solitions ®:

Pi={ypec HY(N)|p=00nTp} (1.22)
$:={pec H'(Q) | ¢=gonTp)} (1.23)

Having introduced this notation, the weak form of the problem we consider can be
written as follows: Find ¢ € € such that

a(p )= 1($)  Weu (1.24)

where the bilinear form a and the linear form [ are
o($,¥) = /ﬁ (Yu- Vo4 Tk Vg)da (1.25)
() = fnw s+ jl“ﬂ Yr dl (1.26)

Construct now a finite element discretization {27} of {1, with index ¢ ranging from
1 to the number of elements Ny and let us consider the diserete finite eloment spaces

W= (% € ¥ | Ploe € Pal@)) C 9 (1.2
Bpi={Ped|dlg-c Pu()} e (1.28)

where P, (£2%) denotes the set of complete palynomials of degree m in 27, The Galerkin
method applied to problem (1.19)~(1.21) reads as follows: Find a function ¢y, € &, such
that

a(dn, ¥n) = U¥n) Vip & By, (1.29)

Let us define the element Péelel number associated to an element e of the partition
{2} by
e |utlhe

= Tk (1.30)
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where |u®| is the Euclidian norm of a characteristic velocity of the element, A® is &
characteristic length and k* iz a characteristic diffusion. The election of these quantities
will be discussed later,

The instability problems that method (1.29) has are the same as those encoun-
tered for the one-dimensional problem. Therefore, using the same ideas as before, a
possible remedy would be to introduce a numerical dissipation in the original (con-
tinuous) equation. If this dissipation is isotropic, the numerical results happen to be
overdiffusive. In fact, the first attempts to extend some upwind methods that had
proved to be successful in 1D problems showed also an excessive crosswind diffusion in
multidimensional situations [Hul], [HHZ]. The main idea underlying the SUPG method
is to introduce numerical dissipation enly along the streamlines, The reason for this is
clear if we write Eqn. (1.19) for the 2D problem in orthegenal coordinates (o,v), o
being the arc parameter along the streamlines. If, for simplicity, we assume that the
real diffusion tensor k is isotrapic, with k = kI, we will have that:

ap 0 (,04\ O ([, 04\ _
|u|'5'ﬂ_—— 5‘; (kﬂ"_a') - B—”(ﬁ?) = _f (1'31)

from where it follows that only the diffusion in the a—direction has lo be balanced with
the convection. This very important idea was introduced almost simultaneously by
Kelly et al. [KNZ| and by Hughes & Brooks [HB1|. However, it should be remarked
that this reasoning is also valid if instead of the velocity field u we consider another
field v such that

u Ve =v Vo (1.32)

Assume now that an artificial directional dissipation of magnitude d is added to
the real diffusion along the lines tangent to a vector ficld v satisfying eondition (1.32).
This artificial diffusion will be given by

k! ¢ v v (1.33)

R
and problem (1,29) will be replaced by: Find a function ¢, € &, such that
ag(dn, ) = 1Y) Vb €0y (1.34)

where the bilinear form ay is

aalhy V) : = [ - Vi + T K- Ty + v¢..-«|-§|-;cvm)-v¢,.] a0

4]
= ]l; s Vi, + Vby, k- Vi, + |T:"i|_3(v <y ) (- quvh)] dfl

= ./;I (#"h s ﬁv ? Vﬂ’h) - v‘ﬁh 'I' V"I’h ¥ k t Vtim] dn [1.35)

The basic idea of the SUPG method now follows ensily. From (1.35) we see that
the convective term has been weighted by ¥y, + {n, wheore

d
i iy 4
Ch Ivl,? Ph
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Consider this expression within each element and take v = u® and d = }a®h®|uf| as in
the 1D case, where of is a function of the element Péclet number 4% to be determined.,

If we define
ah"

& := kil kil 1_3
™ B (1.36)
we will have that
Cpo=7"u" - Vi (1.37)

for each element. The parameter 7 has dimensions of time, It will be called intrinsic
time, Although the function (j in (1.35) only affects the convective term, the straight-
forward way to obtain a consistent weighted residual method is to make it affect all the
termas of the equation [BH], [HB2]. The only problem to be faced is the definition of
fn ChV (k- Viby, )dS1, since it doesn't make sense for typical 'Y finite elements (th. will
he discontinuous across interelement boundaries), The way to overcome this problem
is to consider that ), only affects the element interiors. These ideas lead to the final
version of the SUPG method: Find a function ¢y, € &), such that

al'l(¢h!'¢'h) = I!u('ybﬁ) Vi € ), (1.33)

Here, the bilinear form a,, and the linear form [, are

Nai
doa(dbny P0) 1 = a(dnyn) + L,(f‘"’ “Vyn) [ Von - V- (k- Vu)]d2 (1.39)
em]
AL
Lultbn) £ = 1) + 3 / (r"u" - Ve f 2 (1.40)
emi Y11

Remarks 1.2

(1) The Euler-Lagrange equations for the variational formulation (1.38) are precisely
(1.19) and the boundary conditions are (1.20) and (1.21) (essential and natural,
respactively ), together with the additional condition of diffusive flux continuity
across interelement boundaries [BH]|, [HB2],

(2) For rectangular bilinear elements in 2D or trilinear elements in 3D, with k; =
k &, k being a positive constant and &; the Kronecker delta, we have that ¥ -
(k- V) = kA = 0 within each element, This is always the case with linear
triangles or tetrahedra, However, this term cannot be neglected if higher-order
clements are used.

(3) When linear elements (Lagrangian or simplicial) are used, the common choice
for the upwind function af is to compute it through the expression (1.12) or its
asymptotic approximation (1.16), replacing 7 by the element Péclet number «*
given by (1.30). See Reference [IIMM]. 0

We have now a complete description of the SUPG method and the ideas under-
lying it. The purpose of this chapter is to give a precise definition of the infrinsic time
7¢. In Section 1.2, we shall analyse the convergence properties of the method for a
simplified problem in order to get insight on the role played by the upwind functions.
Section 1.3 contains the derivation of an expression for this funetions when quadratic fi-
nite elements are employed and it is based in part on Reference [CO1], although several
resultz are new. Some computational aspects will be considered in Section 1.4.
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1.1.4 The Galerkin/least-squares method

From Eqn. (1.37) it is seen that the perturbation ), of the test function 3y, € ¥y
that defines the SUPG method is nothing but the convective operator applied to this
funetion multiplied by 7=. Let us write the original continuous equation {1.19) as L¢ =
[, where £ ig the linear operator defined by

Lp=u:V—V.(k-Ve) (1.41)

A natural variant of the SUPG method is to consider the following perturbation ¢, of
Pa:
Cn 1= 7Ly, (1.42)

that is, the whole differential operator is applied to ¢f),. The resulting formulation is
known as the Galerkin/least-squares method (GLS), introduced by Hughes et al, [HFH]
first in the context of the Stokes problem [HFB], [HF|, [FH] but that has been success-
fully applied to a variety of other variational problems with constraints in struetural
mechanies (see [FH] and references therein).

The variational formulation we are led to using the GLS method reads as follows:
Find ¢, € %) such that

gla(Pni¥n) = lga(tPn)  ViPu €y (1.43)

where the bilinear form ag, and the linear form [y, are

Nai
agis(Pn, ¥n) : = aldn, ¥n) + Z:/n- T Lafy, Ly, d§2 (1.44)
Ny %
s () = 1)+ 3 fn FLg 1 4 (1.45)
a=1

The forms a and [ are those given by (1.25) and (1.26), respectivaly.

The GLS method doesn’t seem to offer any improvement over the SUPG method
for the convection-diffusion equation. However, it can be proved [HFB] that it allows
to circumvent the Babuika-Brezzi stability condition for the Stokes problem. In this
case, the formulation depends on an algorithmic parameter whose physical meaning and
optimal values are not known yet. In Section 1.3, the upwind functions for the GLS
method will be derived. These functions will be different from the optimal correspondig
to the SUPG formulation. If the zero convection limit is considered, the perturbation of
the test function (1.37) for the SUPG method vanishes, but the perturbation (1.42) for
the GLS method does notl. This gives a natural way for computing the above mentioned
parameter,

In what follows, no reference will be made Lo other existing methods except in
Chapter 2, where the relation between the SUPG and the Taylor-Galerkin method
coined by Donea [Do| will be discussed. Some of them, such as the Least-squares
method used in References [CI], [NRe], the characteristic Galerkin method (see, e.p.,
[DR], [LPZ], [VF]) or the use of weighted [*—inner products in the forms that define
the variational problem [Ax|, [GH], are closely related to the SUPG method. For a
review of different upwind methods placed in the same mathematical framework, see
Reference [BBF).
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1.2 Convergence analysis
1.2.1 Introduction and variational problem

The simplified problem we will consider in this section is the following: Find a funetion
¢ = ¢(x) such that

“kA$tu-Votap=f  in 0 (1.46)
=0, on [' (1.47)

where k and ¢ are positive constants. For simplicity, we will also assume that V-u =0,
with |u] # 0. When this condition does not hold and ¢ is variable, the following
condition is needed in order to ensure coercivity of the bilinear form associated to
(1.46)-(1.47):

a-%v.;g&;:o (1.48)

where § is a constant, If § = 0, a change of variables in the above problem can be
done in such a way that the new value of § be positive. For example, let 3(x) be a
smooth function and define ¢ = ¢exp 3, k= kexp B, 0 = uexpfl — k(exp )V and
& = (exp A)u- VA = k(exp B)AA — k(exp B)[VA[%. Then, ¢ satisfies (1.46) iff $ satisfies

—iﬂéi+ﬁ-v&l+&$=f

Now, condition (1.48) applied to 0t and & with § > 0 gives the following eondition on

B
u-Vp - kAA - kVAPE >0

Explicit functions # satisfying this inequality can be constructed,

Remark 1.3
When § = 0, Nivert [Na] multiplies Eqn. (1.46) by a funetion y, called
§ —compensating, such that —u - Vx = px, with ¢ > 0, and proves that such a
function does exist (building it explicitly). Introducing the weighted inner prod-
uct ('ﬁh'ﬂ!’z)x = fn vy dft and using the properties of x, the norm associated
to (-, ')y happens to be equivalent to the standard L* norm. The §—compensating
functions are also needed in order to obtain local error estimates. See [Na|, [INP]
for details, 0

Assume then that V-u = 0 and that o > 0, constant. If V = H}(£2), the weak
form of problem (1.46)-(1.47) consists in finding ¢ € V such that

alh¥) = I(9) VeV (1.49)

where
a(d, ) 1 = k(Vep, Vi) + (u- Ve, ) + a(¢, ) (1.50)
() : = (fi9) (1.51)

If Vi, € V is a finite element subspace of V' constructed with elements of degree m, the
SUPG method will read: Find ¢ € V), such that

ﬂlu(d’: ¢) = II“(¢) V¢ & Vy {1'52)
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where

N
Ay ) = ald, ) + Ef—kﬂw +u- Ve + odn, 7w Vihp)pe  (1.53)
a=]

Nai
Lu($) 1= 1)+ 3 (f,7"u - Vi) (1.54)
=1
where the expression of the intrinsic time 7% is given by Eqn. (1.36). Again for sim-
plicity, we will assume that 7° = 7, constant for all the elements,

Our objective is to see which is the behavior of the upwind function o = aly)
dictated by the convergence analysis. This analysis will be basically the one that can
be found in [Jo2|, [JNP], [Na|. However, in these References 7 is set to zero when 5
is small and taken as a constanl when v is large. In this sense, our approach will be
closer Lo the one used by Hughes et al. in [HFH] for the GLS method.

1.2.2 Interpolation estimates
We will need some standard error estimates from interpolation theory [C]. Let o, € V),
be the finite element interpolant of a function ¢ € V and h the diameter of the partition

{§1}, that is assumed to satisfy the usual regularity requirements. We will use the
following interpolation error and inverse estimates:

Nai '}
W (Z Il = 'Z’h”%.nﬂ) Fhll = dnlla + 1% = dallo < &A™ (1.55)
e=]

lbllsge € ah 7 |llacape, 3=1,2 (1.56)
We shall make use of the abbreviation
N'rl
- lle =311+ llae (1.67)
=1

A generic constant will be denoted by ¢ or €', possibly different at different oceur-
rences. The constants k; and &3 will be those appearing in (1.55) and (1.56). Observe
that x; contains the seminorm |¢|m41, that will be bounded for regular enough fune-
tions ¢, Finally, recall that m is the degree of the polynomials used in the finite element
discretization.

1.2.3 Error analysis

We will see in what follows that in order to ensure stability for the method (1.52) the
function a(7y) must be of order 7 as v —» 0. The behavior when 4 — co will be dictated
by the asymptotic order of convergence,

We first establish stability.

Lemma 1.1 If the upwind function a(y) satisfies a(y) < 4yx;?, then the bilinear form
@,y given by (1.53) is coercive in the norm ||| - ||| defined by:

[senll]? == K| Feu]* + |l opnl|* + 20|, ohn € Vi (1.58)
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that is, a,(iPn, ¥n) = C-'|||1;f',t.||]2 for all v, € V.. In particular, one can take ¢ = %
Proof: Observe first that, using the inverse estimate (1.56):

Nai

3 (kAL T Vih)ae = k]| Al ra - Ve

e=1

>~k (99l + sA-2 2 Vi) (159)
and therefore
i
@ou(tbhs tn) = K| VA0|* + arl|obn]|* = S| V]|

+7 (1 - %hxgh-“r) |lw- Ty (1.60)

The rest of the terms vanish, since (u - Vify, ¥4) = 0. From the hypothesis on a we
have that

1 _ 1 ah
1 - =kedh ?r =1 - krdh?—
2 R._‘ T 2 2| | }

and the Lemma follows from (1.60). o

Consistency of problem (1.62) is a trivial consequence of the fact that SUPG is a
residual method:

Lemma 1.2 Let ¢ be the solution of the continuous problem and ¢y, the solution of
(1.52). Then
ﬂm(‘ﬁ_ ﬂs!n Tph) =0 (1451)
for all Yy, € V), O
Convergence is next established, We will use the fact that
(- Vg, 2) = —(ths,u - Vihy)
for 1,9, € V. This follows from the assumption that V. u = 0,

Theorem 1.1 Assume that the hypothesis of Lemma 1.1 hold. If a(y) = O(1) as
¥ — oo, then there is a constant C' such that

Il — ¢nlll < CHmt5 (1.62)

for v large enough,
Proof: Let us split the error £ 1= ¢ — &), as

e= (= dn)+ (b = 1) =0+ en

where 7 is the interpolation error and ¢, € V). To find an estimate for |||e;|||, Lemmas
1.1 and 1.2 and the definition of the bilinear form a,, will be used:

1
E[“ﬂ\HF = “m(ehn'ﬂh) = ﬂ,,,(& el Ch) = _am("hﬂhj
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< k|1l 1Venll + lnll [ - Cea]l + allnl] lleall
+krl|Anllella- Veu|| 4 rlju: Val| [ju- Venl| + arlju- Ty|| [lea]

< GMW%II’ + kl[Vﬂ"?) + (ll_ﬁTH“'v*‘-h“: + 4"'_1“’7"2)

1 1

+ (‘I:r"e;.”g 4 r.r"rj“i) R (ﬁﬂlu - Wm"ﬂ + Marqu”f)

1 1

 (3rlia- venl + 2w wni?) + (Gellent? + o - Vi)

1
= glllealll* + £(n) (1.63)
where

E(n): = k| Vall* + a7 inl* + e|ln]* + 4> (| An|2
+ 27(ju - V|| + or?flu- V|

Using the bound for « stated in Lemma 1.1 and the inverse estimate (1.56) we obtain:

ah N, i
AR r||Ag|)? < 4k 2-|,-;|n%h *|on|* = h;nillwll‘ < dk||Vn|*

and using this inequality and the interpolation estimate (1.55) we get
E(n) < 5k||Vq||* + 4= |n)? + a|[nl* + 2r|ju - Vyl* 4 ar¥ju- Iy|?

8lu|, 4. ,  ah a?h?
= 12 J2mtd h2m+3 2 &m 2q 2
< Ky (Ei.h F—ph + e + _]ullul 4™ a4|u|=|u| h

< G]l-ll (%hﬁm-l-i _}. %hﬂm+l + uh?m-ﬂ) + ﬂrﬂxahznwi (1.64)
Using inequality (1.63) we see that [||en||[* < 4#(n) and from this last bound (1.64)

we get ||len|[|* < CR*™H1, The Theorem follows from the fact that Il < Ch2mt
(obtained using (1.55)) and applying the triangle inequality. l

Remarks 1.4

(1) From the bound (1.64), it is seen that when  is small, say 4 < h, the dominant
term will be of order h*™. But in this case, the norm |||-||| is equivalent to |||/, and
through the classical duality argument of Aubin-Nitsche an optimal L? estimate
can be obtained.

(2) The term ch®™*! is the reason why a must be hounded by a constant when y —
oo if an error of order A*™*+! is sought.

(3) If Neumann boundary conditions are prescribed on a part of 82, the following
interpolation estimate has to be used [Ci]:

”'Ib o ';'h”l-‘{ﬂﬂ) < Ghm-'-kl'plj]m-ﬂ(ﬂ)

See References |Na|, [HFH].

(4) The fact that ¢ > 0 implies that (1.62) will also hold in the L? norm. Since the
error of the SUPG formulation s of order A™*1/2 in this norm and the interpo-
lation error is of order A™*!, the SUPG method is said to have & ‘gap’ 1/2 from
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being optimal, For the standard Galerkin method, only an error estimate of order
h™ can be obtained when convection is dominant [Na] and therefore the gap is 1.

O

The main conclusion of this analysis is the following: the funciion a(y) must be
of the form

C — 0
a(y) = {G;T :ﬁ; i (1.65)

in order o have stability and optimal rate of convergence for the SUPG method.

A possible extension of the SUPG formulation to convection-diffusion systems of
equations was introduced by Hughes & Mallet in Reference [HM]| and the analysis was
carried out in Reference [HFM]. A review of a posteriori error estimates and adaptive
finite elements for the SUPG method obtained by Johnson and collaborators can be
found in Reference [Jo3].

1.3 The optimal upwind functions for one-dimensional
guadratic elements

1.3.1 General considerations

In this section we will consider again the one-dimensional steady-state problem (1.1)-
(1.2), but now with a source term f = f(z). As for linear elements, this will provide us
a way to calculate the upwind functions. These functions, together with the definition
of the characteristic length, velocity and diffusion of each element, are the necessary
ingredients to compute the intrinsic time 7 defined by Eqn. (1.36). Up to now, the
only thing we know about the upwind functions is that they have to behave as Eqn.
(1.65) dictates. Nevertheless, numerical experiments indicate that a proper evaluation
of o greatly influences the accuracy (not the stability) of the results. Overdiffusive
answers are found if this function is oversstimated, whereas oscillations may oceur if
a too small estimate is employed. The use of expression (1.12) with 5 replaced by
the element Péclet number given by (1.30) has proved to be very effective for linear
elements, Approaches other than the SUPG formulation using quadratic elements have
been studied [CM], [DBS)], [He], [H%1]. However, for this one it seems that an ‘optimal’
upwind function is missing, although using one half of the optimal for linear elements
has been proposed [Sh]. This choice will be justified in what follows.

The purpose of this section is to obtain an expression similar to (1.12) for quadratic
clements in different cases (results will be recapitulated at the end of this chapter). For
that, we will consider the problem: Find ¢ = ¢(2) such that

u %— %:f(:), l<z<t (1.66)
$(0) = dbo, H(E) = e (1.67)

where u and k will be considerad positive constants and ¢g and ¢, are given boundary
values of the function ¢. First, we shall assume f(z) = 0 and in Subsection 1.3.5 the
introduction of source terms will be addressed.
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From here onwards, N will denote a generic shape function of a quadratic element
e and W a weighting function. According to (1.15), this weighting function will be
exprossed ag

dN
W(a) = N(a)+ 7" u = (1.68)

and the intrinsic {ime of (1.36} as

(1.69)

Throughout this section we assume that [0, £] is discretized using a uniform finite ele-
ment partition with elements of length h. Thus, the Péclet number 4 = |ulh/2k and
the function a will be the same for all the elements. From (1.68) and (1.69) we have

Wi(z) = N(=)+ E-E—hsgn(u) ‘-:% (1.70)

where a will depend on the Péelet number 7. The sign of u will be considered included
in v and therefore in &, For the reasons explained is Subsection 1.1.2, this function
will be considered optimal if the finite element solution obtained with the weighting
functions given by (1.70) is nodally exact, i.e., both the analytical and the finite element
solution of (1.66)—(1.67) take the same values at the nodes of the finite element mesh.

N, N> N3

! 2 k|

Figure 1.1 Three noded quadratic element and shape functions

We have already seen that for linear elements optimality is attained if the expres-
sion (1.12) is used for a(). Our aim is to derive the expressions of the upwind functions
using quadratic elements. First, we observe that applying the Galerkin method (i.e,
W = N) to (1.66)~(1.67) with f(x) = 0 the following difference equations are found:

[l + T]‘f’rﬂ =1 IS + 4TI¢"|-% I I'd‘#ﬂ" -}. [_8 + 47]‘;’"‘_‘_* + [l = Tl|¢n|-+‘l — U (1.71)
for the ‘extreme’ nodes (nodes 1 and 3 in Figure 1.1) and

(=4 = 29) b + Bdyyt + [—4 4 27]¢hnsr = 0 (1.72)

for the ‘central’ nodes (node 2 in Figure 1.1) The indexes in these equations are used
acrording to Figure 1.2



1.16 1 The SUPG method for the steady-state problem

Element e Element e+l

| ——" TTEE—— S S — |
m-1 m=1/2 m meif2  me]

Figure 1.2 Indexes referring the nodes of two adjaceni elements

Since different equations hold for the extreme and the central nodes, it ean be
anticipated that no single optimal upwind function will exist for quadratic elements.
Instead, we will consider

Wi(z) = Ni(z) + 32’1-‘3’&{;3 for i=1,3 (1.73)

Wa(e) = Na(x) + %%3 (1.74)

Our purpose is to find analytical expressions for o and J.

1.3.2 Standard formulation of the SUPG methaod

We now consider the case in which the bases of the discrete finite element spaces are
constructed using the classical shape functions depicted in Figure 1.1, that is, the stan-
dard or canonical bases are chosen, The upwind functions a and g appearing in (1.73)
and (1.74) will be determined following the same criteria as for linear elements, i.e.,
by solving analytically the resulting difference equations obtained applying the SUPG
method to (1.66) and (1.67) and by subsequently imposing that the numerical solution
be nadally exact.

If the weighting functions (1.73) and (1.74) are used, the new difference equations
(instead of (1.71) and (1.72)) are

(1= 6o+ ¥(1 + a)|dm-1 = [§ — 12a +9(4 + Ba)]qu_k
+ (14 + lday]d + [=8 = 1200 + y(d — 8at))g 44 (1.75)
{1+ 6a + (=14 a)lpmir =0
for the extreme nodes and
[=4 = 7(2 4 48)dm + [8 + 8yBlb,yp + [~ +9(2 = 48)|dmsr = 0 (1.76)
for the central nodes. Obtaining ¢1ﬂ1'i“ in terms of ¢, and ¢4y from (1.76) and the

analogous expression of ¢ -4 in terms of ¢y, and ¢,, and inserling both expressions
in (1.75) the following equation is found

@1 Pm-1 + G2dm + agdpgq =0 (1.77)
where we have introduced the notation
ay =34 37497 4+ 398 4+ 978 + 292 + 3y%ap
ag i= = (64 29° + 6y4 + 6v7ap) (1.78)
ag =3~ 3+ 4+ 398 - v*8 - 27%a + 37%p
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Since A = 1 and A = a; /ag are the roots of the characteristic polynomial of (1.77),
its analytical solution will be given by

¢ = C1 + Cs (:—;) (1.79)

where ¢y and '3 are constants depending on the boundary conditions. If =, is the
abcissa of the mth nodal point and ¢(z,,) the value of the exact solution of problem
(1.66)-(1.67) at this node, il can be readily seen that ¢y, = ¢(zy) if, and only if

A _ e (1.80)
[eH]

Now, assuming that (1.80) holds, from (1.76) one finds that tP(mm_*_b) = Poi} if, and
only if,

A y(2448) + 2[4 — y(2 - 48))
i R g (1.31)
Assume v # 0. From (1.31)
1 ¥ 2
Aly) = E (cuth '2- e :T_) (1.82)

and from (1,80)
R ) 7*) tanhy — (37 +7*A)
1= (2~ 38 tanhy)y?
The expressions of a and g given by (1.83) and (1.82) are the sought upwind

functions. Unfortunately, these expressions look rather more complicated than the
corresponding function for linear elements (1.12),

(1.83)

Remarks 1.5

(1) In the first section it has been seen that the use of the SUPG formulation with
linear elements for homogeneous equations and neglecting the contribution of
V. (k- V) in (1.39) may be interpreted simply as the introduction of numer-
ical diffusion along the streamlines. However, this is not exactly the case for
quadratic elements for two reasons: first, the mentioned term V - (k- V¢) cannot
be neglected, and secondly, the existence of two optimal upwind functions would
imply a non-constant added diffusion,

(2) It can be easily seen that the funetions & and 3 are skew-symmetric. Renember
that they had to include the sign of the veloeity, In multidimensional situations
7" will be positive (¢f. Eqn. (1.30)) and the direction of the flow will be taken
into account by the perturbation (1.37). 0

When linear elements are used, it has already been explained why the function
a(y) given by (1,12) is approximated by the function (1.18). For the functions a(y)
and B(v) given by (1.83) and (1,82) a straightforward computation reveals that

> = : 1 :
?ll‘_.rgcx("y) =1 and ‘flﬂﬂﬁ Blr) = 2 (1.84)
Expanding a(y) and () in Taylor series in the neighborhood of 4 = 0, the following
expressions are found

afy) = _'IT.& o+ 0(73) and  Bly) = % + (1Y) (1.85)
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Having this limits in mind, (1.83) and (1.82) can be approximated respactively by

[EF M0 |y L2
aa(y) = {ﬂlgn-; if |y] > 12 (1.86)

1. ifo<|y[=6
aun={ I

. 1.87
logny if|y| =6 (1.87)

However, from Figure 1.3 it is seen that (1.86) and (1.87) do not give such a good
approximation to (1.83) and (1.82), respectively, as (1.16) does to (1.12). In Figure
1.3, the upwind functions for linear elements are labelled ‘I". Funetions (1.16), (1.86)
and (1.87) are called asymptotic apprommations.

fl
|t l.;M.H}MJ.LLLLLLLLU.LLLLLLLLLLLuMuMLLuJ.uAE
15 it a5, a0 3, a0 15 50

Peclel number

Figure 1.3 Upwind functions for linear and quadratic elements and their
asymplotic approximations

It is important to remark that the functions «, A and their asymptotic approx-
imations, as well as the upwind functions we will find for other cases helow, salisfy
condition (1.65). We will not allude to this point any more.

We have seen that nodally exact results for the solution of (1.66)-(1.67) using the
SUPG formulation can only be obtained if the weighting functions (1,73) and (1.74)
are used, with & and f given by (1.83) and (1.82), However, one could try to find a
unique intrinsie time for all the nodes of the element (e, a = ,’3) and to relax the
definition of ‘optimality’, An obvious design criterion for the upwind function s that
it must not be strongly dependent on the boundary conditions, in the sense that the
difference batwean the values of this function and the functions that give nodally exact
results for different boundary conditions should be bounded and as small as possible.

From the expression of the solution at the nodes (1.79) it is seen that if Eqn,
(1.80) holds, the constants ¢y and C' that depend on the boundary conditions happen
to be the same as the corresponding constants for the analytical solution of (1.66) that
are determined from (1.67). Thus, although with a unique upwind function (1.80) will
not be satisfied, we can try to find this function, say a'(7), by minimizing the difference

ay — age®? (1.88)
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If in expressions (1.78) we set o = fi and bry to satisfy (1.80), we are led to the
following equation:

P(ﬂ) = o’ f bt e=10 (1.39]
whith b and ¢ defined by
1
6::;—(;:)!‘.111- (1.90)
I -] 1
er= ;5 - ;mth"f + 3 (1.91)

The discriminant A := b* — 4¢ of equation (1.89) is plotted in Figure 1.4, Since A can
be negative, (1.89) does not have real roots for all values of . However, we could try
fo minimize P(a). For a given value g of the Péclet number, the minimum of P(a) is
attained at the point
1 1 1
= —=h= - hyy — — 2
o 2[; 3 (cat. 170 Tu) (1.92)
From Eqns. (1.901-(1.92) it is easy to see that b = =1, ¢ — % and g = % g
Yo — oo, and therefore we will have that

’ 1
pHL Plao) = 35
So the function y ;
ol (7) = 3 (ﬂuth’y - ;) (1.93)

goems to be a good candidate for use as the upwind function since, although (1.89)
is not fulfilled, P(a') remains small for all values of 4. In Figure 1.4 this value is
represented against the Péclet number.
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Figure 1.4 Discriminant A of equation (1.89) and values of P(aq) for ag given
by (1.92)

Like the function a!(4) given by (1.12), a’(y) can be approximated by

1 i<y <3
“‘I‘(ﬂ:{}: i 7] > 3 (1.94)
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The funetion a'(y) given by (1.93) is represented in Figure 1.5, together with
a(y) and A(7) of (1.83) and (1.82), for purposes of comparison. As it has already been
gaid, this funection had been proposed before by Shakib [Sh] as the result of numerical
experiments using quadratic elements, Now we have a justification of its use, Our
numerical experiments also indieate that (1.93) is the best choice when a unique upwind
function is to be used, The way these experiments have been performed is the following.
For a test case in which the analytical solution is known (see, e.g., the first example
of Section 1.5), the error of the numerical solution using the upwind function Ka'(y)
has been computed for different values of the constant K. For all the examples carried
out, K =1 happened to be the optimal choice.
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Figure 1.5 Upwind fu nctions for quadratic elements

1.3.3 Hierarchic formulation of the SUPG method

The objéctive of this section is to investigate how sensitive the optimal upwind functions
are to the interpolation used within each clement. This sensitivity is a clear handicap
when the previous concepts have to be applied in multidimensional situations, in which
case the expressions of the shape functions take different forms depending on the di-
rection one considers. This will be discussed in mora detail in Section 1.4,

Now, let us consider the unknown function ¢(z) interpolated within each element
as

p(z) = Ni(2)ds + Na(z)Ada + Na(z)dha (1.05)

where Ny, N3 and Ny are the shape functions shown in Figure 1.6, ¢y, ¢ and ¢ the
nodal values of ¢ and Agy the difference between ¢y and the linear interpolation at
node 2 using the values ¢, and ¢;.

A similar analysis to that made in Subsection 1.3.2 shows that the optimal upwind
functions are now given by

—

B = 5+ = (1.96)

B =1 ;
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Figure 1.6 Hierarchic shape functions for three noded quadeatic elements
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Flgure 1.7 Upwind functions for hierarehic guadratic elements

1 1 1 1
al(y) = (1 + --) cothy — (_ o —) 1.97
=13 AT (1.47)
where the label *h’ refers to the hierarchic formulation of the element. The asymptotic
behavior of the upwind function a" is completely different from the corresponding o
given by (1.83), whereas the asymptotic behavior of " is similar to that of the function
A in (1.82). In fact, now we have that

g — 1 o e &
lim o*(y)=5 and  lim fi(y) =3

and that ¥ y
al(y) = 35 + 0%  and Bhy) = -5 +00%)

in the neighborhood of ¥ = 0. Therefore, the asymptotic approximations for o and
A" will be

L if0< |y <6
h L iE 1! T =
ag(y) = {% if 7] > 5 (1.98)
X if0< |y <6
h L 12 - =

We see that B4(y) = fa(7) (. Eqn. (1.87)) but a®(y) and au(7) differ totally (cf. Eqn.
(1.86)). In Figure 1.7 the functions o™(7) of (1.97) and A"(7) of (1.96) are represented.



1.22 1 The SUPG method for the steady-state problem

An interesting point is that if a unique upwind funection is sought using the same
considerations as in the last subsection, this upwind function happens to be the same
as for the standard formulation, i.e., the function a'(y) given by (1.93).

The main conclugsion of this analysis is thal the optimal upwind functions are
very sensitive to the finite element interpolation chosen, This should be kept in mind
since it has already been said that results are too diffusive if the upwind function is
overestimated, whereas oscillations may oceur if it is underestimatead.

1.3.4 Standard formulation of the GLS method
In this subsection we again consider that the finite element interpolation is done with

the shape functions depicted in Figure 1,1 but now that the GLS formulation is em-
ployed. According to expression (1.42), now the weighting functions will be:

W(e) = N(e) + 5o (u d”—hﬂ)

2Jul da?
ah ah dN
‘__N [ — e — A ——
(2)+ 3 SE“(") de  2lu| de?
ah AN ah*d*N

— N(I)'l- '—"“‘Egn( ) dz ;TF (1.100)

Observe that when 4 — 0 we have to have @ — 0. If &« = Uy as ¥ — 0, then a term
of the form €h? /4 will multiply the diffusion operator applied to the shape function.
The constant €' will appear naturally from what follows. Observe also that when linear
elements are used, the SUPG and the GLS methods coincide.

As before, the sign of u will be considered to be included in 7 and thus in the
function a. Reeall also that the perturbation of N(z) that appears in (1.100) is only
applied to the element interiors, in the sense explained in Section 1.1.

As for the SUPG method, no single upwind function will give nodally exact an-
swers for problem (1.66)-(1.67). Using the same notation as before, the weighting
functions for each element will be taken as (see Figure 1.1):

ahdN; ah®d*N;

Wile)=Ne)+ -~ S5 dar  Tom i=13 (1.101)
hdN; R &N
Wae) = Mage) + G 02 - B0 (1.102)

where & and J are the upwind functions to be determined. The use of the weighting
functions (1.101)~(1.102) for problem (1.66)-(1,67) with f(z) = 0 leads to the following

system of difference equations:
¥ o
(14701 +8) 1270y = (8- 128 +9(4+ 88) + 21,y
ik - ¥
+ [14 414Gy + 24;].;&,,, | —8 — 12& 4 y(4 - 8&) - 24;”“# (1.103)

i
+ 14+ 5(=1+ &)+ 1.2;]*me+: =0
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for the extreme nodes and

[ =4 = y(2+4 4f3) - 68 - ligw'm + 8+ 8yA + 24E]¢m+}
7 ¥ (1.104)

(44 (2= 4) +6 12841 =0

for the central nodes, Working out the explicit solution of this system of equations
(1.103)—(1.104) and imposing ¢, = ¢(z.m), fﬁ!:ﬂ:) being the solution of the continuous
problem, the following expressions for & and f are found:

74 (cuth 3 - é)
6 — 3y coth E + 297
tanhy (3 + 9% + 690 + 9%) - (37 + 98 ++%5)
- 2y? — 3/3y? tanh v

A (1.105)

&

(1.106)

Az before, we might be interested in using the simpler expressions resulting from
the asymptotic approximation of these two functions. Now we have that

N , . 1
lim &(y)=1 and  lm ()= 3 (1.107)

o

and in the neighborhood of y = 0
7)=++00") and  Bly) =% +0(r") (1.108)

So, the asymptotic aproximation of the functions & and 3 will be

afy= 3 0S|y =9

.c.m(-ar)—{m,r it 1] > 9 (1.109)
= if0< 7)< §

ﬁa(*r)-{gmv i 1y] > & (1.110)

If the method for obtaining a unique upwind function used in Subsection 1.3.2 is
now applied, the optimal choice is

A= (3 l) PR L S
ﬂ('r)—(z,rﬁz cothy of R

and its asymptotic approximation is

AT '
s ={ J oStz W

§ >4

since @' = gk 4 O(9*) in the neighborhood of ¥ = 0 and &' — % ag -y — 00.
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Figure 1.8 Upwind functions for quadratic elements using the GLS methad
In Figure 1.8 the functions &, 7 and @' have been plotted.

1.3.5 Introduction of source terms

Up to now, we have only considered the homogeneous equation (1.66), i.¢., with f(z) =
0. We have found the upwind functions that give nodally exnct solutions for three
different cases using quadratic elements, namely, the SUPG method using the canonical
and the hierarchic bases and the GLS method using the canonical basis. In Section
1.1 it was also explained how nodally exact solutions could be obtained using linear
elements. Now we can prove that for certain functions f(z) we still do have solutions
exact at the nodes.

Recall the definition of the function spaces ¥), and &), given by (1.27) and (1.28),
respectively. Lot & and [ be the linear forms that define the variational method em-
ployed (Galerkin, SUPG, GLS, etc.) and consider the following three problems:

(P.1) Case g # 0, f #0: Find ¢,1 € %), such that a(¢y1, ) = I(}b;,) Yy, € Wy,

(P.2) Case g=0, f+#0; Find ¢y 3 € ¥, such that a{dyz,v¥n) = (k) Vi € ¥y,
(P.3) Case g # 0, f=0: Find ¢y 3 € &), such that a(dps, ) =0 Vi € ¥),.

As before, g denotes the prescribed Dirichlet boundary condition. The following
discrete space will also be needed;

Hy = {n € H'(9) | dlas € P(°)} (1.111)

The continuous problems corresponding to P.1, P.2 and P.3 are simply obtained
by replacing the spaces ¥, and &, by ¥ and &, respectively (ef. (1.22) and (1.23)).
The solution of these problems will be denoted by dropping the subseript hin ¢y, i =
1,2,3.

Now, let m, : C%(Q2) — H), be the canonical projection onto the finite element
space Hy, defined by mp (1)) = ¢n, the finite element interpolant of ¢. A solution of any
of the problems P.1, P.2, P.3 will be nodally exact whenever ¢y, ; = m, (i), 1= 1,2,
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So far, we only know how to get nodally exact solutions for problem P.3 when dealing
with Eqn. (1.66) with f(z) = 0. But we can prove the following:

Theorem 1.2 Assume that for all functions g the solution of problem P.3 is continuous
and nodally exact, i.e, ¢ns = my(hs). If the function [ is such that there exists wy, €
Hy satialying .

a(wn, ) = [(y) Ve H'(Q) (1.112)

then the solution of P.1 is also nodally exaci.
Proof: We have to prove that ¢, ; = m4(¢;). Observe first that
¢1=d2+¢a and P =g+ dua
Since ¢y5 = wh(py) and my, is linear, we will have that ¢, = mhu(¢) iff Bz = 7a(da).

By condition (1.112) and using the fact that ¥4 C Hy, ¢,z will be the solution of the
problem: Find ¢, € ¥, such that

a(dng —wh, ) =0 Vi, € Wy,

and ¢ the solution of a similar problem replacing ¥, by &. Define now §, ;= Pna — iy,
b i= ¢pg — wy and g := —w),. The function §), will be the solution of & problem of type
P.3: Find &, € ¥, such that

a(0n,¥n) =0 Yy €W,
and similarly for §. By hypothesis, 8, = m),(8) and this gives

mhlda) = mn(d + wn) (definition of 4)
= wn(8) + wh (7 is linear and wy, € Hy)

= &) + wy (84 iz nodally exact)
= 3 (daﬁnit.iun of 6;,)
i.e., ¢z, and hence ¢y, 1, will be exact at the nodes. O

Roughly speaking, condition (1.112) means that the equation of the continuous
problem has a solution, not necessarily satisfying the boundary conditions, that belongs
to the space of interpolation functions. We can now apply this general result to the
problem that has been considered throughout this section:

Theorem 1.3 Let problem (1.66)-(1.67) be solved numerically by one of the following
four methods described above:

(i) The SUPG method using linear elements and the upwind function (1.12)
(ii) The SUPG method using standard quadratic elements and the upwind functions
(1.83), (1.82)
(iii) The SUPG method using hierarchic quadratic elements and the upwind functions
(1.97), (1.96)
(iv) The GLS method using standard quadratic elements and the upwind functions
(1.106), (1.105)

Then, if f(x) piecewise is constant, the numerical solution is nodally exact in all
the cases. If f(x) is piecewise linear, the solution is nodally exact for methods (ii)-(iv).
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Proof: We know from the results of this section that all the methods yield nodally
exact solutions when f(x) = 0. Suppose now that within each element f has the form
f(z) = az 4 b, with a and b constants. In this situation, for u # 0 the general solution
of FEqn. (1.66) is:

u i b ak
¢(z) = C) -+ Czexp (Fm) + Em’ + (; + ﬁ) o

for each element, where O and C; are constants to be determined from the boundary
comditions and the continuity of ¢. Setting €y = 0 and choosing ) in order to have
continuity, we get a function that belongs to the interpolation space of quadratic finite
elements. Thus, from Theorem 1.2 it follows that methods (ii)—(iv] will yvield nodally
exact solutions,. When a = 0 we get a linear function. The solutions obtained using (i)
will also be nodally exact in this ease. 0

1.4 Numerical implementation

In order to compute the intrinsic time given by (1.36) for each element in the multi-
dimensional convection-diffusion equation (1.19), the values of A7, k% and u® that give
the Péelet number (1.30) are needed. We must also know which is the expression of
the upwind function &® = a(4®) that corresponds to the node under consideration.

We compute the velocity u® simply as the average of the nodal velocities of the
element and %° as the diffusion along the flow direction, Since we have assumed thal
k in (1.19) is a second order tensor, this diffusion will be

u® k- uf

k= — 1.113
et Wathe)

This value will be positive since k is positive-definite.
The computation of A* and the choice of the upwind function will be explained in

more detail.

1.4.1 The characteriatic length

To simplify the notation we will consider the two-dimensional case, although what
follows 1s completely general.
Lot P be a convex domain in IR? transformed into 7’ € IR* by an affine mapping

f=(fi,fa)
Uzing the notation of Figure 1.9, let

t=|B - 4|, !“=|H'—A'| (1.114)
and v’ = (Df)v, where Df is the Jacobian matrix of f. Since

[v] (1.115)
= £(4) + (DE)(B - A)

£(B) = £(A) ¢
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Figure 1.8 Transformation of a domain in IR? by an affine mapping

we have that ,
LS

t."
v/l

= (DI)(B - A)
and multiplying this equation by Df ™! we get
¢(DI) v = V(B - A) (1.116)

Taking the Euelidian norm on both sides of (1.116) and considering that Df~'v! = v
we finally get

¢ =, (1.117)

Formula (1.117) allows to compute the characteristic length in the flow direction as
£
pe = 120, (1.118)
|ug]

where subscript naught indicates that the value corresponds to the parent domain of
the element with ‘natural’ coordinates (£, 7). Equation (1.118) reduces the computa-
tion of A° to that of hy, which can be easily estimated since the geometry is now very
simple. In our computations we have taken, for the parent domains of Figure 1.10:

h ha = 2 for quadrilateral elements
hg = 0.7 for triangular elements

Remarks 1.6

(1) The length h* defined by (1.118) depends on the point (2,y) of 07. Thus, it
will be numerically different al each integration point, Also, the exact value of
hy depends on each point, although the assumption of a constant value seems
reasonable,

(2) From (1.115) it can be seen that (1.118) will be exact whenever the mapping f
can be considered affine. This will always be the case with straightsided triangles
and parallelograms in two dimensions, w

1.4.2 Assipgnment of upwind functions

In Section 1.3, the expressions of the upwind functions « and 3 for quadratic elements
were obtained. The weighting function of & certain node of an element will be obtained
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Figure 1,10 Payent domains for trinngular and quadrilateral elements

using a or /3 depending on the pesition of the node. Clearly, in multidimensional
gituations this position is relative to the direction of the flow, which complicates the
definition of a node as ‘extreme’ or ‘central’. This, of course, is an important drawhack
for the use of different npwind functions.

The heuristic criterion we have followed is based on the assignment of upwind
functions taking into account whether a node is extreme or central for certain directions
of the flow. For 2D elements, we have taken these directions as those defined by the
coordinates §, 7 (see Figure 1.11) for the nine-noded Lagrangian element and those
defined by the area coordinates 1 = £ = 7, £ and 7 for the six-noded triangle. For the
corner nodes of the elements the function & has been chosen and for the interior node of
the nine-noded element the function B, The problem arises when the upwind function
for the midside nodes must be determined. For example, the shape function of node §
for the nine-noded element (se¢ Figure 1.11) along the 5 = —1 line corresponds to the
shape functions of node 2 in Figure 1.1, i.¢. a central node, whereas along the £ = 0
line the corresponding shape function is that of node 1 in Figure 1.1, an extreme node,
So, the upwind function of node b, say 85, will be taken as a combination of functions
a and 4. In Figure 1.11, the nodal numbering in the parent domain and the chosen
upwind functions are indicated.

The best numerical results have been obtained taking &; as the functions

b = fil)a +[1 ~ fil®)|B (1.119)
where for the six-noded element
ful0) = sin’ 0
fs(8) = Ja(@ + %) (1.120)
fo(8) = cos® 0
and for the nine noded element
f(8) = f2(0) = sin® 6

fa(0) = fu(0) = cos® 8 (1.121)
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Figure 1,11 Assignment of upwind functions for the G-noded and 9-noded
elaments

In (1.119)-(1.121), 8 is the angle shown in Figure 1.11. Clearly, these expressions yield
the expected upwind functions in the cases # = 0 and @ = %,

1.5 Numerical examples

In this section, some very simple tests cases are presented in order to assess the perfor-
mance of quadratic finite elements for stationary convection-diffusion problems when
the SUPG method is employed. In all the cases, the standard finite element inter-
polation has been used. For another simple example, not presented here, the reader
may consult [CO2|. Results obtained using the standard Galerkin formulation are also
presented in this Reference.

Example 1.1 In this example we solve the one dimensional problem (1.66)-(1.67)
with u = 1, k = 0.01, f(2) = sin(rz), £ = 1 and ¢a = ¢¢ = 0. The interval [0,1] is
diseretized using ten quadratic elements of equal length 0.1, This gives the value y = 5
for the Péclet number. The analytical solution is

Hz)=Cy 4 Ca el® 4 m [sin(rz) — %ms(n)] (1.122)
with
2u
5 1.12:
G (udr + E*r3)(1 - c‘*) (12
¢ = _%(1 o Ve (1.124)

The hypothesis of Theorem 1.2 is not fulfilled and in fact the nodal values of the numer-
ical solution are not exact. However, the use of the optimal upwind functions of (1.82)
and (1.83) gives results (Figure 1.12.a) that cannot be distinguished from those of the
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Figure 1.12 Solutions of Example 1.1, a) Using the upwind functions (1.82)
and (1.83). b) Using the unique upwind func¢tion (1.93)
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Figure 1.13 Relalive errors for the solutions a and b of Figure 1.12

analytical solution (linear interpolation between nodes has been used in the plots).
In Figure 1.12.b the solution obtained using the unique function (1.93) is plotted and
Figure 1.13 shows the relative error (in percentage) obtained using the two methods.

We observe that the use of (1.93) gives a solution that smooths the right boundary
layer at # = 1, but that the error is very small far from this coordinate.
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Example 1.2 In this example, problem (1.19)-(1.21) is solved. The data are:

u(z,y) = (—@ ﬁ)

217
kij(2,y) = 2 -107%6;
I(z,y)=5
g(z,y) =0

The domain {2 has been discretized using a uniform finite element mesh with 21 % 21
nodes in all the cases. The resulting Péelet numiber is ¥ = 2.5 for quadratic elements
(h = 0.1) and 7 = 1.26 for linear elements (h = 0.05). This example was chosen for
testing the adopted expressions (1.119)-(1.121). Results obtained with quadratic and
linear quadrilater-ls and triangular elements and using the optimal upwind functions of
(1.82) and (1.83) are shown in Figure 1.14. The results obtained for quadratic elements
are almost the same as for linear elements and in all the cases very accurate.

Figure 1.14 Results of Example 1.2 using triangular (3 and 6 nodes) and
quadrilateral (4 and 9 nodes) elements

Example 1.3 This example and the following have been taken from reference [HMM].
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Now, the data for Eqn. (1.19) are:

STUOEL e
Fp=080, Ty=0

“(WnyJ - (_ytm)

kii(z,y) = 107%y

flz,y)=0

E(i.y] o { :" — sin |‘¥(1 + 33’)1 if.'lst = 0 and —-} <y<0

In all the cases, 31 x 31 nodal points and a uniform finite element mesh have been used.
For the small diffusion considered, the solution of this problem is just the advection
of the sine profile, The objective of this problem was only to test the accuracy of
the algorithm, since the exact solution is very smooth and the Galerkin method only
produces small amplitude oscillations. Results obtained with different quadrilateral
and Lriangular elements using the optimal upwind funetions are depicted in Figure 1.15.
Similar aceuracy is obtained in all the eases,
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Figure 1.15 Results of Example 1.3 using triangular (3 and & nodes) and
quadrilateral (4 and 9 nodes) elements
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Example 1.4 Again, the steady-state problem (1.19)-(1.21) i solved, now with:

-1 1 -1 1
0= |7 x 3l
p=00R, Tn=0
u(z,y) = (cosll, — sind)
kis(z,y) = 10'“6.'_;
f(z,y)=0

el Y e

= {5 Fimn Er

with

e (=4[] o]-b3[
I'ps = I'p\I';m

This problem shows the inability of the SUPG formulation to preclude overshoots and
undershoots when sharp layers are present.

We have solved this problem with the angles  given by tané = %. 1 and 2. The
results shown in Figures 1.16, 1,17 and 1.18 correspond to the latter case, when over-
shoots and undershoots are more important. However, it is seen that they are bigger
using linear elements than using quadratic elements. The solution obtained using the
upwind functions (1,82) and (1.83) together with (1.119)-(1.121) looks better than that
obtained with the single upwind function (1.93), although the different eomputational
effort must be also considered.

Figure 1.16 Results of Example 1.4 using 3-noded linear triangular and 4-
noded bilinear quadrilateral elements

1.6 Summary and conclusions

In this chapter, a complete deseription of the Streamline-Upwind/Petrov-Galerkin
method for solving the stationary convection-diffusion equation has been presented,
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L

Figure 1.17 Results of Example 1.4 using quadratic triangular (6 nodes) and
biquadratic quadrilateral (9 nodes) elements with the upwind
functions (1.82) and (1.83)

Figure 1.18 Results of Example 1.4 using quadratic trinngular (6 nodes) and
biquadratic guadrilateral (9 nodes) elements with the upwind
function (1.93)

The motivation of the method has been shown for a very simple problem. Neverthe-
less, all the features of the mishehavior of the standard Galerkin method are present
in this case. The basic literature for further discussion has also been given.

Allithe contributions introduced here concern the accurate caleulation of the in-
trinsic time and, in particular, the upwind functions for quadratic elements in different
cases. Numerical experiments have shown that the proposed methodology is effective.
Mare confidence on it will also be acquired in the following chapters.

Summarizing, the specific items that have been treated are:

s Conuvergence analysis. This analysis dictated which must be the asymptotic be-
havior of the upwind functions. It has been seen that they have to behave as
follows: &

= 17 asy =0
ﬂ.’('?') = {CI A% g —+ 00

where v is the Péclet number.

s Optimal upwind functions for 1D quadratic elements. They have been oblained
for different cases, Their expressions are summarized in Box 1.1, as well as their
asymptotic behavior, The functions for the extreme nodes are denoted by « in all
the cases, and the functions for the central nodes by 4. When a unique upwind
function is to be used, it is indicated by al.
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s [ntroduction of source terma. It has been proved for 1D problems using quadratic
elements that if the source torm is piecewise linear, nodally exact results will be
obtained whenaver they ¢an be found for the homogeneous equation. The same
holds true for linear elements if the source term is piecewise constant.

e Characterisiic length, The following expression for computing this parameter for
each element has been introduced:

pe = 1wl
|ug
Here, u® is the characteristic velocity of the element and subseript naught refers
to values in the parent domain.
s Assignment of upwind funetion. A heuristic criterion has been proposed in or-
der to compute the upwind functions Laking into account the flow direction. Its
performance has been checked through numerical experiments.
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Box 1.1 Upwind functions for quadratic elements

Method: SUPG, standard basis

Expression Limit as y — oo Behavior aa v — 0
p=p(conl-2) ; 35+ o)
2
_(3+ 3}5} l;';;lt':n; F(r«'i)'; +1°P) 1 ﬁ +O(
al = % (cnth*y - é) % E +0(y")
Method: SUPG, hierarchic basis
Expression Limit a8 4 — o0 Behavior as v — 0
L o
=( )rnth'v (%+#+:}) -j- —I-E+G(T)
al = ¢ (mtlw ~ %) % E +0(+")
Method: GLS, standard basis
Expression Limit asy — co  Behavior as 5 — 0
2 (cothY — 2
fe ﬂt 3(1 c'.uth% I +T2)a,2 :tfi :ql +olr")
e ] o byow
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CHAPTER 2

TRANSIENT ALGORITHMS—
STABILITY ANALYSIS OF AN EXPLICIT SCHEME

2.1 Introduction

In the previous chapter, we have only considered the steady-state convection-diffusion
equation. Now we turn to transient problems. Once again, the study of the simple
convection-diffusion problem gives an indication of what might be used in more com-
plicated situations where the analysis is more difficult and sometimes even intractable.

The transient equation iz parabolic when the diffusion coefficient is strictly pos-
itive. Most finite element methods for solving this type of equations are based upon
semidiscretization. The nodal unknowns are considered to be time dependent and the
procedure applied for the stationary problem is repeated in this case, This leads to asys-
tem of ordinary differential equations (initial value problem) that is usually discretized
in time using finite differences. Finite elements may be applied to this semidiscretized
system as well, although the power of finite elements is not patent since the time do-
main is eylindrical in nature and finite differences are well suited for this geometry.
Nevertheless, many finite difference schemes may be rederived from the finite element
point of view, that is, using a finite element interpolation in time (see, e.g. [Z27T]). In
this approach towards the formulation of space-time finite element methods, one works
directly with the differential equation, not with a weak or variational statement of the
problem. Early space-time finite element formulations applied to elastodynamies can
be found in References [AS], [Od]. In this case, a variational principle (in the elassieal
sense) does exist, viz. the Hamilton principle, and the extension of finite elements to
the time domain is straightforward.

Another different approach has heen developed more recently. Trial solutions are
allowed to be discontinuous in time, leading to the so called discontinuous Galerkin
methed. Continuity across time slabs is only enforced weakly, This method was orig-
inally designed for first-order hyperbolic equations by Lesaint & Raviart [LeR] and
was used for the time diseretization of the convection-diffusion equation by John-
son, Nivert & Pitkiranta [Jol|, [JNP], [Na), since their analysis [JP] showed that the
convergence properties of this formulation are the same az those encountered for the
Streamline/Upwind-Petrov-Galerkin method in the steady-state case, that is, it is of

order A™*¥ when a finite element partition of diameter & and a piecewise polynomial
interpolation of degree m are used. In the abhoveé mentioned references, it is proved
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that this order of convergence is maintained for the fully discrete transient conveetion-
diffusion equation. Later, the method has been applied to a wide variety of transient
problems, ranging from the Navier-Stokes equations to elastodynamics by Hughes et
al. (see [HH1], [HH2], [Sh], [SHu| and references therein), The resulting scheme is
unconditionally stable, in contrast to the stability requirements found for some time-
continuous formulations [Ba]. The improved stability of the discontinuous Galerkin
method is not its only advantadge. Unstructured meshes both in space and time can
be easily accomodated, thus allowing the tracking of sharp fronts in the space-time do-
main through the use of mesh adaptivity techniques [Ha]. Furthermore, the fact that
the method is based on an integral from of the differential equation allows for simpler
convergence proofs and error estimates.

The mishehavior of centered schemes observed when the first spatial derivatives
of the differential equation are important may also be present in time. A remedy may
be devised for each of the three approaches described above, namely, the finite differ-
ence method, the continuous in time finite element interpolation and the discontinuous
Galerkin method. If a two-level finite difference scheme is employed, this remedy is
quite simple: the use of the backward Euler scheme introduces numerical dissipation in
time that precludes the oscillations in a natural way, However, it must be noted that
this method is only first order accurate and numerical results are somehow overdamped.
Using a continuous in time finite clement approach, Yu & Heinrich [YHI1], [YH2] de-
veloped a Petrov-Galerkin method with the weighting functions depending also on the
time discretization. Although results were very accurate, the formulation was found to
be too expensive from the computational point of view. Also in the context of finite dif-
ferences, the temporal discretization may be taken into account [TG] This point will be
discussed in more detail in the next section. Finally, when the discontinuous Galerkin
method is used, the way to overcome oscillations is obvious: just do the same as for the
stationary problem. Hughes et al. used the Galerkin/least-squares method for both
space and time [HFH], [HH2], [§h|. The analogue of this approach using continuous in
time interpolations was introduced earlier by Nguyen & Reynen [NR].

The time discretization that will be used in this work is based on a finite differ-
ence scheme, the generalized trapezoidal rule described in the next section. In spite
of the advantatges of the discontinuous Galerkin method reported earlier, there is still
room for simpler schemes as the one that will be used here. First, it is casier to obtain
higher accuracy in regions where the solution is smooth (in the space-time domain),
Second order aceuracy is obtained with the Crank-Nicolson algorithm, which is easy
to program and cheaper than the linear in time interpolation that must be used for
the discontinuous Galerkin method if a similar aceuracy is desired. This linear inter-
polation doubles the number of nodal unknowns with respect lo the Crank-Nicolson
algorithm. On the other hand, sometimes it might be useful to use an explicit scheme,
perhaps only as a way to reach the steady state.

This last point is the main concern of this chapter. In Section 2.3, the stability of
the forward Euler scheme is analyzed both for linear and quadratic elements, assuming
that the space discretization has been carried out using the SUPG method. This stabil-
ity analysis is done for the one-dimensional equation using the classical von Neumann
stability eriterion. The extension to multidimensional situations and general meshes
diseussed in Subsection 2.3.5 is necessarily ad hoe, although the time step limitation
found in the former case gives an estimate of the eritical time step above which the
algorithm becomes unstable. A vast amount of numerical experiments support this
idea in many situations [MG). For the present case, several numerical experiments have
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also been conducted (Section 2.4) confirming the theorctical predictions obtained here
and from which some practical conelusions may be drawn.

2.2 The generalized trapezoidal rule
2.2.1 The continuous problem

The notation already introduced in Chapter 1 will be kept in what follows. Let {0, T']
be a given time interval, with 7 > 0. If for a given ¢ € [0, 7] a function $(x,t) of the
space variable x and the time ¢ belongs to a space H of functions defined on the domain
§), the mapping ¢ v (-, ) from [0, T'| to H will also be denoted by ¢(t). The transient
convection-diffusion problem that will be considered can be written as follows: Find a
function ¢ = ¢(x,t) such that

D a-9g-v(kVH =1, i 0x(OT) (21)
b=gq, on I'p % (0,T) (2.2)

nk-Vé=r, on Iy x(0,7) (2.3)

d=a", on flx {0} (2.4)

where now the velocity ficld u, the diffusion tensor k and the given functions f, g and r
may also be time-dependent. For simplicity, u and k will be assumed to be constant in
time and u divergence free, The function ¢° = ¢°(x) is a given initial condition. Since
we are interested in the semidiscrete formulation of problem (2.1)-(2.4), the spaces of
test functions ¥ and of trial solutions ® that will be needed are

P:={ye HY(N)|¥=00nTp} (2.5)
$:={¢:(0,T)— H'(§1) | p=gonTp x (0,7} (2.6)

The weak form of problem (2.1)-(2.4) is: Find ¢ € & such that
Lo +ad@0)=10)  Wew, te@n) @7
($0),0) = (¢°4) Ve ¥ (2.8)

where the bilinear form a and the linear form { are the sameé as for the steady-state
problem, viz.

KR o /r'(qbu-v¢+vf.b-k-v¢)dﬂ (2.9)
1) :=/n:,bf 9+ /rwdwd'[' (2.10)

Existenice and uniqueness of solutions for problem (2.7)-(2.8) can be proved under
certain regularity assumptions on the data. First observe that (2.7) makes sense for
¢ € L*0,T; H'(f2)), i.e., the H'-norm of ¢ is square integrable with respect to £, If
the components of u, k and Vu are bounded (i.e., they belong to L*(52)), f(-,) and
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4" helong to L3(92) and g € L*(0,7; HE(T'p)), then a unique ¢ € &1 L*H(0,7; H'(12))
exists satisfying (2.7)-(2.8) (cf. [Pi]).

If we define the operator A¢ & ¥, the dual space of ¥, by A¢(y) = a(¢,¢),
problem (2.7)-(2.8) may be written as: Find ¢ € & such that

diho oy s -
A=l ¥, te(07) (2.11)
H0)=4" in ¥

This form of writing problem (2.7)-(2.8) has a direet translation in the semidiscretized
equations. The idea is to discretize the operator A using finite elements. After this is
done (or before), ;ﬁ- is discretized using finite differences.

2.2.2 Discretization in space and time

We consider first the discretization in space. This is done in a manner similar to the
stationary problem, from which the notation is kept. The discrete counterparts of the
spaces T and F are

@y i={e ¥ | (e € Pu(Q)}C ¥ (2.12)
By, = {pe & | d(-,t)|ne € Bu(2*)t e (0, )} C & (2.13)

The Streamline-Upwind/Petroy-Galerkin method (SUPG) will be used for the
space diseretization of problem (2.7)—(2.3), This leads to the following system of ordi-
nary differential equations: Find ¢y, € &y such that

";%‘(‘?sh(f'):"ﬁh)m + apu(En(t), ¥n) = Loultn) Vipy € Up, LE (G,T) (2.14)
(n(0),9n) = (8%, 9n)  Vobu € T (2.15)

Here, the bilinear form a,, and the linear 1,,, are those given by Eqns. (1.39) and (1.40):

Nll
auu(bn,¥n) 1 = aldn, ¥n) + E j;' Chlu-Vey — V- (k- V)| d2 (2.16)
wil
Nt
) =10 + 3 [ G 1 a0 (2.17)
o=t V0
and the modified inner product (-, )., is
’Eﬂ.
(Buubidua = () + 3 [ Gy (2.18)
e=1 /0"

[t is clear that this method is eonsistent, in the sense that whenever 4 is a solution of
(2.1)-(2.4), then ¢ will also satify Eqn. (2.14) and the initial condition (2.15).
The perturbation {j, of the test function ), will ba

(n = 7°u" - Vi, (2.19)
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for each element. The meaning of the terms appearing in this expression has been
already explained in Chapter 1.

The time discretization of problem (2.14)-(2.15) will be earried out using the gen-
eralized trapezoidal rule (see any book on finite difference methods, for example [MG],
[MM], [RM]). In order to simplify the notation, subscript i will be omitted in what
follows, Let @ € [0,1] be given and let At be the time step size of a partition of the
interval [0, 7']. This time step may be either constant or variable depending on the time
slab [i", "], with n = 0,1,2,..., N — 1 and tN = 7. When all the terms appearing
in the bilinear form a,, are evaluated at time ¢ = ¢, we will write al}, and similarly
for the linear form [,,. We will alse write ¢" for the approximation to ¢(1"). The
generalized trapezoidal rule for problem (2.14)-(2.15) reads:

Forn=0,1,2,..,N = 1, given ¢" find ¢"*' such that

ﬁ(rﬁ““ — " P)an o+ 0 al (b ) + (1 = 0) af, (b, 9) (2.20)
=0 0 () + (1= 0) L)
This equation (2.20) may be rewritten as
(F™ P B0 0 TP (9 9) = DO LE W)+ B (L= O L) )

- At (l - @) ﬂ:‘u(fr":‘l') + (‘:’“:'ﬁ)m

For n = 0, Eqn. (2.15) has to be solved. Observe that if the given initial condition
#"(x) belongs to the discrete finite element space, ¢ will simply be #%(x) for n = 0.
For simplicity, we will assume thal this is the case, In fact, the usual methodology in
practice is to interpolate ¢%(x) in the diserete space and take this interpolation as the
effective initial condition.

Once a basis in chosen for the finite element space (i.e., shape functions), system
(2.14)-(2.15) can be written in the standard matrix form

Mp+Kp=F te(0,T)
8(0) = ¢°

where the dot denotes the temporal derivative and ¢ is the vector of nodal unknoewns
of the function ¢. The components of the matrices M and K and the vector [ are the
bilinear forms (:, s, @, and the linear form [,,, applied to the basis (shape) functions,
respectively. For the vector f, the Dirichlet boundary conditiona (2.2) have to be taken
into account. As usual, all this arrays are constructed for each element ¢ and then
they are assembled (see, e.g. [Hul, [2T]), System (2.22) is the discrete analogue of the
ahstract evolution problem (2.11). The matrix form of Eqn. (2.21) is

(2.22)

(M4 ALOK)PH = At 4 Ar(1-0) "
~ At (1 -0) K¢" + Mg" (2.23)

The general stability and convergence properties of algorithm (2.20) are well
known and ean be found in any standard text book, both on finite difference and
on finite element methods. For example, this algorithm is described in the context of
finite elements and for the diffusion equation (without convection) in References [Hul,
[Jo2], [RT|, [SF] and for the convection-diffusion equation (and other problems) in [CO,
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[C8§8], [£T]. Error estimates for the diffusion problem using the Galerkin formulation
are given in [Jo2|, [RT], [SF]. More information on the Galerkin method for parabolic
problems can be found in [LuR| and [Th].

It is well known that algorithm (2.20) is in general first order accurate in time
for any # € [0,1]. Second order accuracy is obtained only if 0 = -;-, the Crank-Nicalsan
scheme, The algorithm is unconditionally stable (and henee convergent) for 8 > %. For
lower values of @, there is a time step limitation for stability. Besides 0 = %, the other
two interesting cases are # = 1 (backward Euler) and = 0 (forward Euler). The former
is unconditionally stable and hags an important numerical damping. As it was already
said in the introduction to this chapter, this is an important attribute when the solution
develops sharp gradients in the space-time domain, since they will be authomatically
smoothed and oscillations will be precluded. The use of @ = 1 is also useful for the
first time steps. The reason is that it can be shown that the Fourier series expansion
of the solution of the continuous problem (2.1)-(2.4) has rapidly oscillating harmonics,
i.e., with high frequency, that are quickly damped when time increases. Many of these
harmonics cannot be reproduced by the time discretization, no matter how small Al
is. 8o, the best one can do is to damp them out by using @ = 1, at least for the first
time steps. See Reference [Jo2| for further discussion,

The case 8 = 0 is of interest since it yields an explicit scheme, in the sense that if
the mass matriz M appearing in (2.23) is approximated by a diagonal matrix, then the
solution of this equation is trivial and no solver for algebrale systems is needed. The
stability requirements of this scheme is the ebject of the next section.

The description of the fully discretized problem is now complete. It only remains
to discuss the choice of the intrinsic time * in Eqn. (2.19). A possible choice would
be the same as for the stationary problem, i.e.

= — (2.24)

Following Tezduyar & Ganjoo [TG|, suppose that instead of 7" we take
re = Capr*

where C'y, depends on the Courant number defined by

¢ = —— (2.25)

This dimensionless number ean also be defined for each element. For one-dimensional
pure convection problems, Tezduyar & Ganjoo found that the best time aceuracy was
obtained selecting C'y, as

2 2
r = -4 1— —_—
Cs -\/ﬁ! ( '15) ‘

when linear elements are used, In fact, when O3, = = fourth order phase accu-
racy is obtained for the forward Euler scheme [RG). This choice was used for general
transient problems in [BH] and [HT1]. However, we have found from several numerical
experiments that when diffusion is present or quadratic elements are used, Ty, = 1 is
optimum when errors are measured in the discrete L? norm [Col]. So, in what follows
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the choice of 7° and therefore the perturbation of the test functions (2.19) that defines
the SUPG method will be taken the same for transient problems as for the steady-state
case,

2.3 Stability analysis of the forward Euler scheme
2.3.1 General considerations

Let A be an n ¥ n matrix and ¢ = () an n-dimensional vector function of the time
variable t. When the numerical solution of a system of linear ordinary differential equa-
tions @ = Az is attempted using a two-level finite difference scheme, the final algebraic
system to be solved at each time step will have the form "t — Ez", the superscript
denoting the time step level and B being a certain n X n matrix. Since the error z will
also satisfy the difference scheme, we will have that ="*! = Ez". Stability requires
that ||z"|| must be bounded for any n. Since

“;nal-:” = ||E"| = ”Eﬂ-i-lzﬂn < ”E“n-lﬂl";u”

stability will hold whenever
EE (2.26)

In fact, one ean show that only
&) =14 O(At)

is necessary [MG|, [RM], where At is the time step sise. However, in practice one
neglects the term O(At) and what is really checked is condition (2.26).

The symbol ||-|| used above denotes any vector norm when it is applied to a vector
and the associated matrix norm when it is applied to a matrix. When the differential
gsystem comes from the space discretization of a partial differential equation, matrix A
and hence F will depend on the space discretization size h, as well as on the boundary
conditions. Cheeking (2.26) for any h, At, space geometry and boundary conditions is
in general intractable. Alternatively, the condition

o(E) <1 (2.27)

is verified. Here, p(E) denotes the spectral radius of E (i.e., the maximum absolute
value of the eigenvalues of E). It is known that, for any matrix norm || - ||,

o(E) < || E| (2.28)

Thus, condition (2.27) is obviously necessary, but net sufficient for stability. It can
be proved (see, e.g. [MG]) that the equality holds when F is symmetric or similar to
a symmetric matrix, that is, there exists a non-singular matrix P such that P~ EP
is symmetric. When the differential system results from the space discretization of
the convection-diffusion equation, matrix ¥ is not symmetric (the convection operator
is skew-symmetric for divergence free velocity fields). Historically, the use of (2.27)
has caused confusion since it leads to misleading results. See Reference [SG| and the
discussion originated in References [HGG| and [Mo.
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Another way to study the stability of finite difference schemes 13 the von Neu-
mann method, based on a Fourier mode analysis of the error z, It is assumed that
this error can be expanded in Fourier series. This requires periodicity of the problem
in the space domain. When this condition does not hold, the von Neumann criterion
only gives necessary conditions for stability. Nevertheless, experience and also some
heuristic considerations show that the necessary condition for stability obtained using
the Fourier analysis is much more precise and useful than the one based on the spectral
radius (2.27). An interesting discussion of this fact can be found in References [HGG|
and [Mol, In the former, several simple cases with different boundary conditions have
been studied by checking the stability condition (2.26) and showing the effectiveness of
the von Neumann criterion. It iz also argued that the reason why this method works
so well in situations where a priori it is not sufficient for stability is that instabilities
are generated far from the boundary. Thus, boundary conditions do not play a decisive
role on the stable or the unstable behavior of the scheme.

Having this considerations in mind, in this section we will consider the follow-
ing initial-boundary-value problem: Find a scalar function ¢ = ¢(z,¢) satisfying the
differential equation

o 04 0% .

at-l‘u-é':——'- "é';;— Dsz<é, t=0 (2.29)
as well as the mitial condition
$(z,0) = ¢%=z), ODca<t (2.30)
and the periodic boundary conditions
_ a¢ _ ¢ :
0.0 =9(t,t) and 20,0 = SE(e) (2.31)

for ¢ = 0. The constant diffusion k 15 positive and, without loss of generality, we will
assume the constant velocity w to be also positive. Tor the sake of clarity, source terms
have alse been omitted, The stability of the forward Euler scheme in time and the
Streamline-Upwind /Petrov-Galerkin method in space will be analyzed for both linear
and gquadratic finite elements using mainly the von Neumann method. This analysis
is obviously restricted to this simple one-dimensional problem using a uniform finite
element partition. Nevertheless, it gives a critical time step that provides an estimate of
what might be used in general situations, The extension to multidimensional problems
will be briefly discussed in Subsection 2.3.5.

Let N(z) denote a generie shape function. It has been seen in Chapter 1 that the
SUPG method for problem (2.29)-(2.31) consists in taking the weighting functions as
N(z) plus a perturbation P(z) of the form

ahdN
He)=

where a is the upwind function, depending on the Péclet number

nh
= 2% (2.32)

In order to simplify the exposition, here we will consider that the asymptotic
approximation to the optimal upwind functions is nsed. Box 2.1 summarizes their ex-
prossions for linear and guadratic elements, both uzing the standard shape funetions
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{canonical basis) and the hierarchic approach. Recall that for quadratic elements a
different upwind function is needed for the extreme nodes (a) and for the central nodes

(8).

Box 2.1 Upwind functions

Element Extreme node Central node
Linear o= min(%, 1)
: - min(L = mnin(L
Quadratic standard @ = min( 13’ 1) A = min( 13’ 2)
prT— S & il
Quadratic hierarchie @ = mm(,1 % 3) /= min( 133

Let 0 = 29 < 21 < ... < 2y, = £ be a uniform partition of diameter h of the
interval [0,5}, Element &, ¢ = 1,2, ..., Ny, will be defined by the nodes placed at the
abcissa z,_y and .. If quadratic elements are used, the eentral node will ba placed
ab 2,y = -}(a:,_,‘ + z.). If ¢ = (1) is the vector containing the nodal unknowns
of #(z,1), the application of the SUPG method to (2.29)-(2.31) will lead to an initial
value problem of the form (2.22):

M@+ Kg=0 t=0
#(0) = ¢°

If the forward Euler scheme is now employed, once ¢ is known at time level &7,
¢"" will be found by solving

(2.43)

Mg™! = Mg - AtK¢" (2.34)

This scheme is only useful when the matrix M is approximated by a diagonal matrix
M,. In this case, "' can be obtained explicitly from ¢":

én--lv'.l — éﬂ =. ileElKé“ {2'351

Observe that # =1 — ELM;‘K, with the notation introduced earlier. Clearly, matrix
M, must be nonsingular and positive-definite, since otherwise the analogue of (2.33)
obtained by replacing M by M, would be unstable, Thus, the diagonal entries of My
must be positive. This matrix M, can be easily obtained by using the classical row-sum
lumping technique or through nodal integration when the standard shape functions are
used [Hu|, [2T), i.e., when the shape function N;{(z) associated to a node i satisfies
Ni(z;) = &3, the Kronecker symbol, when applied to a node of abeissa z;. In this case
2.e—i Ne(z) = 1. However, the situation is more delicate when the hierarchic approach
is used. We will come back to this fact later.

The purpose of what follows is to analyse the stability and accuracy of (2.356).
First, linear elements will be considered. The stability condition in this case is well
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known (see, e.g. [HGG], [Mo]), but this will serve us as an introduction to the somehow
more complicated situation encountered when quadratic elements are treated. More-
over, our interest here is to discuss what happens when the SUPG method is used.

The use of quadratic elements deserves an explanation. The best space accuracy
one can hope for is an error of order O(A") in the L? norm. On the other hand, the
forward Buler scheme is only first order accurate in time, i.e., errors are of order O(At).
Thus, it is apparent that space and Lime errors will not be properly compensated unless
At be very small. Nevertheless, the Euler scheme may be useful to solve a steady-state
problem. One may think that the time steps are in fact iteration steps of a relaxation
procedure,

2.3.2 Linear elements

When linear elements are used, matrices M and K appearing in Eqn. (2.34) will be
obtained by assembling the element matrices

hii-la Ll-ia
M= — b 2 ¥
g (%+ o §+én)
K® = 2k ( Hi4ay-v) -i0+ay -1))
" ~d1tayt+r) (4 aytq)

Matrix M* may be diagonalized by using the row-sum lumping technique (see [HT2]
for different choices of M® arising from numerical integration). Once this is done and
the element matrices are assembled, a typical algorithmic equation for an internal node

m resulting from Eqn. (2.35) is

gt = ot e[ (4 5) G =200+ 0) = 35 (O = #)| (230

Stability and accuracy

The analytical solution of problem (2.29)-(2.31) may be expanded in Fourier se-
ries, each mode having the form

&(:. t)=a g-létiv)t yiKe (2.37)
where a is the amplifude of the mode, K the wave number, £ := kK? the damping,
w 1= Ku the frequency and 7 := +/—1. Let

i.:l =t Ep-(f"-i-iw"jnﬂi gifimh (213J
be the harmonic corresponding to (2.37) evaluated at (z,¢) = (zm,t") = (mh,nAt)
for the discrete problem. Here, £" is the algorithmic damping and w” the algorithmic
frequency. Although only discrete values of K can be reproduced by the discretization,

we will consider as usual that K is any real number.
The amplification factor arising from scheme (2.36) is

¢n+ 1
¢n

A = —1+(-2~@-é-t+rr£é—t) (msKh—l)—t-—-;%—t-smHh

h?

=1_|_(E..|_q¢)(maf{h—l,)—ic sin K h (2.39)
5
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where ¢ := uAt/h is the Courant number.

The von Neumann stability criterion requires that |A"| < 1 for any K. Define
z = cos Kh, z € [~1,1]. The stability limit will be found by examining under which
conditions the function

| A3 (z) = [1 i (% 4 ac) (z- 1)]ﬂ Fet(1-27)
is =1 for =1 < z = 1, Using the abbreviation
b= 5 + ac
inequality |A"|*(z) < 1 reduces to
24 b}z =1)=e2(z41)20 (2.40)
for —1 < z < 1. Condition (2.40) holds if, and only if,
b<i and e <b (2.41)

that may be equivalently written as

3 ¥ 1
{ e .
c"zmn(1+n7,7+a) (2.42)
It is easy to see that !
¥ L
Th oy = - + & (2.43)
whenaver & exceeds the eritical value
1
=1 —= 9 44
1= (24)

From the expression of the upwind function for linear elements given in Box 2.1 it
follows that a > a.. Therefore, inequality (2.43) holds and (2.42) is simply

7
¢S 1 s (2.45)

This iz the sought stability condition.

Remarks 2.1

(1) Observe that if a = 0 (Galerkin method) the algorithm becomes unconditionally
unstable when y — oo, since in that case condition (2.42) requires ¢ = 0.

(2) Recall that the condition & = a,, with a, given by (2.44), had already been found
in the last chapter as the condition under which no oscillations appear in the
numerical solution of the stationary equation.

(3) From the expression of a, it follows that (2.45) reduces to

e<1 in the advective limit (y — oo0) (2.46)
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and ;

At < %:r in the diffusive limit (u — 0) (2.47)
Inequality (2.46) is the CFL condition. Tt is well known that it is the best one
¢an hope for, 0

The stability region dictated by (2.42) when a = 0 (Galerkin mehod) and when
a = min($,1) (SUPG method) has been plotied in Figure 2.1

In order to determine the formal accuracy of the algorithm, hoth the exact and
the numerical amplification factors, A and A", will be expanded in powers of At and
h. Let ¢™(z) = ¢(z,1"), with ¢ given by (2.37). The analytical amplification factor is

A:= M’fﬂl = o (kKT 4iKujAe
¢™(2m) |
=1 (kK? + iKu)At + %-(k*ﬂ' VoK% 4 2ikK%)AE + O(AF)  (2.48)

whereas the algorithmic amplification factor given by (2.39) satisfies

1

Qnuh’“hm + O(R*AL) (2.49)

Al = 1 = (RE? + iKu)At -
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Since A = ¢~ (EHw)At yng gh = = (E"HWMAL (ke damping error and the frequency
error will be one order of At less than the amplification factor error. Comparing ex-
pressions (2.48) and (2.49) we see that

o A~ A" = O(ahAt) and hence £ — £ = O(ah) and w ~ w" = O(ah), This formal
estitnate is clearly pessimistic, since for a properly chosen upwind function & we
know that the accuracy is much higher than with & = 0. This fact has also been
observed in [SHu], where predictor-corrector algorithmas for tha Galerkin/least-
gquares method are studied,

o If @ = 0 and h* = CAL, C being a constant, we have that A — A* = O(A¢*) and
thus £ — £* = O(At) and w — w" = O(At). The algorithm is formally first order
accurate in time, although it suffers from very important spatial oscillations when

the Péclet number v is high.

Remarks on the Taylor-Galerkin method

The Taylor-Galerkin method introduced by Donea [Dol], [Do2], is nothing bui the
finite element counterpart of the Lax-Wendroff method in the finite difference context,
Although its basic motivation is quite different, the final formulation is very similar to
the SUPG method for the problem considered here and using the forward Euler scheme
in time. Basically, only the definition of the upwind function o differs. Whereas in
the SUPG method it is designed considering the space accuracy (the error analysis
dictates its asymptotical behavior) the time discretization is the starting point of the
Taylor-Galerkin approach. The final algorithm results in the choice & = ¢, the Courant
number, for the upwind function.

Here, our aim is to point out that the previous discussion is also valid for the
Taylor-Galerkin method if & is set equal to ¢. In particular, the results obtained in
References [Dol], [Do2] and [Pe] may be easily recovered,

Recall that, for stability, conditions b < 1 and ¢* < b are needed (cf. Eqn. (2.41))
and we have séen that if & > a,, with a, given by (2.44), the former is more restrictive
than the latter, However, if

%> g=——
-?
we have that
b:-E-L-m.'g -'E--{- (t:—-lr-).'::r."'t
7 7 7

and hence ¢? < b always, not only when b < 1.
The stability limit of the Taylor-Galerkin method is also (2.45). Setting a = ¢

yialds
S fmptl- g 2.50)
£ < yoe 5 (2.

It can be easily seen that this limit is slightly less restrictive than (2.45) with a =
min(, 1).

Concerning the accuracy, we will always have that £ — ¢h = O(At) and w — wh =
O{At). Moreover, for the particular case k = 0 (pure convection) and for h* = CAt,
with (' a constant, second order accuracy is obtained, i.e., f —£" = O(At?) and w—wh =
O(At*). This follows from the comparison of (2.48) and (2.49) with & = ¢. The reader
ig referred to the above quoted references for further discussion.
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Algorithmic damping ratio (ADR) and frequency ratio (AFR)

From the practical point of view, it is important to have a global feeling of how
the algorithm behaves for the whole range of space sizes h. The algorithmic damping
ratio and the algorithmic frequency ratio are dimensionless numbers defined by

Eh wh
ADR := g and  AFR:= - (2.51)

respectively. The ADR gives a mesure of the dampig error and the AF R of the phase
error. These quantities are functions of the dimensionless wave number K := Kh. The
numerical method can only repraduce values 0 < K < r, the upper bound ¢orrespond-
ing to two elements per wave length. For accuracy, it is commonly argued that at least
ten elements per wave length are needed [BH], [SHu|, corresponding to K = 0.6.

In Reference [TG], the ADR and the AF R are plotted only for the pure convection
problem, whereas the convection-diffusion case is considered in [SHu], although not for
tha forward Euler schema. We will do this here, considering also the relative importance
of convection in the problem.

Given a diffusion & and a velocity u, let us write the Péclet number v as

u
= g Kh= okt (2.52)
The coeflicient vy, is proportional to the global Péclet number. We will eall it convection
factor. Low values of ¥4 will indicate that diffusion dominates, whereas convection will
be dominant for high values of 7q.
On the other hand, the Courant number will be taken as

=€y

"
e (2.53)

For stability, cg < 1. This value ¢g will be called security factor.
Having introduced vy and e, the analytical amplification factor and the algorith-
mic amplification factor will be

A = exp (—‘EE - icff’)
Al =1 4 colcos K - 1) = fcsin i

with ¢ given by (2.53), v = 90K and & = min(Z,1). The factors 4 and A" will be a
function of the convection factor 7o and the security factor ¢g. Hence

ADR = (log|A")) (log|Al)™" = ADR(co, 70, )
AFR = (arg A") (arg 4)™ = AFR(eo, 70, K)
We have considerad the eases 93 = 0.1, 1 and 10 as representative of problems

with different importance of convection. For each case, the ADR and the AFR have
been plotted for ¢ = 0.25, 0.5, 0.75 and 0.95. Results are shown in Figure 2.2, Since
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the sign of w” only affects the imaginary part of A" the absolute value of AFR has
been plotted.

The conclusions that may be drawn from these plots can be predieted considering
the mode K = . In this case

- B ]2 -
|A] = up( 5701 +7n#) (for & = 1)

| A" = (1 — 2eq|

We see that when 79 — oo, then |A| — 1 and hence £ — 0. In order to obtain values
of ADR = 1 (for precluding oscillations), security factors close to 1 (in which case also
£h is small) may be used. But if ¥4 is fixed (< oo) and ey = 1, the mode K = 7 is not
damped in the numerical solution and ADRK = 0. Oscillations or unphysical behavior
may be expected if the analytical solution exhibits this mode.

Since for ey = 0.5 it 15 |A"| = (), for 79 < oo we will have that ADR — oo as
K — w, From Figure 2.2 it is seen that ¢ = 0.5 gives an important damping for the
whole range of K and the different values of 75. We conclude that this choice of ¢q is
‘snfe’ and especially useful if only the steady-state solution is of interest. Moreover, the
AFR is ¢lose to 1, showing that the phase (or d.iapersiun) errors will be small, This
fact will be confirmed by the numerical experiments presented later,

2.3.3 Quadratic elements I 1 canonical basis

Suppose now that the spatial discretization of the problem is performed using quadratic
clements. Here we will consider that the standard shape functions are used (see Figure
1.1). The element matrices M® and K° are

4 _a I _Za _
M'=ﬁ(f+3?§ “.I%J l%g_+3£§)
2| 5773 1 1%

LT

fEtat (i) —i-2049(8-%) staty(-i+8)
=B 000 et e (-9)
imety(E+g) -ft2etr(-i-4) f-arr(i+ )
Once again, M? may be diagonalized by using the row-sum lumping technique. Observe
that when this is done the effect of the SUPG weighting disappears in the assembled
matrix M.
The situation is now more invalved than for linear elements. Two different typical
algorithmic equations will be found for the internal nodes of the finite element partition,
one for the extreme nodes and another one for the central nodes. The stability of each

sat of equations has to be studied separately, as well as its accuracy, These equations
are

s Central nodes:
‘#’::.l;_ = [G(l + Eﬁ) 4 25-] e [1 -4 (5 + ﬂc)] ¢:|+&.

" [—cu ~2p) 4 25] " (2.54)
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e Extreme nodes:

¢;+l i [_3

4 2 4 \].,
§+2n) - 3¢ (;5— Eﬂ)] m b
¢ (1 O O [P
+ _'3?(E+“) + 3e (-‘; - ga)] a1 (2.55)

The Courant number used in these expressions is also uAt/h, where h is the total
length of the elements.

Stability and accuracy

Define :ﬁ(m,t) and ‘f’::'-ﬂ as before, with ¢ = 0 or ¢ = L. We first consider the
stability and accuracy for Eqn. (2.54) (central nodes), i.e., ¢ = %. The amplification

factor in this caze will be denoted by Ai‘. It is given by

gt . A
Ai‘;:._:'ﬂt=1+4($+ﬁc) (cnsﬂ'%-l)—-iﬂc zu'nI{E (2.56)

T g—

To obtain the von Neumann stability condition in this case is an easy task, It ¢can be
done exactly as for linear elements, Omitiing the details, the stability limit is found te
be

S (O .
cE"“n(-l(Hﬁ*r)'*r H’) (341

It can be easily verified that

¥ 1
S S =P8 2.68
Ay = 7 (2:58)
whenever 2 = ., with 3
fe =5 - 7 (2.59)
From the expression of the function g given in Box 2.1, it can be shown that g = f..
Since (2.58) holds, (2.57) reduces to

+
s ) (2.60)

This is the stability requirement for the central nodes.
The expansion of A" in powers of At and h yields

AR = 1 = (hK? 4 iKu)At + O(BhAL) + O(h*At) (2.61)

The analytical amplification factor is given again by (2.48). Exactly the same com-
ments concerning the accuracy of linear elements may be done for this case. As it
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could be expected, the accuracy of the algorithm is driven by the time discretization.
No improvement is obtained because of the use of quadratic elements,

Consider now the algorithmie equation for the extreme nodes (2.55), The corre-
sponding amplification factor will be denoted by AP, Its expression is

jn+1
A== (E ¥ cu:) + 8 (E- + m:) chﬂ - (.f. + rxc) cos Kh
7 7 2 \7

i [- (ﬁia = r.') sin Kh + 4 (aia - n) ainf:'fi] (2.62)
7 (] E

Let us introduce the abbreviations

h
£ 1= ¢o4 It’g
[
b= =4 ae (2.63)
T
d:=6=a—2¢
5 |

which after using some elementary trigonometric relations allow to write |AN|? as

|AR?(2) = 1—ab(z — 1)(2 - 3) + 4b%(z — 1)*(z - 3)*
—(z—1)(z+ 1)[2(d - ¢) — 22]* (2.64)

The von Neumann criterion |A:‘|'2 < 1 for any z € [—1,1] leads to the inequality p(z) =
0 in the interval [~1,1], where p(z) is the third degree polynomial

p(z) i= =b(z = 3) bz - 1)(z~ 3)1 —(z4 1)(d=c— d:): (2.65)
There are two obvious necessary conditions for having p(z) = 0 in [~1, 1], viz.
p(1) =0 e= & <b (2.66)

p(-1)20 o= b< (2.67)

We now prove that (2.66) and (2.67) are also sufficient. Let us write p(z) as p(z) =
apz® + a12* + azz + a3. Suppose that ag # 0. This polynemial may have two local
extrema, located al the abeissa z; and zy given by

n=¢(+o and n={(—-a (2.68)
whers the notation
iy 1 F
‘: — —'a-'d—n'; o= 3_dn (ﬂi‘ - 3ﬂ-nﬂ!)}

has been introduced, Assume now that the following two conditions hold: (i) a5 > 0,
(ﬂ) —day = day.

If ag = 0, then p(z) — +eo as 2 — +oo and p(z) — —co as z = —oo. Hence, if
p(2) has a local minimum loeated at =z, and & loecal maximum located at zyy then it
must be x,, > zp. From (2.68) it follows that 2; = z,, and 2 = 2. If condition (ii)
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holds, then { = 1. Since z; > {, we have that if p(.:) has a loeal minimum it iz loeated
out of the interval [~1,1] and conditions (2,66) and (2.67) will suffice for stability.

It only remains to check inequalities (i) and (ii). Expanding the polynomial p(z)
given by (2.65) it is found that

ag =W +d* >0

4 2
—ay—3ag = {;{(1 + ay)* + 6aly - Ga)]

Since the upwind function « is < /6 we have that —a, - 3ag > 0, i.e., condition (ii)
holds.
Inequalities (2.66) and (2.67) can be written as

. 5 1
< T (A .
o= Hun(B(il P +ﬂ) (2.69)

As for the cases considered before, we have that

¥ 1
— L . 4
8(1+ay) =~ v he (2:10)

for oo = o, where now the ‘eritieal’ value o, i

vz

WV 1
e =3 v

(2.71)

The upwind function & given in Box 2.1 verifies o > a,. Inequality (2.70) holds and
hence (2.69) may be simplified to

v
€= 81+ a9) (2.72)

This is the sought stability limit for the extreme nodes.

The algorithm will be stable only if both (2.60) and (2.72) hold. Since a = 3, we
have that (2.72) is more restrictive than (2.60). Therefore, we finally obtain that (2.72)
is the necessary and sufficient condition needed to satisfy the von Neumann stability
criterion.

Remarks 2.2

(1) The key steps in which the behavior of the upwind functions & and f has been
needed in the above development are A > A, & > a,, a < 1y and a > 3, with
a, and A, given by (2.71) and (2.59), respectively, In the previous chapter we
have shown that the ehoice o = § = min(F, 1) may also be used. Clearly, for this
unique upwind function also (2.72) is the stability condition.

(2) From (2.57) and (2.69) it follows that the Galerkin method (a = 3 = 0) becomes
unconditionally unstable when v — oo,

(3) From the expression given for a, condition (2.72) reduces to

£ in the advective limit (y — oa) (2.73)
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and
2

At < 'IF;TI# in the diffusive limit (u - 0) (2.74)
Thege conditions are clearly far from being optimal. Instead of (!?..73) one would
hope ¢ < 1/2 for the definition of the Courant number we have used. This limit
depends on the upwind function « and it could be thought that this lack of ‘op-
timality’ is due to the choice of this function. However, (2.74) is indapendent of
« and iz also suboptimal if the result obtained for linear elements is taken as a
reference. In particular, for a given set of nodes, the eritical time step for stability
will be higher using linear elements than quadratic elements (twice or four times,
according to (2.74) or (2.73)). Nevertheless, the numerical results presented later
show that the steady-state is reached in a similar number of time steps using linear
and quadratic elements. 0

Figure 2.3 shows the stability limits dictated by (2.60) and (2.72). It is observed
that the stability restriction imposed by the extreme nodes is much more severe than
the one imposed by the central nodes.

s : ' e '
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.
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[Migure 2.3 Stability limits for the convection-diffusion equation using
quadratic elements. C: Central nodes, B: extreme nodes,

So far, we have only considered necessary conditions for stability. However, we
can prove that the diffusive limit (2.74) is also sufficient. To see this, we apply now
the matrix method. Sinee for ¥ = 0 (and hence a = [ = 0) matrices My and K are
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symimetric, the spectral radius of T — AtM;ll{ is equal to its L?-matrix norm,
go = p(I— &.tM;‘K) = ||T ~ QCM;‘KH:

The necessary and sufficient condition for stability will be g < 1. Since go = |1 -

Atp(M7'K)| this leads to
2

At £ ——
o(M7K)
Applying Irons’ Theorem and solving an elomentary eigenvalue problem we obtain

(2.75)

g(MJ’K) = m;:l.x{l | det(K — AMy) = 0}
< max rrﬂx{.l" | det(K*® — A"M3) = 0}

=mn.x{0 -1~2—k- ﬂ}
"hEOR?
32k

TR

where M7 = Bdiag(}, §, 1) comes from the ‘lumping’ of M*, Since

2 5 h?
e(M7'K) = 16k

it follows that (2.74) implies (2.756). Stability is ensured.
The results obtained up to now are summarized next.

Proposition 2.1 Consider the forward Euler scheme defined by the algorithmic equa-
tions (2.54) and (2.55). Let the upwind functions be a = min( f’i-, 1) and # = min( ﬁr. %)
Then, the algorithm satisfies the von Neumann stability condition if, and only if,

T
L errre—r——
fa 8(1+ ay)

Moreover, for uw = 0 the condition

X
] e
At s 16k

i5 both necessary and sufficient for stability. 0

Not much new ean be said about the accuracy when the extreme nodes are con-
sidered. The expansion of the amplification factor A" in powers of At and A is

Al =1 - (RK? + iKu)At + O(ahAl) + O(K2A1)

that has the same form as Eqn. (2.61). What was said for the central nodes also applies
here,
Algorithmic damping ratio (ADR) and frequency vatio (AFR)

As for linear elements, the ADR and the AFE have been plotted for values ey =
0.25, 0.5, 0.75 and 0.95 of the security factor and 49 = 0.1, 1 and 10 for the convection
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factor. Here, the ADR and the AFR are referred to the extreme nodes. Now the
numerical method can reproduce values of K in the whole interval [0, 2x], the upper
bound corresponding to a single element per wavelength (three nodes).

From the plots shown in Figure 2.4, it is seen that the choice ey = 0.5 is also ‘safe’,
as it happened to be for linear slements. The ADR is always > 1. However, now the
phase errors for this value of the security factor are higher than for linear elements.
The salient point of these results is that eg = 0.95 gives values of the AD R higher than
1in a range much wider than for linear elements, especially for v = 10. This indicates
that the algorithm will have an important amount of numerical damping. Although
this fact has a negative connotation when the time accuracy is crucial, it is beneficial if
only the steady-state is sought. This explains why the number of time steps needed to
reach the stationary solution are similar for linear and quadratic elements, even though
the critical time step for stability is smaller using quadratic than linear interpolations,

2.3.4 Quadratic elements II : hierarchic approach

Now we consider that the quadratic finite element interpolation is done using the hier-
archic basis. The shape functions for each element are shown in Figure 1.6 (Chapter 1).
The matrices M® and K* obtained using the SUPG method are

af3-% 1-% L+3
M'=§(§+?f T )
f+g $+% 8

VA IE [ TT e G
I I I

“it1(-1-9) 20-9d b+ (d
where the upwind functions o and 3 are given in Box 2.1.

ol

+4

Diagonalization of M*®

For simplicity, we will consider the matrix M*® with @ = # = 0. It is not
clear how to obtain a diagonal matrix Mj that approximates M®. Now the prop-

erty Eﬁ"i N.{m) = 1 does not hold and the row-sum lumping technique does not make
senge. If a nodal quadrature rule is used, the resulting matrix will not be diagonal,
since now Ni(z;) # ;;, with the notation used earlier,

Let N¥ be the vector whose components are the standard shape functions of a
quadratic element and N the vector containing the hierarchic shape funetions. Since

N¥ = TNH with
1 0 -
T = (D 1 —f)
0 0 1

the matrix M obtained with the standard formulation will be related to M* by
M* = M T” (2.76)

Suppose that M*® is approximated by a diagonal matrix MY, of the form

e b
Mj = Edmgu‘n‘"r“) (2.77)
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Formula (2.76) with M* replaced by MY given by (2.77) yields

T L s A

M=z | —gd W R (2.78)

Lyt . P

This expression gives an iden of how the ‘masses’ of the extreme nodes p and of the

central node p have to be splitted in order to obtain a diagonal hierarchic matrix MJ.

Now, let us try to obtain (2.78) by using a certain three point quadrature rule.

Let =1, 0, 17 be the position of the integration points in the reference inferval [—1,1]

and w, w/, w the corresponding weights. Since the quadrature rule has to integrate

exactly polynomials of degree at least one, w and w' must verify 2w 4 w' = 2. Moreover,
if & matrix 1\?[; of the form (2.78) is to be found, the following relations are needed

3 2 2 = 1 1
T QAr) =edop
Swn?(l = 9°) = =
3+ quz(w* ~2)=u
from where it follows that

p= and ' =-3(1-7")

[ X

Since 0 < 5 < 1, then y' < 0. Hence, matrix M§ and the assembled matrix My
will be notl definite and cannot be used to solve a transient problem Mmi'n + K¢ = 0,
However, the proposed integration rule might be useful for other purposes such as the
least-squares smoothing of a discontinuous funetion (see, e.g. [Hul, |Z2T]).

Stability

Having in mind the previous considerations, a matrix Mj of the form (2.77) will
be taken, with p = 0 and g’ > 0. The transient evolution of the system Mg+ K¢ = 0
will not be an approximation to the real problem (2.33). Only the steady-state of both
problems will (hopefully) coincide. Scheme (2.35), with M replaced by My can be
thought of as a Jacobi-type iterative method to reach this stationary solution.

As before, two different sets of algorithmic equations will be found for the internal
nodaes, If we define the sealed Courant numbers

&= p% and  &:= i’% (2.79)
these equations are
e Central nodes:
, s
'Iﬂ':::} = 2847 + [1 - 8 (% + ﬁE')J ;P% - 26'9‘):,_'_1 (2.80)

& Fxtreme nodea:

gt = %E mc(ﬂt 1 1)] ey + [ b — FEC] ‘Iﬁm.i

+ 1—3——3@] m o+

ﬁ-cx— - zz-l P

4 ——+—r*(a t)] " (2.81)
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The amplification factor for Eqn. (2.80) is

d.ﬂ-l—l

=i
A?::;ﬂt:1-3(L+ﬂﬁ')—54£'nian
Tl a-r

mtt
which verifies |A?| < 1 whenever

148y

S P TI Y

(2.82)

Remnarks 2.3
(1) We see again that when # = 0 (Galerkin method) the scheme is unconditionally
unstable for ¥ — oo
(2) If the upwind function f given in Box 2.1 for hierarchic elements is used, the
advective and diffusive limits have the stability conditions

I

c= 7 (for ¥ - oo0) (2.83)
and -
At < EE’:— (for u — 0) (2.84)

(3) Clearly, the magmtude of u' affects pr:)pq:rl.immﬂy the time step size. What will
be important is the ratio p'/p, and not u or p! themselves,

(4) The discrete modes dr,“ given by (2.38) have to be considered from the series ex-
pansion of the error, since now ¢7 ja 8re mot the nodal values of the unknown

function, 0

Let us consider now the stability for the extreme nodes. The amplification factor
asgociated to Eqn, (2.81) is

Tt
AL':_“" _]—3——3rx?+’3( +ac)muff‘-
n ¥ 2
i
+ 1 [HEEsin Kh+ (l2ﬂ; - 46) sin R'%] (2.85)
Potung h
E 1= c0B Ii'vz-
i
bi= = i 2.86
TF- ( )
di=3%a—¢
b ¢

the square of the modulus of A can be written as
| AR (2) = [1 + 6(* = 1)8]° + 16(1 = 2*)(d — &2)?

Requiring |A?* < 1 for z € [~1,1)] leads to p(z) = 0 for z in this interval, where p(z)
is the polynomial
p(z) = 364 96%(* - 1) — 4(d — &2)? (2.87)
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Since the upwind funetion satisfies o < %, we have that d < 0. Rewrite p(z) as p(z) =
ap2® 4 ayz + as, with

ag 1= 96 — 4&*

aj 1= 8dc (= 0)

ag i= 3b— 9b% — 4d*
Two eases will be distinguished:

s ag = 0, In this case, p(z) = 0in [-1,1] if p(1) = ag + a4 + az = 0 and p(-1) =
dg — @y + s = 0. Since a; < 0, the former condition 1s more restrictive, 1t leads to

B tay) (2.88)

&<
= 4(3a - 29)?

s ag > 0. The polynomial p(z) has a local minimum located at 2, = —a;/2ap > 0.
The valua of this minimum is

By
M) = 4 1 2

Two subeases have to be considerad:

e If z; > 1, ie., —ay = 2aq, condition (2.88) is enough for stability.
e If z; < 1, then p(z;) = 0 is required, This leads to

i< 9(1 + ay)® — 49*
S '727(1 + oy ) 4 12(1 + ay)[(3a = )* = 7]

The final stability condition is rather cumbersome to define: if ag < 0 or ag >
0 and z; = 1 then (2.88) is needed; else, (2.89) is necessary. The value of ¥ that
determines if one or another condition has to hold will be denoted by 5. For the
upwind function a = min(%, #), it is found that ¥, = 1.23. Below this value, (2.89) is
the stability condition, whereas (2.88) has Lo be verified for higher values of y.

Figure 2.5 shows the stability limits for the central nodes (condition (2.82)) and
for the extreme nodes of hierarchic elements, always in terms of the scaled Courant
numbers (¢/p' and ¢/2u).

The advective stability limit for extreme nodes is found by taking v — oo in (2.88)
and the diffusive limit by taking u — 0 in (2.89). The results are

(2.89)

¢ % % for vy = o0 (2.90)
I
At < ’;—L for i =0 (2.91)

Sinee the values of yu and g/ have been considered independent, both the two
conditions (2.82) and (2.88) or (2.89) must hold in order to have a stable scheme.
Concerning the diffusive limit, inequalities (2.84) and (2.91) may be written together
s

ok #hz)
1< A g e 2.92
A—""'“(sh‘sh (2.92)
Exactly as for the case of standard shape functions, condition (2.92) is not only neces-
gary but also sufficient for stability, since when u = 0 it is found that

16k ﬁk}

-1 o
BDHC(Mz) K'= {0\, W. ;_.I'EE
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Figure 2.5 Stability limits for the convection-diffusion equation using
quadratic hierarchic elemenis, ©; Central nodes, B; extreme
nodes.

The following proposition summarizes the results that have been obtained.

Proposition 2.2 Consider the forward Euler scheme defined by the algorithmic equa-
tions (2.80) and (2.81), Let the upwind functions be a = min(, }) and # = min({%, }),
and 7, the value of the Péclet number defined above (= 1.23). Then, the algorithm
satisfies the von Neumann stability condition if, and only if,

where ¢y, ¢2 and ¢a are given by

Moareover, for u = 0 the condition

11,3 Z
oo i 12,80

¢

g i=9

min(g'ey, 2pea) iMy = 7.
min(p'ey, 2ues) My € 7.

72+ 4L+ Ay)

i 31'!1 + ct'y!

27 i(3a - 29)?

9(1 + ay)* = 49*

TR el 2T ) [(3e 1) = 7]

TRETY
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is both necessary and sufficient for stability. |

Remark 2.4
The values of ;i and p' have been considered independent but there is a simple
criterion to relate them in order to speed up the convergence of the algorithm to
the steady-state. With the notation used in Proposition 2.2, we could take p and
' such that \ ’
' Zpeg Uy =7
ey = {?#Ga iy < e (2.93)
This choice will not increase the critical time step, but will ensure that both the
equations for the central nodes and for the extreme nodes advance in ‘time’ as
fast as possible. In particular, for the advective limit it is easy to see that (2.93)
yields g = 24/, and for the diffusive limit ¢ = 4/, From numerical experiments
we have found that this reduces the number of required time steps about a 10%
for convection dominated problems, ]

2.3.5 Bxtension to multidimensional problems

The Fourier analysis of a difference scheme in a general multidimensional mesh is a dif-
ficult, if not impossible, goal. The expression of the critical time step in these cases is
necessarily based on heuristic criteria. In Reference [HGG] the following partial result
was proved for the finite difference method. Assume that the domain is two-dimensional
(for simplicity), discretized using a uniform grid and that the centered five-point stencil
is used to approximate both the first and the second spatial derivatives, Define

_ ughs _ uyhy
Ya = 2k, Ty = ok, s
ua Al uy Al
Cu 1= ;ﬁu ! Ly = —%”_:

where subscripts z and y refer to the Cartlesian directions, Under these conditions, the
forward Buler scheme satisfies the von Neumann stability condition if, and only if

ex¥e + ey < 1 and 8 4 i <1 (2.94)
T Tu

Let At, and Af, be the eritical time steps that would be found if the problem
were one-dimensional along the # and y directions, respectively. Observe that (2.94)
can be written as

At + Atart <1 (2.95)

Now suppose that a local system of coordinates ¢ and » is taken on each point, @
following the streamline and v normal to it. If we make the assumption that (2.95) still
holds true in this new coordinate system, Af must satisly

Atz AL,
At € —2 X
~ Aty + AL,

The problem is now reduced to compute Af, and At,. Since the velocity follows the
o —direction, At, is calculated using the diffusive stability limits and Ai, using the
general expressions obtained for one-dimensional convection-diffusion.

(2.96)
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In general situations what we do is the following. Let At® be the critical time step
computed using (2.96) for element e, i.e., using its characteristic diffusion and element
length and the Euclidian norm of the characteristic velocity within this element. The
global time step is then taken as

At = fymin (At') (2.97)

where f; acts as a safety factor, In the numerical results presented thereafter (examples
2.4 and 2.5) we have found f; = 1 effective in all the ¢ases except for the six-noded
triangular element, where f; < 1 has been needed. This method has also been sue-
cessfully applied to a quite different problem in Reference [Co2|, where the equations
arising from elliptic mesh generation are solved via a fictious transient.

Another question that arises using finite elements is the way a diagonal approx-
imation to the mass matrix is obtained. We have used standard nodal quadrature
rules for the next examples, Since the weights of the classical second order rule for
the quadratic triangle are zero for the corner nodes, this element has been splitted into
four linear triangles and the weights for these subelements have been utilized.

2.4 Numerical examples

Example 2.1 In this example, the transient problem (2.29)-(2.30) has been solved,
not with the periodic boundary conditions (2.31) but with ¢(0,¢) = 0 and ¢(Z,t) = 1.
The data of the problem are £ = 1, u = 1, k = 0.01 and ¢°(z) = 2. The analytical
golution for this problem ean be expressed as anlI

#(z,1) =z + Z -E:r:- (1 - e=4=*) ¢35 sin(nrz)

n=1
with :

Ay = :_i.- + k(nr)?

B, = Ez-% [(—1)%'&": =4

The discretization of the interval [0, 1] consists of ten quadratic elements of equal length
0.1, yielding a Péclet number ¥ = 5. Results are shown in Figure 2.6.

The solution obtained using the Galerkin method in space and the Crank-Nicolson
scheme in time is depicted in Figure 2.6.(a) (the backward Euler method has been used
for the first time step). Observe that for this rather small Péclet number, oscillations oc-
cur even at an early stage. The different curves correspond to the times ¢ = 0, 0.25, 0.5,
1 and 2. Figure 2.6.(b) shows the numerical solution obtained with the SUPG methed.
This result is indistinguishable from the analytical solution given above. Both using
the Galerkin and the SUPG method, the time step has been taken as Af = 0,05,

The solution obtained using the forward Euler scheme in time is shown in Figure
2.6.(c). The time step that has been used is the maximum value allowed by formula
(2.72). The plots correspond to t = 0.242, 0,506, 0.991 and 2.003. It is observed that
the agreement with the previous results is excollent,
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Figure 2.6 Results for example 2.1. (a): Galerkin solution using the Crank-
Nicolson scheme. (b): SUPG solution using the Crank-Nicolson
scheme. (¢): SUPG solution using the forward Euler scheme. (d):
Evolution to the steady-state using the standard (5) and the hi-
erarchic (H) shape lunciions.

Finally, Figure 2.6.(d) shows the evolution of the residual max,, |$0F" — ¢0 | as
time goes on towards the steady-state using both the standard and the hierarchic shape
functions. For the latter case, g has been set equal to 1 and g’ has been calculated
using (2.93). H 4/ is also set to 1, the number of time steps required to reach the
residual 1071 is 85 instend of 79. It is seen that the standard approach reaches [aster
the stationary solution,
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Example 2.2 This example has been taken from [YHI] and is useful to check the
accuracy of the temporal discretization. Problem (2.20)-(2.30) has been solved with
boundary conditions ¢(0,¢) = 0 and 5&(!, t) = 0. The initial condition is

¢'D(ﬁ) = E-—(l—u)'/dk

This problem has an analytical solution given by

E-—-[u—u(t-i-l)]’,’-lk(irl-l)

Het) = \,1‘?

The data are now £ = 2, u = 0.25 and £ = 0.00125. The space discretization has been
done using 81 equal spaced nodal points. Both linear and quadratic elements have
been considered (80 and 40, respectively). The resulting Péclet number is 2.5 for linear
elements and 5 for quadratic elements. When the Crank-Nicolson scheme has been
used, the time step has been taken as At = 0.1, yielding a Courant number ¢ = 0.5 for
quadratic elements and ¢ = 1 for linear elements,

Figure 2.7.(a) shows the solution obtained using linear elements and the forward
Euler scheme in time with a security lactor ¢g = 1, as well ag the analytical solution for
t = 0.197 and 3.946. As it was already explained, some modes of the Fourier series ex-
pansion of the analytical solution are not properly damped by the numerical algorithm
for this choice of ¢5. The underdiffusive behavior of the numerical solution is evident,
showing that the method is potentially oscillatory in more complicated situations. The
results obtained under the same conditions but with ¢y = 0.5 are depicted in Figury
2.7.(b). As expected, the numerical answers show a much higher dissipation, In fact,
they are a little overdiffusive. It is important to point out that the phase aecuracy is
very good, as it was predicted from the behavior of the algorithmic frequency ratio. If
quadratic elements are used, this phase accuraéy is not so high, as it can be observed
from Figure 2.7.(¢c), where the solution for ¢ =1.761 and 4.006 has been represented,
Nevertheless, now a security factor ¢5 = 1 can be used without suffering from under-
diffusive behavior. All these observations confirm the theoretical predictions that had
been obtained.

The results obtained using the Crank-Nicolson scheme with linear elements are
plotied in Figure 2.7.(d) for ¢ = 2 and 4, showing a much higher accuracy than the for-
ward FEuler method. If quadratic elements are used in this case, the numerical solution
is almost the same. Also, if the Galerkin formulation is employed, only small amplitude
oscillations are present (not shown), since the exact solution 1s now very smooth.

Example 2.3 We consider in this example the Burgers equation

du du 0*u

= tugm ke =0, 0<z<l, t>0

with boundary and initial conditions

u(0,4) = u(1,t) = 0, t=0
u(z,0) = sin rz, D<e<]

This problem has been taken from [BDH|, where different solutions obtained by differ-
ent investigators using spectral methods are reported. It is considered as a test for this
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type of numerical methods for problems in which the solution develops rapid variations,
but not discontinuities. This happens when the viscosity # is small, In this example,
it will be taken as v = 1/100%.

Although in this chapter only the convection-diffusion equation has been consid-
ered, this problems fits naturally in this context once a linearization procedure for the
nonlinear term has been chosen, Here, the simplest Picard method has been employed.
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The diseretization of the domain has been carried out using 40 quadratic elements
whose lengths decrease exponentially from # = 0 to # = 1. The minimum element
length is h; = 0.01, approximately. This concentration of elements at 2 = 1 is needed
if the sharp profile that the solution develops there is to be reproduced accurately.

The tolerance of the iterative scheme has been taken as 107%, checking conver-
gence in the discrete L® norm. The maximum number of iterations required to reach
this tolerance has been six. The time discretization uses the Crank-Nieolson method,
with a time step Af = 4.67 % 1073, which corresponds to 150 time steps in 0.7 time
umnits.
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Figure 2.8 Solution of example 2.3

The solution is shown in Figure 2.8 for { =0, 0.14, 0.28, 0.42, 0.56 and 0.7. Fig-
ure 2.9 shows the time evolution of the slope of u(e,t) al # = 1 and Figure 2.10 the
time evolution of max, u(#,t). These functions are used in [BDH] to compare the
performance of different spectral methods.

The results presented here show an accuracy similar to the best result described
in [BDH], except for the maximum absolute value of 53{(1, t). The spectral method con-
sidered consists in a collocation procedure using Chebyshev polynomials and the ABCN
scheme in time (Adams-Brashforth for the convective part, Crank-Nieolson for the vis-
cous h:rm). The discrotization is done using 64 modes and a time step At = 1.06 % 1073,
Thus, the computational effort using this approach is much higher than using the fi-
nite element formulation deseribed here (CPU times are not given in [BDH]). The only
remarkable difference in the results is the maximum slope at ¢ = 1. The analytical
value is —152.005, obtained for £ = 0.5105. The slope of the spectral method solution is
—152.05, encounterad for t = 0.509. The maximum slepe for the finite element method
is found to be —163.73 for t = 0.513. This inaccuracy could be expected, since the
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derivatives at the nodes are not well caleulated using finite eloments (in fact, they are
discontinuous for internal nodes), The expression we have used to compute gﬂl,t) is

du 2 /1 3
-5;(1,3) = "';]— (5“7" = Digg + i‘um)

which comes from the differentiation of the finite element interpolation within the last
element and the evaluation at z = 1.

The conclusion of this example is that the SUPG formulation presented here using
quadratic elements and the Crank-Nicolson scheme in time is very accurate, Even the
calenlation of the nodal derivatives, known to be very inexact, gives reasonable results.

The reader may consult (COC] for another example in which the Burgers equation
is solved and [HSG]| for a Petrov-Galerkin method especially designed for this equation.

Example 2.4 The numerical test presented in example 1.2 of Chapter 1 is now solved
using the forward Fuler scheme for the transient equation as a way to reach the station-
ary solution. We are now interested in the evelution of the residual max,, [¢%F! = ¢7 |
as time advances. The subsecript refers to a nodal point. The results obtained for ele-
ments of 3, 4, 6 and 9 nodes are shown in Figure 2.11. Formula (2.97) has been used
to compute the eritical time step. In all the cases except for the six-noded triangular
element, f; = 1 has been used. For the quadratic triangle, f; = 0.9 has been needed,
gince the time marching scheme has been found to be unstable for f, = 1.

It is seen that the steady-state is reached faster for quadrilateral elements than
for triangles. The bilinear element ‘converges’ slightly faster than the biquadratic one.
The difference is more pronounced for the 3 and 6-noded elements.

AL this point, it is interesting to make the following observation. Quadratic ele-
ments are often blamed to be more expensive than linear elements. The main argument
is that the bandwidth of the final ‘stiffness’ matrix is larger. On the other hand, the
total number of numerical quadrature points for a mesh with a given number of nodes is
smaller. For example, if a 2 ¥ 2 Gauss-Legendre quadrature rule is used for the bilinear
element and a 3 % 3 rule for the biquadratic one, the ratio of total quadrature points of
the former and the latter is 16/9. The important fact is that if an iterative method for
solving the algebraic system of equations is used, the problem of the large bandwidth
disappears and quadratic elements could be cheaper. In order to verify this hypothesis
in this particular problem, the CPU time required on a CONVEX~C1 computer has
been calculated, The results are the following:

No. of nodes  No. of integration points ~ CPU (seconds)

3 3 14415
4 4(2x2) 32.73
6 4 34.22
9 9 (3x3) 28.87

It is observed that the CPU time is smaller for quadratic elements than for linear
elements, even though more time steps have to be performed to reach the steady-state.

Example 2.6 Here, the same test as in example 2.4 has been carried out, now for
the problem presented in example 1.4 of Chaptler 1. As before, the factor f; of formula
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Figum 2.11 Evolution towards the steady-gtate in example 1.2. The number
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(2.97) has been set equal to 1 for all the elements except for the 6-noded triangle. In
this case, f; = 0.5 has been taken, since for higher values the forward Euler scheme
happens to be unstable. From the results shown in Figure 2.12 it is observed that now
the element that gives the best performance is the biquadratic one. Concerning the
CPU times, the eonclusions are the same as for example 2.4,

2.5 Summary and conclusions

Two main issues have been adressed in this chapter. The first {5 & fairly comprehen-
sive description of the generalized trapezoidal rule applied to the convection-diffusion
equation and combined with the SUPG method for the space diseretization. This is
the method that will be used in the rest of this work, although the possibility of using
the discontinuous Galerkin method has been left open. The need for using the hack-
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ward Euler method in some situations has been discussed, as well ag the choice of the
intrinsic time of the SUPG formulation for transient problems.

However, the main part of this chapter has been devoted to the stability and
accuracy analysis of the forward Euler scheme, using both linear and quadratic finite
elements, The interest of this method relies basically on the fact that it allows to ebtain
gtationary solutions via an iterative procedure. This technique is ubiguitous in compu-
tational fluid dynamics, especially when the numerical simulation of compressible flow
problems is attempted, Thus, its analysis has an inherent interest,

The new results that have been obtained are now summarized:

s Linear elements. It has been shown that the upwind function yields optimal sta-
bility limits, in the sense that both the advective and diffusive limit cases reduce
to conditions known to be optimal.

o Accuracy. A new methodology has been proposed in order to determine the effect
of convection and the time step size on the accuracy of the algorithm. The method
is based on the representation of the ADR and the AFR for different values of
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the security factor ¢p and the convection factor v introduced hera,

Time step for linear elements. Using the technigque just mentioned, it has been
shown that if linear elements are used the choice ¢y = 1 may lead to unphysical re-
sults for the transient evolution of convection-diffusion problems, This drawback
is cireumvented if ep = 0.5 is selected. Moreover, an excellent phase accuracy is
obtained for this value of ¢y. These facts have been corroborated through numer-
ical experiments.

Stability limits for quadratic elements. They have been derived using the standard
and the hierarchic shape functions, Their expressions are collected in Box 2.2
Time atep for quadratic elements, If standard quadratic elements are employed,
the valie of the security factor co = 1 yields dissipative results for a wide range
of Fourier modes. The problem encountered with linear elements does not appear
here. This compensates the fact that the eritical time step is smaller for quadratic
elements.

Diagonalization of the hierarchic mass mairiz. The possibility of approximating
this matrix by a diagonal one has been discussed. A new numerical integration
rule has been proposed in order to achieve this diagonal structure. Although the
method happens to be useless for time-marching schemes, it can be applied to
other situations in which this diagonalization is of interest. When a diagonal mass
matrix is chosen, regardless of how does it approximate the exact one, a method
for choosing its (positive) diagonal entries has been described.

Extension to multidimensional problems. A criterion to compute the critical time
step has been proposed based on heuristic grounds and a previous partial result,
This method has proved to work well in practica.



References 2.39

Box 2.2 Stability limits for the forward Euler scheme

Linear elements

General expression  Advective limit  Diffusive limit
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CHAFPTER 3

A DISCONTINUITY-CAPTURING
CROSSWIND-DISSIPATION FOR THE
STEADY-STATE PROBLEM

3.1 Introduction

In Chapter 1 we have presented the basic formulation of the Streamline-Upwind/Petrov-
Galerkin (SUPG) method. As it has already been noted there, this method does not
preclude the presence of overshoots and undershoats in the vicinity of sharp gradients
of the solution. Near optimal global error estimates have been obtained (Section 1.2)
and it is also possible to abtain near optimal {ocal error estimates outside a small neigh-
borhood containing the layers [JNP], [Na|. This ensures that in the presence of sharp
layers of the solution it will not be globally deteriorated.

In certain situations, nol even the small overshooting and undershooting found
using the SUPG method are permissible. This happens for instance in the numerical
simnulation of compressible flow problems, where the solution may develop discontinu-
ities (shocks) whose poor resolution may affect the global stability of the numerieal
calculations due to the nonlinear nature of the problem. Although we will not congider
this application, the numerical solution of the convection-diffusion equation with a very
high Péclet number provides a good model to develop numerical strategies to remove
small oscillations about abrupt layers of the solution.

The reason why overshooting and undershooting appear using the SUPG method
is that it is neither a monolone nor a monolonicity preserving method. A numerical
method is said to be monotone if the numerical solution for all time steps retains the
sign of the previous time step at all the nodes of the spatial mesh. If only the mono-
tonicity of the initial data is maintained, the method is called monotonicity preserving
[LV]. To design a high order aceurate and monotone method is not sasy. Godunov’s
theorem (ef. [LV]) establishes that a linear, monotonicity preserving method is at most
first order accurate. Therefore, the only teasible way to achive the goals of high accu-
racy in regiong where the solution is smooth and to avoid oscillations about layers is
to design a nenlinear method, that 13, & numerical scheme which depends iiself on the
nurnerical solution. The main idea of any shock-capturing (or discontinuity-capturing)
technigque is to increase the amount of numerical dissipation in the neighborhood of
layers.

Several shock-capturing methods have been developed, both using finite difference
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and finite element techniques, We will not treat here the former, for which a vast liter-
ature exists, We refer to the books [Hi], [LV], [OB], [PT] for a review of these methods,
with special reference to compressible flow problems and systems of conservation laws,
Concerning finite element methods, some of them are reviewed in Section 3.2.

For the particular case of the convection-diffusion equation, a possible way to
treat the problem is the satisfaction of the discrete maximum principle (see [IK] for
a thorough description of early finite element methods designed with this property).
In Section 3.3 we adopt this point of view and consider several particular cases (1D
problems with linear elements, linear and multilinear elements in multidimensional
problems). Although from these examples the main conclusion is that it is difficult
to take the discrete maximum principle ag a starting point to design shock-capturing
techniques, it provides the underlying idea for the method proposed in Section 3.4.
Agsuming that the streamline dissipation introduced by the SUPG method is enongh
to avoid oscillations in this direction, only the ¢rosswind diffusion has to be increasad.
For consistency, the new dissipation added must be proportional to the element resid-
ual and, for accuracy, it must vanish quickly in regions where the solution is smooth
and also where the convective term of the residual is small. The previous study of the
diserete maximum principle is used to set the expression of the numerical crosswind
dissipation. All these ideas are developed in Section 3.4, where also some results of
Johnson et al. [JSW] are discussed. Numerical results using this new approach are
presented in Section 3.5, showing a good resolution of the layers and also excellent
convergence properties, in the sense to be precised later,

3.2 Some shock—capturing techniques

The problem we shall consider in this chapter is the same as in Chapter 1, namely,
(1.19)-(1.21), that we recall here:

u-Vo-v-(k-Veé) = f, in (3.1)
¢=g, on I'p (3.2)
n-k:-Vgp=r, on 'y (3.3)

In Section 1.1.3 we have seen that the basic idea behind the SUPG method is
to introduce numerical diffusion along the streamlines in a consistent manner. The
streamline as the best upwind direction was questioned by Mizukami & Hughes in Ref-
erence [MH|, and an upwind scheme satisfying the maximum principle was especially
developed for linear triangular elements. Another monotone algorithm was presented
by Rice & Schnipke in Reference [RS), now for bilinear quadrangular elements. Both
methods are restricted to the elements they have been designed for, and no generaliza-
tion seems easy. Since the oscillations observed using the SUPG formulation were placed
in directions normal to the gradient of transported quantity, Hughes et al, proposed to
introduce another diffusion in this direction [HMM], in a similar way to that proposed
by Davis for finite differences [Da]. This new diffusion iz consistently introduced as
another term in the weighting functions called discontinuity capturing. Extensions to
systems were studied in Refence [HM|. The method was initially adopted by Johnson
& Szepessy in Reference [JS] using space-time finite element discretizations and, with
n slight modification, used to prove convergence for the inviscid Burgers equation to
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an entropy solution in Reference [JSH|. Other discontinuity capluring terms have been
proposed, altough all of them keeping the SUPG (or GLS) terms (see, e.g., Tezduyar
& Park [TP], Galeiio & Dutra do Carmeo [DG|, [GD] and Shakib's tlesis [Sh]).

The purpose of this section is basically to review two of thesa methods, namely,
those proposed in References [HMM] and [GD/, and to introduce a slight modification
that allows to improve their behavior,

Let us consider the situation depicted in Figure 3.1, where v is the projection of
the velocily u onto Vi,

FFigure 3.1 Definition of ).

The expression of u)) will be (for | V| # 0):

Vg,
) = ‘l‘—%ﬁwﬁ (3.4)

Clearly, ) - Vg = u- Vb, and for any value of the scalar s if we introduce the vector
v = (1 —3)u+ sy (3.5)

we will have that v - V¢ = u- V¢, so that condition (1.32) holds and therefore we
know from Chapter 1 how to introduce a numerieal diffusion along the curves tangent
to v.

Since numerical experiments show that the oscillations that still remain using the
SUPG method are normal to V¢, the first natural idea is to introduce another nu-
merical dissipation in the direction of u| [HMM]. This can be easily done by taking the
weighting functions as ¢y, + (4, where

Ch=1iu" - Vi, + f’;llﬁ -V (3.6)

instead of the expression (1.36) that defines the SUPG formulation. Omitting the
superscript referring to element values, Hughes ¢t al. proposed in Reference [HMM]
two alternatives for the choice of 7y and 74, leading to the methaods they called DC1
and DC2 (standing for discontinuity capturing of type 1 and of type 2). These twa
possibilities are;

DCl1: m=7, T2 =7 (8.7)
DC2: 7 =7, Ty = max{('l,'r" —r) '

where 7 is computed as indicated in (1.36) and 7)) is computed as 7 but replacing the
velocity u by its projection onto Yy, uj| (recall that this will affect the caleulation of
the upwind function o and the characteristic element length h appearing in Eqn.(1.36)).
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From expression (3.8) it is clear that both a streamline diffusion and a diffusion
in the direction of uy) will be introduced. The choice DC2 secks to avoid the doubling
effect of DC1 along the streamlines, The final dissipation in this direction will be the
maximum between the one induced by the SUPG term and the discontinuity eapturing
(DC) term.

However, let us look closely at the dissipation introduced by the second term
in (3.6). If we only consider what happens when the convective term of Eqn.(3.1) i
weighted, we will have that

. Z
(rawy - V) (u - Vin) = 72 Elv—g-ﬁ%l-wm - Vibn (3.8)

that is, an isotropic diffusion has been introduced in the weak form of Eqn.(3.1). This

will always happen if & rank-one diffusion tensor is introduced with cigenvector V.
Let us write the residual of the differential equation (3.1) within each element as

Ridn) i=u -Vp — V- (k- V) - [ (3.9)

When the DC term in (3.6) is multiplicd by this residual we will have that

(rawy V) R ) = [ T SR A) | V- T (3.10)
1t may happen that
sgn [(u- V)R ()] = -1 (3.11)

s0 that a negative numerical diffusion may have been introduced. It must also be no-
ticed that since the dissipation introduced by the DC term is 1sotropic; it may reduce
the streamline diffusion introduced by the SUPG term when condition (3.11) holds
true,

These problems are circumvented if the method proposed by Galedo & Dutra do
Carmo [GD)] is employed. The basic idea of this method is the following. Assume that
the upwind direction is given by the vector

vy = agwy, + fi(u— wy) (3.12)

where o and [§; are parameters to be defined later and wy, is a vector chosen as the
solution of the following problem:

Minimize [[wj, ~ ul[} q

, (3.13)
Subject to wy Vg =V (k- Vi)~ f=0
The solution of this variational problem is given by
- _ R(¢n)
wy=u=AV¢,, A= ¥ n? (3.14)

and hence the upwind direction will be given by

vi = aqpu + (B — @ ) AV (3.15)
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It is observed from (3.12) and (3.13) that the main idea of the method is to modify the
streamline as the upwind direction so that the new one be as close as possible to it but
satisfying the differential equation within each element,

If now we take as in References [DG|, [GD] a; = 7 and 4, = a; = 74, the final
resull is that instead of using v in methods DC1 and DC2 one should take the vector

Rg ¢'h!

50 the perturbation ¢, will be given by
(= mou - Vapy, o+ . Vi, (3.17)

instead of the expression (3.6).

This formulation was called consistent approzimate upwind (CAU) method by
Galedao & Dutra do Carmao.

The problem of the negative diffusion of the DC method of Hughes ef al. is not
present in this case. Instead of (3.10) we will now have

(atty » Vi) R(gh) = Ty sl - V4 (3.18)
h h & IV(PJ.P h h '

and if 73 is computed as indicated before the isotropie diffusion introduced by this
method will be given by

b ean = Fa(unJh(un) 00 (3.19)

|Vl

with the upwind function o and the characteristic element length h caleulated using
the vector u,.

Summarizing, the CAU method eonsists in adding a diffusion proportional to the
discrete residual of the differential equation within each element. This is also what
Johnson et al. proposed in Reference [JSH|, The same approach was used by Shakib
in his thesis [Sh.

To close this section, let us consider a slight modification of bhoth the DC and
the CAU methods. In order to avoid the superposition of the numerical streamline
diffusion and the diffusion in the direction of 1) OF U, one can take the perturbation
{j, of the test function as

Cho=Tu" - Vipy (3.20)

with
u’ = (1 - s)u+ s (modified DC)

3.21
or u' = (1-s)u+su, (modified CAU) (8.21)

The term 7(1 — s)u will introduce a streamline diffusion of value
ks =rlul*(1-3)
whereas for the modified CAU method an isoiropic diffusion of value

kijso = 7|up|®s
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Figure 3.2 Modified upwind direction. u, corresponds to the modification of
the DC method and uj to the modification of the CAU method.

will also be introduced. Tt has already been explained why the DC method (and also its
maodification) may result in the introduction of a negative numerical dissipation. Tha
modified upwind direction u® is shown in Figura 3.2,

From the expressions of k 5 and k ;. it is clear that we must have 0 < s < 1.
A possible way to make the SUPG term dominant when |[Vhy| is small and of little
influence when this gradient 15 large is to take 3 as

|Vénl?

T 3.22
= ELIT (3.22)

In the numerical experiments presented in Section 3.5 we have always taken T = 1.

3.3 The discrete maximum principle
3.3.1 General considerations

For the eontinuous problem (3.1)-(3.3) it is well known that the maximum principle
holds (see, e.g., [CH]), that is, the solution attains its maximum at the boundary when
the souree term f is non-positive. The question is whether this property is also inherited
by the diserete problem or not, in a sense to be precised later.

The diserete maximum principle (DMP, for short) has important consequences in
what concerns the convergence properties of the numerical scheme and, in particular,
in uniform convergence. Here we will briefly state the main results obtained by Ciarlet
& Raviart [CR] for the problem we consider in the case 'y =0, I'pn = T' := 811

The basic regularity assumptions for the data are that the components ky; of the
diffusion tensor k and the components y; of the velocity field u belong to L™(12),
the source term f belongs to LP(f2), with 2 < N,; < p, and the extension § of the
Dirichlet data g to the whole domain belongs to the Soboley space W'2(§1), again with
2 < N,s < p. From Sobolev’s imbedding Theorem, § will be continuous in 2, the
clogure of {} (861 being Lipschitzian). Under these assumptions, it ean be proved for
the continuous problem that (cf. [CR])

ge B (@NL=Q) and [|¢|lzo(q) € 9lloqry + Cllf oy (3:23)

The important point is to obtain the analogue of the stability estimate for the
discrete solution and, if possible, uniform convergence. These results were obtained in
Reference [CR] for the particular case of linear (simplicial) finite elements and using
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triangulations of strictly accnte type, a concept to be defined in the following. All this,
though, provided that the the discrete maztmum principle holds true:

max I = wmx{ﬂ,mlgry:.} (3.24)

the function gy being the finite element interpolant of g (g is continuous on I', under
the assumptions stated above). More precisely, the basic results of Reference [CR] are:

lnllz=cay < llallze=qry + CllFllonen (3.25)
If & Wl.p(ﬂ)' p > N, then hll—tbr::l Il — i});.";_m(n) =1 (3.26)
If ¢ecWH(Q), p> N,/2, then |- Pnl|lp=(ny = O(h) (3.27)

Clearly, estimate (3.27) is not optimal, in the sense that one would hope to obtain
an O(h?) estimate for linear elements. For the particular case of elliptie problems
(Eqn.(3.1) without the convective term) but considering also the effect of numerical
integration, Wahlbin proved that [Wa)

[# = ¢nllzeeqay = O(A*) (3.28)

using quadratic elements, referring to the work of Nitsche [Nt] for a proof of an estimata
of the form
1 = dnllzemay = O(A*) (3.29)

using linear elements. In both cases, ¢ is a positive constant arbitrarily small, To prove
(3.28) one needs to have f € W'*(Q1) and f &€ W'3(0) is needed for proving (3.29).

Anyway, what is important for us is to know that if the DMP holds, then pointwise
stability estimates and uniform convergence can be proved. In any case, the DMP
is an important property of the numerical scheme, sinee it ensures monotonieity (for
the steady state convection-diffusion equation) and that no spurious oscillations will
appear, not even in the vicinity of sharp layers.

The erucial point will be to check condition (3.24). In the next subsection a suf-
ficient condition will be stated for an abstract discrete problem and next it will be
applied to several particular cases using finite elements, Unfortunately, this condition
will be too restrictive to decide if the finite element method satisfies the DMP or not.

3.3.2 A sufficient condition for the discrete problem

Let Ny, be the total number of nodes of the finite element mesh and Ny, the number of
interior nodes. The finite element discretization of the problem will lead to an algebraic
system of the form

Ax=b (3.30)

where x stands for the vector containing the nodal unknowns ;, # = 1,...,, Ny,. The
values 2;, i = Ny, + 1,..., Ny, are known from the Dirichlet boundary conditions. Ma-
trix A, whose components will be denoted a;;, will have dimensions Ny, % Ny, and the
vector b coming from the source term will have components by, i=1,..., Ny,

Our purpose now is to give a condition on the matrix A from which it will be
possible to ensure that the DMP holds, viz.,

max {z;} =zm, with Ny +1<m< Ny, {(3.31)
‘:1....'N|’
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First, let us introduce the following definition [CR], [Ki]: the matrix A is called of
nonnegative type if the following conditions hold:

ai; <0 for i#d, i=1,.,Npp i=1,.,Nip (3.32)
J\ﬁ!:
S a;z0, i=1,.,Np (3.33)
j=1

Let us call A, = [a;;], 4,7 = 1,..., Nyp. The sufficient condition mentioned above
is the following (cf. [CR], [Ki]):

Theorem 3.1 Assume that A is of nonnegative type, A, is nonsingular and b; < 0, i =
1,..., Np. Then the discrete maximum principle as expressed in (3.31) holds,

Proof: Let us write the jth equation of the linear system (3.30) as

Ny
aie; =by— Y auwk (3.34)

kw1
ki

From conditions (3.32) and (3.33), together with the fact that A, is nonsingular, it
follows that

aj; >0, 1+ 3 ':-:i-'f >0 (3.35)
2

F. o= O L 98
T ey A
ko3
b i 4k
< L _ max{z
a5 pax{en} E aj; (3.36)
k#y

b
< e i
Ty T;‘j‘{ﬂk}

< max{z
k#{ ket

Let us argue by contradiction and suppose that

nx = with 1< m < Ny,,
md BL 5 Tt k = N‘fp + 1| wrr Nlp

From (3.36) we will have that 2; < z,, and using the same argument as that to arrive
at (3.36) for this m,
= -
T < i:;m:{m} 2y
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so that z,, = z;. Without loss of generality, suppose that m = 1 and j = 2. Since
we know that #; = 23 we can eliminate the first equation in (3.30) and consider the

system A'x’ = bf, with

== (a3, 5280,)

b' = (bn.---.buh)T

'“:,1 = @ig11 F dig,, i= 1,"”,&.!” = |

'“':i..i = a1+ =L Npp—1, 7=2,.,Np-1

Since A, is nonsingular, A’ will be of nonnegative type and (3.35) will also hold for
its components. Using the same argument as before, we find that z3 = 2; for some j,
that we may take as j = 3. Repeating this process we arrive at the conclusion that
€ = @3 = ... = 2y, and in the last step the analogous of (3.36) will be

eN,, = max 2
iy h= N‘”'_'_.] |||||N|"|{ }

which is a contradiction with the second statement in (3.37). Therefore, this assump-
tion (3.37) must be false, that is, condition (3.31) holds true. ]

3.3.3 Some particular cases

We shall check now the hypothesis of Theorem 3.1 for three different particular dis-
cretizations using finite elements. For all these cases it will be assumed that the problem
is well posed and thus the matrix A, is nonsingular. The condition b; < 0, 1+ = 1, ..., Ny,
will be very easy to verify and therefore our main concern will be to check if the ma-
trix A is of nonnegative type, that is, to verify conditions (3.32) and (3.33). This last
condition is trivial to prove when standard finite elements are used, In fact, using the
SUPG formulation and denoting by ¢, ; the shape funetion associated to the node i we
will have that

Neg Nep
Y e =3 aultn g ¥ns)
Jml J=l

- /; ["&L'h.i“‘ v (E !!M.,j) + Vipni k- (E 'Ph.j)] d (3.38)
£3% [ e[ 9 (S o) -9 (- (L)

where the summations are understood to be from j = 1 to 7 = Ny, and the bilinear
form a,,(-,+) is given by (1.39). Since 3 ¢4y = 1 if standard finite elements are used,
it follows from (3.38) that condition (3.33) holds with the equal sign.

So we only have to check condition (3.32). Moreover, since the assembly operator
is linear, it has to be verified only for the element matrices and this is not diffieult to
do for some particular eases.
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One dimensional problem using linear elements

The first case we shall consider ia the one-dimensional convection-diffusion aqua-
tion using linear uniform elements of length A, that is, the situation considered in
Section 1.1.1. For this case it is possible to obtain explicit bounds for the upwind
function « in order to satisfy the discrete maximum principle. The continuous problem

18
dp_, d¢ _
W gpr ek e (3.40)

#(0) = tba,  H(¢) = e
with f(z) < 0.

Proposition 3.1 Assume that problem (3.40) is discretized using the Galerkin method
and an artificial diffusion k, = ahu/2 is introduced. Then the numerical scheme satis-
fies the discrete maximum principle (DMP) iff the upwind function a is such that

1
a2 1=r— 3.41

If the SUPG method is employed and f is piecewise constant, then the DMP holds
provided that « verifies condition (3.41) and

| <1 (3.42)
Proof: The off-diagonal components of the element stiffness matrix K¢ are

k k
K, = —H(l-t-ﬂw—‘r), K3i= —}:(1+ ay +7),

both using the Galerkin method with artificial diffusion and the SUPG formulation,
Requiring K, < 0 and taking into account that sgn(a) = sgn(y) leads to

1
ay = lally| 2y -1, |af = sgn(y) - i

Cendition K3, < 0 yields

1
ay = |a|ly| = -y =1, |a| = —sgn(y) - o
Both K§, < 0 and K3, < 0iff
1 1 1
= max{sgi = —, —Hfh -—1l=1-—
|“| -aX &, {#E ‘(7) |TIP E (?) |T|} l,Tl

Let us check now that &; < 0. For the Galerkin method with artificial diffusion
this is obvious, since 1y ; > 0 for all &. Thus, the DMP holds for this case. If the
SUPG formulation is employed and f is piecewisa constant, with value f; in the element

[(Z = 1)h, k], we will have

A 1, dn
b= =ah=—=tt | fd
; I/; (%.rk Zahsr )f x

ih 1 {{+1)h |
=Ji / (4'!-.-' + —'ﬂ) dz + fiys / (T.fm.i - -"cx) dx
(i=1)h # i 2

(3.43)
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for i = 1,..., Ng — 1. For arbitrary values of f; and fiyy both integrals must be non-
negative in order to ensure that b; < 0. Since their values are

1 1 1 1
Eh -+ Eﬂh and Eh = Eﬂh
this will only happen if condition (3.42) holds. 0

Remarks 3.1

{1) In Chapter 1 it has been proved that the SUPG method using the optimal up-
wind function given by (1.12) must give nodally exact results when f is piecewise
constant, but not for arbitrary source functions f. Now we see that in the general
case it is not even possible to satisfy the DMP, since from (3.43) it is observed
that it is possible to choose f < 0 such that &; = 0 for any & > 0. When f is
piecewise linear, it is easy to show that |a| < 2/3 is needed in order to have b; < 0,
but if this condition is fulfilled it is possible to violate (3.41) for certain values of
the Péclet number 5.

(2) If f is constant, condition (3.42) is not needed except for the case in which a Neu-
mann type boundary condition is prescribed at the outflow. At this point, only
one of the two integrals in (3.43) will appear in the expression of the associated
component of b.

(3) Recall that condition (3.42) has already been found in the previous two chapters
using very different arguments. In Chapter 1 it has been shown that it is the
condition under which no oscillations appear in the numerical solution, and in
Chapter 2 we have seen that it is the condition that ensures that the diffusive
stability limit of the forward Euler scheme in time dominates the convective limit
(see Section 2.3.2). 0

Multidimensional problem using simplicial linear elements

Suppose now that the domain 2 is discretized using linear N,y—simplices. Under
a certain condition on the finite element partition {27} it will also be possible in this
case to obtain bounds for the upwind function in order to satisly the DMP, The results
to be prezented here are an extension of the work of Kikuchi [Ki].

For each element e, let us introduce the following notation:

p?: supremum of the diameter of the spheres inseribed in 02°
#%: minimum perpendicular length of {°

A®: maximum perpendicular length of 0°

h®: diameter of £2°

h = max.{h°}

As usual, the finite partition is assumed to be regular [Ci]. This means that there
exists a positive constant 'y such that

min ;'i;; >C ash—0 (3.44)

and in particular this implies that there exists another positive constant Cy such that

=

, K
min e =2C, ash—10 (3.45)
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Let us also introduee the constani

v 5"3 v '1’; 2
_I;n’_ -
ot = l!w |V Em |V .U| mn.xms(quM,V%w) (3.4&)

The main restrietion of what follows is that we shall assume the finite element
partition {2} to be of stricily accule type. By definition (ef. [CR], [Ki]), this means
that there exists a constant oy > 0 such that

a* < ~ag, e=1,..,Ng (347)

For two-dimensional problems (N,; = 2) this happens only if all the angles of the
triangles are < /2. Observe that * > —1 and therefore g < 1.

To prave the following result we shall make two simplifications, The velocity u
will be considered constant within each element and the diffusion tensor k isotropic and
also piecewise constant, the diffusion coeffient being k. Since V¢, will be piecewise
constant, the vector )| defined in (3.4) will also be piecewise constant. The Péclet
number computed with this vector will be denoted by 7.

Proposition 3.2 Under the assumptions stated above, assume that problem (3.1)-
(3.2) withT'p = 8% and [ < 0 s discretized using the Galerkin method and an isotropic
artificial diffusion

ky = %a"h’!um (3.48)

is introduced within each element. Then the numerical schemo satisfies the DMP if the
funetion o 1z such thai
' 1

'z s 3.49
Y E Nkl (340}

for a certain constant O,

Proof: Since y,; = 0 for each node 4, it is clear that b; = fn Ynifdl = 0. As before,
since the assembly operator is lincar, it suffices to prove condition (3.32) for each el-
ement stiffness matrix. Let us denote one of them by K° and lat K" be the matrix

calculated with u). We shall have that
KE*E - "*E
where # is the vector of nodal unknowns of ¢y, and therefore it is enough to check
(3.32) for K.
Observe first that
(A7 < [Vl < (s°) (3.50)
ﬂ
[ vhin= T2 (3.51)

foralli=1, .., N,
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The i component of the matrix !{", for ¢ # j, can be bounded as follows:

(hﬁ);j = (k+ ka) ];h Vibh,i - Vg ;02 + /n* P - Vi, ;A0

< (k+ ko)meas(2)a” | oy, ||V ;| + l“f]”v"l’;.ﬂ%

1 mens(£1°)
W‘F ]u”[KF(.N 4+ 1)

= (A")"2mena(2°) [(‘\')z ., (fr ¥ ot h‘luﬁl) a"‘]

< (k+ k;)meas(27)o"

K Nyua+1 2
where we have used (3.50) and (3.51). Taking into account that
£ i [ 4
(N oty o A2
K TR T Oy
it follows that

L Y 2 2k 4 u
Wi < -('\ I me i ujlh [C:fN.d it (A'Iuﬂl e ) E]

Therefore, the condition (L )i; = 0 will hold if

2 1
ng(N.d ; 1) (“;1‘ 4 ul) gt <0
Since & < 0, this is equivalent to
¢ (=2/C3a*) - '1_
= N+l 71";
The Proposition follows for C = —-2/Cy0". 0

Remarks 3.2
(1) As for the one-dimensional problem, an upper bound for the upwind function o
is needed when the SUPG formulation is used in order to have b; < 0 for the case
of piecewise constant source f, that is, o® < €' for a certain constant €', Let us
prove this for each elemental contribution to the vector b, If ¢ is the value of f

in element e,
a’h”
- fﬂf (';'hi 2| EI v‘fbh |)

# mEEE(ﬂ') dh‘ L] v # nl ] l; i
— . - 3.52
/ [ Noa + 1 ¥ 2|u‘|u Vh,gmeas({X’) (3.62)
On the other hand, using the fact that A® > p* we get
1 okt il 1 e h®
v — L
N1 + 2|“a| "J’M = Ned+1 IW’n.d
i 1 _atht
= Na+1 2x°
5 1 a"ht A
= Nya+1 2kt p*
1 af

e -
“ Na+1l 20,0
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and from (3.52) it follows that 67 < 0 provided that

20, Cy
— an 4 1

But even though 5 < 0 the DMP may not hold since the SUPG formulation
only introduces streamline diffuston and thus Proposition 3.2 does not guarantee
the satisfaction of the DMP for this case, This argument is the basic idea of the
method introduced in the next section.

(2) Proposition 3.2 might be useful if one wishes to use an artificial diffusion method.
In fact, it explains why these methods may succeed in removing the oscillations
of the Galerkin approach, n

L

A two-dimensional problem uaing bilinear elements

The situations considered so far are general. Now we shall analyse a very simple
two-dimensional example using bilinear finite elements. Let the domain (2 be discretized
using equal elements of length h, in the z—direction and length Ay in the y-direction,
and let u = (u,0), with u > 0 (see Figure 3.3).

—

Figure 3,3 Description of the problem

Our purpose in analizing this case is again to get insight in the role played by
the upwind function in the satisfaction of the DMP. For that, we shall assume that the
physical diffusion is isotropie, of value &, and that numerical diffusion is added both
in the #— and the y—directions, so that the final diffusion to be considered in each
direction is

ke = k4 %a,uh,,, ky = k+ %npuh, (3.53)

We want to study under which conditions on the functions a, and oy and also
on the ratio 7 := hy/h, is possible to satisfy the DMP. As in the previous cases, this
reduces to check condition (8.32) for the element stiffness matrix K*, that shall be split
into the diffusive contribution Kf and the convective contribution K¢, with components

(kb = [ (eabuti 0uthg + kO3 O, ¥,g) dody

(k)i = [ hudei,dody
a
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3.15

Working out the explicit expression of (k5);; and (kf); it is found that

k(’?km + ‘},‘kv) %(“qum + %ku) %('ﬂkr = %kv)
&(’?kﬂ = %bu)

%(’?ku + #ku)

Kj=
a Y(nka+ k)
Symm
-2 2 1 -1
by (-2 2 1 -1
Ky= 121-11 2 -2
=1 1 2 =2

H"Tkv' w &k’v)
#(_‘Ikw = %hv)
§(=2nks + tk,)

%(r}k, 2 ) %ku)

Let us first consider the ease v = 0 and thus a, = ay, =0, ks = &y = k. Requiring

condition (3.32) to hold yields
k

(K= (=5 (214 1) <0 =

V3

Ty,
=gy

(Y1 = (K§)ua = E(n- 2—) <0 = 453

F

Hence, even without convection we need to have

V2

e V2

sNs

to ensure that the DMP will hold.

(3.54)

Suppose now that 5 = 1. We obtain now the following conditions on the different

off-diagonal terms of the matrix K*:

1 1 1

Uﬂ’)n ™ "ﬁ‘ (—k — oy uh Eﬂu“h) o+ Euh =0 —

(k)15 = = (=2 = Zayuh = Tayuh) + —uh 0 =
6 2" ae 12 =

- = -:!- = ... - = ..]... <

(k)14 = P ( b+ 2a:.vt,,uh n,uh) muh <0 p—

(k%)ay = 2 —k — o uh + lcx auh ) - luh <0 —

k® : : h h 2 }

(k*)2a = 6 —k + =agu oyt +EULED —
1 1 1 1

(K)as = & (—EI«: = goatth = Enyuh) ~guh S0 =

The only independent conditions are

1

1 2
c‘w"ﬁ El"ﬁr ﬂw'l'“yal';l

a,-znyg-m;

1

T

ﬂr+“u21_'2'
v

Oy — =0, =

2

1
g — 20y £ 14—

1 1
ﬂh_iav:&_l_z_‘v"

1
n,,,—Zﬂl,E—l-}-;

u,,-l—uu“.:_b—l—%

Lo (3.58)

Consider the case ay, = 0. The last condition in (3.56) leads to o, < —1 4 1/,
which is incompatible with the first, e, > 1-1/27, for high values of the Péclet number.
Therefore, il is impossible lo salisfy condilion (3.32) adding only streamline diffusion.
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Suppose now that &, = a, = a. From (3.55) it is found that

1
azd-— 3.66
: (3.56)

is needed if condition (3.32) is to be verified. Again we observe, as in the previous
cases, that the form of the upwind funtion must be ¢ — 1/ for a certain constant C.

3.3.4 Discussion

Several conclusions may be drawn from the application of Theorem 3.1 to the cases
considered above. The first ig that this result is limited, in the sense that it does not
apply to many cases of interest. Maybe the most obvious one is the one-dimensional
problem using quadratic elements, for which we know from the results of Chapter 1
that it is possible to obtain nodally exact solutions for piecewise linear source functions,
The element stiffness matrix for the problem without convection and using elements of

equal length A is
L om(h b
K'==|-§ § -3

7
i % i

Neither this matrix nor the assembled one are of nonnegative type. Clearly, if the
numerical solution is nodally exact condition (3.31) will hold, although (3.24) may not
(¢n is piecewise quadratic and may have local extrema between two nodes). Neverthe-
less, for linear elements we have obtained bounds for the upwind function (conditions
(3.41) and(3.42)) that ratify which must be its behavior in terms of v predicted in the
previous chapters,

The next two cases studied (linear simplicial elements and a simple problem using
bilinear elements) provide several conclusions. The first is that the stiffness matrix will
not be of nonnegative type if the mesh is distorted, in particular, if the triangulation
is not of strictly accute type when simplices are used and if the aspect ratio hy/hy
or hy/h, is large uging bilinear elements. Also, we have observed that the streamline
dilfusion is not enough to end up with a matrix of nonnegative type, but also an ad-
dition of crosswind diffusion is needed. This is perhaps the most salient result. When
an isotropic artificial diffusion &, = ahlu|/2 is introduced, o must be greater than
€' — 1/ for a certain constant C'. Upper bounds for o have been obtained when the
SUPG method is employed. All this agrees with the behavior of the upwind function
dictated by the convergence analysis of Section 1.2,

Al these facts will serve us to design the method proposed in the next section.



3.4 A discontinuity-capturing crosswind-dissipation 3.7

3.4 A discontinuity—capturing crosswind-dissipation

From the diseussion of the previous section and the comments of Section 3.2, it is clear
that the streamline diffusion introduced hy the SUPG formulation is not enough to
avoid overshooting and undershooting in the vicinity of sharp layers and an additional
crosswind diffusion is needed. The methods discussed in Section 3.2 introduce this new
dissipation but also modify the streamline diffusion. From the expression of the upwind
function we use, this streamline diffusion satisfies all the general requirements we have
found in Seetion 3.3 for some particular eases. The main idea of the method to be
introduced here is to keep unaltered the diffusion in the direction of the streamlines
and only to modify the crosswind diffusion.

The new crosswind dissipation (CD, from now onwards) must satisfy two condi-
tions. To avoid excessive overdamping, it must be small in regions where convective
effects are not very important, that is, where |u- V¢ | is small. For consistency, it must
be proportional to the element residual defined in (3.9), Guided by the results of the
previous section, the magnitude of the CD could by taken within each element as

1 [0+ Ty,

k! = =a®h* 5

r En" 52N (3.57)
when |V¢y| # 0 and zero otherwise. Since when linear elements are used A¢y, = 0
within each element, instead of (3.57) we could take

kt = }_nlh; |RI’ ‘#h I (3-58}

T 2 L |V'¢hl

Observe that the presence of [ in R(¢)) does not modify the final stiffness matrix, but
only the right-hand-side, Therefore, for simplicial elements this matrix will be still of
nonnegative type, as proved in Propesition 3.2. Clearly, the use of (3.58) will yield a
consistent numerical scheme (the exact solution ¢ will satisfy it) but the use of (3.57)
will not..

The function &f will be taken as

al = max{0, ' — Uﬂn‘i} (3.59)

This ensures that kS = 0 when [u®- V)| is small, The question that remains is how to
choose the constant €. From 2D numerical experiments we have found that ¢ = 0.7
for linear and bilinear elements, and C = 0.35 for quadratic and biquadratic elements
are effective. For the first ease, it is observed that this corresponds to (3,49) with the
constant in this expression equal to 2.

Having defined the magnitude of the CD by (3.57) or (3.58) and the function af
by (3.59), the description of the method is now complete. The final problem will be
written next.

In order to introduce the CD, a tensor

PRI ! o o
ki = klkg := k:w(u,‘ln @y b ugp @ ugp) = kS (I - Wu@ u) (3.60)
must be added within each element to the real diffusion tensor k. In (3.60), 1, and
W, 3 denote the vectors normal to v and with the same norm for N,y = 3. For N,y = 2
there is only one vector normal to u = (uy, uy), that may be taken as u,y = (—ug, ;).
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Using the notation of Chapter 1, the problem to be solved is the following: Find
a function ¢y, € ¥, such that

A (Ynu Yy + Vs -k - V) dO2

Nlul
+3 fn (770" V) [u: Ve, = V.« (k- V)] dO2
=1 i

(3.61)

N:l
1 o 1|R qsﬂ)l
+3 [, goen gt (v k- vy dn
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Na

- /‘;1,[:,\! a5+ ‘/;H e dI + cgl:fm(‘r"u' - Vi) f d2

for all ¢, & ¥. Observe that the only difference with the original SUPG method is
the third term in the left-hand-side.

From the expressions of the intrinsic time 7° in terms of the upwind function given
in Chapter 1 and from (3.59) it follows that the CD will always be smaller than the
streamline diffusion introduced by the SUPG formulation. The total diffusion ellipsoid
in 2D is schematically represented in Figure 3.4.

T 0,

Figure 3.4 Total diffusion ellipsoid. The values of by and ky are k; = & +
ahlu|/2, ky = k+ a h|R(¢n)|/2[Véy| when the physical diffusion
is isotropic and of magnitude k.

Let us close this section mentioning soma results obtained by Johnson et al. in
Reference [JSW] and slightly improved by Niijima [Nj|. They analyzed a 2D model
prablem using linear elements and the SUPG formulation and introducing a consiant
crosswind diffusion k. = max(k, hﬂ/ﬂ), k being the physical diffusion. For this choice of
ke, the global L?—estimates of the SUPG method are not deteriorated, since they are
O(h*?), Suppose that k < A%?. Under certain regularity assumptions on the data,
the main resulis of the quoted references are

Ref. [JSW] Ref, [Nj]
(¢~ du)zo o) = O (R 10g"2(1/m) 0 (' 10g(1/h)) (3.62)
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|l = () = 0 (h"/‘ lug*“(l/h)) 0 (h-’f“ log(1 /h)) (3.63)
6= dullm = O (K101 /h)) 0 (K" 10g*(1/h)) (3.64)

where (zp,y0) is a point in 2. The important result is the pointwise error estimate
(3.61), the other two are consequences of it. Observe that (3.62) is a weak version of
(3.26) and (3.61) a weak version of (3.27).

All these theoretical results seem to confirm that the introduction of a crosswind
diffusion might imprave the numerical solution. This idea will be further strengthened
by the numerical experiments to be presented next.

3.5 Numerical examples

In all the numerical examples to be presented below, we have solved the nonlinear
system of equations arising using the methods discussed in this chapter via a fictious
transient. The forward Euler scheme in time, with a lumped mass matrix, has been
used to step in time until the steady state has been reached, The stability limits de-
rived in Chapter 2 have been employed with success. Unless otherwise specified, the
safety factor in (2.97) has always been taken equal to unity, When talking about the
convergence rate of a certain method, we shall refer to the convergence towards the
steady state solution, The residual for the nth time step will be

[ - e
|ill+lt

Residual =

Eight different numerical methods will be considerad, with the following acronyms:

1.- SUPG: Original SUPG formulation

2.- DC type 1! Discontinuity capturing DC1 of Hughes et al. [HMM]|, defined by
(3.6) and the fiest equation in (3.7).

3.- DC type 2: Discontinuity eapturing DC2 of Hughes ef al. [HMM)], defined by
(3.6) and the second equation in (3.7).

4.- CAU: Method of Galefio & Dutra do Carmo [GD), defined by (3.16) and (3.17).

5.- Modified DC: Method defined by (3.20) and the first equation in (3.21).

6.- Modified CAU: Method defined by (3.20) and the second equation in (3.21).

7.- CD type L: Introduction of a crosswind dissipation given by (3.57) and (3.60).

8.- CD type 2: Introduction of a crosswind dissipation given by (3.58) and (3.60).
The final problem in this case is (3.61).

'The method we currently favor is number 8. Although not consistent, method
number 7 has also interesting features. It is slightly more overdiffusive than method
number 8, but sometimes the convergence towards the steady state is faster,

In all the eases we have used a value 1 for the constant in Eqn.(3.22) and for the
constant in Eqn.(3.59) values 0.7 for linear elements and 0.35 for quadratic elements.

All the caleulations have been carried oul on a CONVEX-320 computer using
double arithmetic precision,
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Example 3.1 In this first example we solve again the same problem as in Example
1.4 of Chapter 1, where we first noticed the inability of the SUPG method to preclude
overshooting and undershooting in the vicinity of sharp layers. The compuiational
domain is the unit square [0,1] x [0,1].

Figure 3.5 shows the results obtained using a mesh of 20 x 20 bilinear elements.
Sinee there are no source terms for this problem and the Laplacian of the shape func-
tions within each element is zero, the CAU method coincides with DC of iype 2, and
s0 do the modified DC and the modified CAU methods, and the CD of types 1 and 2.
Results using the DC method of type 1 are not shown (see Reference [HMM]). They
are the most overdiffusive of all. The best results are those obtained using the modified
DC and the CD methods, the latter being slightly less diffusive.

The convergence history of the four methods for which results are shown in Figure
3.5 is plotied in Figure 3.6. It is observed thal the convergence rate of the CD method is
very gimilar to that of the original SUPG algorithm, whereas for the DC type 2 and the
modified DC it is substancially deteriorated. For these two methods the residual does
not decrenge from a certain time step onwards, If fact, for the modified DC method a
safety factor f; = 0.5 in Eqn.(2.97) is needed in order to obtain a stable time stepping
algorithm.
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Figure 3.5 Numerical solution of Example 3.1 using bilinear elements. (1):
SUPG formulation; (2): DC of type 2; (3): Modified DC; (4): CD.
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Figure 3.6 Convergence history for Example 3.1 using bilinear elements.
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Figure 3.7 Sections y = 0.05 and y = « for Example 3.1 using bilinear ele-
ments,

In Figure 3.7 we have plotted the sections y = 0.05 and y = 2 (diagonal section).
The oscillations found using the SUPG formulation as well as the good resolution of
the layers obtained using the other three methods is apparent.
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i'-li L
Figure 3.8 Unstructured mesh using trianglea for Example 3.1, Six-noded tri-

angles have been split into four subtriangles in this figure. There-
fore, all the nodes are represented here,

Next we consider the same problem but using triangular finite elements, both
linear and quadratic. For the former case, the mesh is the same as for the latter, but
splitting each quadratic triangle into four linear subtriangles. The resulting unstruc-
tured finite element mesh is shown in Figure 3.8, It is composed of 437 nodal points
and BOO linear triangles (or 200 quadratic triangles).

Let us consider first the case of linear trinngles, Figure 3.9 shows the results
obtained using the same methods as for bilinear finite elements. It is also observed here
that all the shock-capturing techniques succeed in removing the localized oscillations
found using the SUPG method. It is also important to note the good accuracy obtained
considering the unstructured mesh we use. Only near the corner (#,y) = (1,1) results
seem to be slightly overdamped.

From the proof Proposition 3.2 it follows that for this case the DMP should be
satisfied provided that af = (=2/Cy0°)/(N,a+1)—1/7), where all the terms appearing
in this expression have been defined earlier, From Figure 3.9.(4) it is observed that
very small overshoots are still present introducing the crosswind dissipation given by
(3.57) (or (3.58), in thiz ease it is the same) and with of calculated as indicated in
(3.59), with € = 0.7, If all the triangles were perfectly equilateral, we would have that
o° = cos(—mw/6) = —0.5 and C3 = 1 (see Eqns.(3.45) and (3.46)). Therefore, we should
have af > 4/3 — 1/ in order to satisty the DMP, that is, ¢' = 4/3 should be taken in
(3.59). Although from Figure 3.8 it is observed that not all the elements are equilateral,
wa have checked that if ¢ = 4/3 is taken the DMP in [act holds true, However, results
are a little overdiffusive using this value of the constant (not shown),
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Figure 3.9 Numerical solution of Example 3.1 using linear triangular ele-
menis, (l): SUPG formulation; (2): DC of type 2; (3): Modified
DC; (4): CD.

The main difference between the three shock-capturing techniques considered for
this problem is not the accuracy of the numerical results but their convergence prop-
ortivs, The convergence history is plotted in Figure 3.10. The conclusion to he drawn
from this figure is the saine as for bilinear elements: whereas the evolution towards
the steady state introducing CD is very similar to that of the SUPG method, the con-
vergence rate of the DC type 2 and the modified DC methods is much smaller. Once
again, a safety factor f; = 0.5 has been needed for the maodified DC method.

Let us consider now the case of quadratic triangles, For the small value of the
diffusion coefficient used for this problem (& = 107%), the diffusive term within each
element is negligible (although the Laplacian of the shape functions is not zero) and
therefore the CAU method yields the same results as the DC method, and so do the
CD type 1 and the CD type 2 methods. So we shall consider the same methads as for
the previous two cases using bilinear and linear elements. Numerical results are shown
in Figure 3,11,
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Figure 3.10 Convergence history for Example 3.1 using linear triangular ele-
menls,

A single upwind function a® = 0.5min{y"/3, 1} has been used to calculate the
intrinsic time of the SUPG contributions. As shown in Figures 1.17 and 1.18, better
acuracy is obtained using different upwind functions for the corner nodes of the tri-
angles and for the midside nodes. The method to assign the upwind functions has
been discussed in Chapter 1. However, it is much cheaper and simpler to use a unique
upwind function.

The performance of the different shock-eapturing techniques iz again very similar,
Results are good in general, although a little smeared about the boundary layers. The
convergence history plotted in Figure 3,12 shows the same trends as for bilinear and
linear elements. It is interesting to note that is this case the method that has a higher
convergence rate is the introduction of a CD, which reaches the steady state even faster
than the SUPG formulation,

Let us discuss the numerical cost of the caleulations referring to the different
shock-eapturing techniques and the different elements employed. Consider first the hi-
linear element, for which a 2 ¥ 2 Gauss-Legendre integration rule has been employed.
The total CPU of the computation using the SUPG, the DC and the CD methods, as
well as the CPU time per iteration are the following:
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Figure 3.11 Numerical golution of Example 3.1 u!i:lg gquadratic L:inugulnr ales

ments. (1): SUPG formulation; (2): DC of type 2; (3): Modified
DC; (4): CD.

Method CPU (seconds) CPU per iter. (x10-%)

sUPG 6.74 79.29
DC (type 2) 18,99 94.95
ch 7.60 89.41

It is observed that the CD method needs an amount of computer time per itera-
tion similar to the DC method (even smaller in this case). Athough this depends on the
programming, it is a clear indication that the introduction of an anisotropic diffusion
is not expensive [rom the computational standpoint. The increase of computer time
with respect to the original SUPG formulation is not very important.
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Figure 3,12 Convergence history for Example 3.1 using quadratic triangular
elements.

For the linear triangle using a three-point integration rule the results are the
following:

Method CPU (seconds) CPU per iter. (x107%)

SUPG 13.156 125.40
DC (type 2)  44.29 147.63
ch 17.18 149.39

and for the quadratic triangle using a four-point integration rule:

Method CPU (seconds)  CPU per iter. (x10~*)

SUPG 9.04 37.67
DC (type2) 1270 42.33
CD 8.27 41.36

The conclusions for these two cases are the same as before in what concerns the
behavior of the shock-capturing technignes. Concerning the element employed in the
calculation, the smallest CPU time per iteration is needed using the quadratic triangle,
whereas the largest 1s needed using the linear trinngle. As explained in Chapter 2, this
is due to the fofal number of integration points of the finite element mesh, since using
an explicit scheme to advance in time the cost of updating the unknowns depends on
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Figure 3.13 Numerical solution of Example 3.2. (1): SUPG formulation; (2):
DC of type 15 (3): DC of type 2; (4): CAUL

the number of nodal points, not on the type of element. It is also obhserved that the
total CPU is similar (although depending on the method emplayed) using the bilinear
element and the quadratic one, even though many more time stepa are needed to reach
the steady state for the latter. All this was already observed in Chapter 2.

In summary, we may conclude that the CD method has a specific computational
cost similar to the DC, although converges mmch better. The behavior of the elements
using these methods is the same as for the SUPG formulation: quadratic elements may
be cheaper than linear elements due to the lesser number of total integration points for
a given number of nodal points of the finite element mesh.

Example 3.2 The computational domain for this example will be again the unit
square, diseretized now with a uniform mesh of 20 ¥ 20 bilinear elements, Homogeneous

boundary conditions of Dirichlet type are prescribed on the whale boundary, The data
of the problem are:



3.28 3 A DCCD for the steady-state problem

N
\\#.".'Hﬂ”#.‘- Hih
N
117111
N

) Sivsaasaaans .é‘»'\
SR
A ::\\\

;ﬂ I A0 N
17 ..:.l 1] .:: ‘
FHAHT T
-"':!.'.'; HITT1H] “}\\

o ,,f

HA

i

i:.ﬂ:::;iﬂ:: 1T
HETHT T

HAHH T

Figure 3.14 Numerical solution of Example 3.2. (1): Modified DC; (2): Mod-
ified CAU; (3): CD of type 1; (4): CD of type 2.

1=10,1] % ]0,1]
'p=090, I'y=0
u(z,y) = (0,1)
k(2 4) = 10’“6.;.;
f(z,y)=1
g(z,y)=10

Results obtained using the eight shock-capiuring techniques indicated at the be-
gining of this section are shown in Figures 3.13 and 3.14. It is observed that the SUPG
formulation yields oscillations in the direction normal to the lateral layers, but a good
resolution of the layer normal to the velocity field is obtained. This confirms our ar-
gument that in the streamline direction it is not necessary to increase the numerical
diffusion, no matter how small the physical diffusion is.

The first shock-capturing technique we have considered is the DC type 1 method.
We have failed to obtain a eonverged golution in this case. It could be argued that
this is due to the instability of the forward Euler schemne in time. But this is not the
case: after a large number of time steps the residual does not inerease, which would
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Figure 3,15 Section y = 0.5 for Example 3.2,

mean an unstable behavior, but rather keeps constant at an unacceptable value of or-
der 1072, The solution plotted in Figure 3.13.(2) shows the oscillations encountered
along the layer normal to the velocity. The problem relies on the strong nonlinearity
of the numerieal algorithm, which is not possible to trackle using the time stepping
method. It is important ta note that we are faced to a numerical problem because of
the modification of the streamline diffusion, which we know is enough from the results
of the SUPG formulation,

Let us look now at the results obtained using the DC type 2 method, Now conver-
gence problems are not encountered, although the oscillations along the lateral layers
found using the SUPG approach have not been avoided, but rather inereased, The
explanation to this is that using this method we may introduce a negative diffusion, as
explained in Section 3.2, That the CAU appronch circumvents this problem is clearly
observed fram Figure 3.13.(4). Good results are obtained now, although the solution
15 too smeared along the lateral layers,

The modified DC and the modified CAU methods show the same problems as
the original DC type 2 and CAU methods, as seen from Figures 3.14.(1) and 3.14.(2).
A dramatic improvement is observed when the CD type 1 and type 2 approaches are
employed (see Figures 3.14.(3) and 3.14.(4)). Wa recall the the first of these methods
is not consistent, in the sense that the exact solution does not satisfy the numerical
scheme. Nevertheless, numerical results are very good, as they are using the consistent
CD type 2 method. Only the solution at the nodes next to the corners (0,1) and (1,1)
is slightly smearaed.

In Figure 3.15 we have plotted the section y = 0.5, where the quality of the
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Figure 3.16 Convergence history for Example 3.2,

solution obtained using different techniques is better appreeiated.

The convergence history using different methods is plotted in Figure 3.16. Con-
cerning the SUPG, DC type 2, CAU and CD type 2 methods the conclusions are the
same as in the previous example: the CD type 2 method has a convergence rate very
similar to the SUPG technigque and the other two methods have worse convergence
properties. However, now we also observe that the CD type 1 method is the one that
converges best, much better than the SUPG method. This fact though must not be
taken as a general assessment, since for some other numerical experiments we have
observed that the convergence of the CD type 2 method is better than that of the CD
type 1 approach, and always very similar to the original SUPG technique.

In conclusion, from this example we see that the introduction of the crosswind
diffusion as proposed in this chapter not only improves the numerical behavior of the
iterative scheme compared to other shock-capturing techniques, but also that higher
accuracy may be obtained,

Example 3.3 The problem we solve now is very similar to the previous one. The only
difference will be the expression of the source term, that now we take as

: J1 ifo<y<05
Mz, u) = {dl if06<y=1

Again, only results obtained using a mesh of 20 x 20 bilinear finite elements will be
discussed. These results for the eight shock-capturing techniques are shown in Figures
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Figure 3.17 Numierical solution of Example 3.3. (1): SUPG formulation; (2):
DC of type 1; (3): DC of type 2; (4): CATL

3.17 and 3.18,

Concerning the SUPG and the DC methods, the same observations as for the pre-
vious exnmple can be made. Neither of these formulations precludes the appearence of
oscillations along the lateral layers (see Figures 3.17.(1), 3.17.(2), 3.17.(3) and 3.18.(1)).
It is noted that for the DC methods (type 1, type 2 and modified DC) the magnitude of
the overshoots is increased with respect to the original SUPG formulation in the zone
0.5 < y < 1. This clearly indicates that we are introducing a negative diffusion in the
numerical scheme, The convergence history is again very poor using the DC methods
(not shown),

Results using the CAU, modificd CAU, CD type 1 and CD type 2 methods are
much betier (see Figures 3,17.(4), 3,18,(2), 3.18,(3) and 3.18.(4), respectively). The
overshoots along the lateral layers are in fact removed. However, it is observed that
in the zone 0.5 < y < 1 the numerical solution is a little overdamped in all the cases,
and it is even negative near the corners (0,1) and (1,1). We have found this problem a
severe test for the shock-capturing technigues, since the numerical solution is extremely
gensitive to the numerical dissipation introduced by all these methods, especially for
0.5 < y < 1. Nevertheless, the best answers are again obtained using the CD type 1
and type 2 methods. For the former, the solution is a little bit more smeared than for
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Figure 3.18 Numerical solution of Example 3.3. (1): Modified DC; (2): Mod-
ified CAU; (3): CD of type 1; (4): CD of type 2.

the latter, showing the effect of adding s dissipation not proportional to the residual
of the equation within each element.

In Figure 3.19 we have plotted the sections y = 0.75 and y = 0.95, where the qual-
ity of the numerical solutions is better observed. In the first case the exact solution has
a constant value ¢ = 0.26 and in the second a constant value ¢ = 0.05, The solution
using the CD type 1 method is the most smooth one, although too smeared. 1t is also
observed that the CD type 2 method is less overdiffusive than the CATU method. This,
however, depends on the values of the algorithmic constants of all the numerical meth-
ods. Although the numerical results are not very sensitive to these values, a certain
influence does certainly exist.
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Figure 3.19 Sections y = 0.75 and y = 0.95 for Example 3.3,

Example 3.4 To study further how overdiffusive are the numerical formulations we
use, now we study again the problem presented in Example 1.3, with slightly different
data:

0= |n,1[x]u,1[—]%,1] X {-;-}
Tp=480, TI'y=10

u(z,y) = (-'?J = %‘w i %)

kij(z, y) = 1076

flz,u)=10

g(z.y) = {;i“[%(ﬂm ~B))+1 iff<e<landys=}

clse

We shall salve this problem using a uniform mesh of 31 % 31 nodal points. First we
consider the case in which 30 x 30 bilinear elements are used to diseretize the domain (.
The numerical solution using the SUPG, the DC type 2, the modified DC and the CD
(type 1 and type 2 coincide) methods is shown in Figure 3.20. For the small diffusion
considered, the amplitude of the sine profile should be constant in the whole domain,
As it could be expected, it 15 ohserved that a certain loss of this amplitude results
from the use of any of the shock-capturing techniques. The less overdiffusive method
is the introduction of a crosswind dissipation (CD). As can be seen from the section
y = 0.5 shown in Figure 3.21, the highest amplitude is obtained using the CD method,
although the improvement with respect to the other techniques is not very pronounced
for this problem,

The same results obtained using 16 x 156 biquadratic elements are shown in Fig-
ures 3.22 and 3.23 (elevation plots and section y = 0.5, respectively). In the figures,
ench biquadratic element has been split into four bilinear elements to compare with
the previous solution. 1t is interesting to note that all the shoek-capturing techniques
yield much better results than using the bilinear element. So, we may conclude that in
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Figure 3.20 Numerical solution of Example 3.4 using bilinear elements. (1)
SUPG formulation; (2): DC of type 2; (3): Modified DC; (4):
an,

regions where the solution is smooth, quadratic elements yield much less overdiffusive
numerical answers than linear elements. This behavior is observed for all the shock-
capturing techniques we are considering. The reason is that using quadratic elements
we have a much betfer approximation to the residual of the continuous equation within
each element. It should be noted that the Laplacian of the shape functions is not zero,
but since the diffusion is very small, the diffugion term of this residual within each
element is negligible, Therefore, hoth the CI) type 1 and the CD type 2 methods yield
almost the same numerical results, as well as the DC type 2 and the CAU methods,
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Figure 3.21 Section y = 0.5 for Example 3.4 using bilinear elements. (1):
SUPG formulation; (2): DC of type 2; (3): Modified DC; (4):
CD.

3.6 Summary and conclusions

In this chapter we have been concerned with the problem of removing the localized
oscillations that still remain using the SUPG formulation, that is, to devise a shock-
capturing technique. The attention has been focussed first on the study of two of these
methods, reinterpreted as the introduction of a nonlinear dissipation. It has been shown
why the discontinuity capturing technique of Hughes et al. may fail in the presence
of source terms. This is due to the fact that we actually may be introducing negative
numerical dissipation. The introduction of a true positive dissipation proportional to
the residual circumventa this problem. The crucial question is why should this new
dissipation be isotropic if the streamline diffusion introduced by the original SUPG
formulation seems to be enough along the streamlines. This last point is confirmed
not only by numerical experiments, but also by the study of the discrete maximum
principle in some simple cases,

Having in mind the idea that only & modification of the crosswind diffusion is
necessary, the discrete maximum principle provides the theoretical grounds for the
dessign of the new dissipation. Assuming first that an isotropic diffusion is added to



3.36 3 A DCCD for the steady-state problem

"'-.
R

="
e

i,
e
o
e
s

o

=
o
e

L
7

e

LT
o

W,

T,

T
IF,

T
L
S
o

Figure 3.22 Numerical solution of Example 3.4 using biquadratic elements,
(1): SUPG formulation; (2): DC of type 2; (3): Modified DC;
(4): €D,

the Galerkin formulation, for two particular cases it has been shown that this dissipa-
tion can be taken as indicated by (3.57), with the function o, given by (3.59). The
bound a, = € = 1/ is the sharpest we have been able to obtain, Observe that v is
the smallest of the possible pseudo-Péclet numbers that can be computed with vectors
v such that v« Ve, = u- V. The question that remains open is, as for most numer-
ical methods, the election of the algorithmie conatants. Our choice has been based on
numerical experimentation.

In order to obtain a consistent method when quadratic elements are used and/or
source terms are present, the straightforward extension of the numerical dissipation
(8.57) is the use of (3.58), If this is done, the exact solution shall satisfy the numerical
scheme, provided it is smooth enough so that the continuous equation (3.1) makes
Sense.

The important point is that the streamline dissipation associated to the SUPG
formulation i greater that any of the lower bounds obtained for the isotropie dissipa-
tion that must be introduced using an artificial diffusion method (up to the choice of
the algorithmic constants). Therefore, the natural idea is to introduce (3,57) or (3.58)
only as a crosswind diffusion, not isotropic. This is in summary what weé propose,
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Figure 3.23 Section y = 0.5 for Example 3.4 using biquadratic elements. (]):
SUPG formulation; (2): DC of type 2; (3): Modified DC; (4):
cn,

Alse, it has been noticed that the upwind function of the SUPG method may not be
arbitrarily large, in contrast with what happens using purely an artificial dissipation.

Concerning the practical behavior of this new approach, from the numerical ex-
periments presented in the last section several conclusions may be drawn. We have
seen that this new method, compared to some other shock-capturing techniques,

s has a much better convergence rate towards the steady-state when a transient
ralaxation is used to solve the nonlinear dizerete problem,

s i3 less overdiffusive,

& has a similar computational cost,

We may therefore conclude that its numerical performance makes it an attractive
shock-capturing technique. Also, a theoretical basis exists for some particular cases,
although generalizations are always necessarily ad hoe.
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