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 SUMMARY

" In this paper some adapiive mesh refinement (AMR}) sirategies for finite

-element analysis of siructural problems are discussed. Two mesh optimality

criteria based on the equal disteibution of: (a) the global error, and (b) the
specific error over the elements are studied. "It is shown that the c?rrect
evaluation of the rate of convergence of the different error norms involved in the
AMR procedures is essential to avoid oscillations in the refinement process. Th.e
behaviour of the different AMR strategies proposed is compared__in the analy;;s
of some structural problems, ) S L

. 1L INTRODUCTION

The evaluation of discretization errors and the design of suitable me:shes v.ia.
adaptive mesh refinement (AMR) are nowadays two of the challenging issues in

 the analysis of structures using the finite element method (FEM).

The topic of error. estimation and mesh adaptivity in the FEM is by no .
means new. For a comprehensive review of the topic see the reference list of
Chapter 14 of Volume I of [20]. Zienkiewicz and Zhu [1-5] have introdu.ced 2
successfull AMR strategy for elasticity problems using a simple error estimate

based on the difference of the discontinuous finite element stress (or strain) field

with an “improved”smooth solution. These authors and others have extended
‘this AMR, procedure for plate bending and shell analysis[6-10}, [19]. This AMR .
stralegy has also been successfully used for fluid flow problems [2], {19].

" In this paper we present an overview of different AMR. strategies based
on the Zienkiewicz and Zhu error estimator [1-6] for structural analysis. We
will show first how the standard AMR algorithm based on equal distzibution
of the error over all the elements requires a careful identification of l.h(?, rale
of convergence of the different ervor terms involved in the des_ign of the new .
element size to avoid oscillations in the refinement process.

}&n alternative AMR strategy based on the equal-distribution of the “specific
error”, i.e, the error per unit area (or volume) in all the elements in th.e
mesh will be presented next. We will see in the examples shown that thls
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- ‘'strategy allows fo concentrate more and sinaller elements in zones where stress

concentrations oceur, as it should be expected from the englneermg pomt. of
view, : ‘

‘In next sechon some basw cuncepts of the error eshmatlon process are glven

‘ 2. BA_SIC CONCE_PTS OF ERROR ESTIMATION

In dealing with adapt.lve mesh reﬁnement the followmg two concepts should o

: Ibe clearly defined:

“(a) Error estimalor, Since the ' exact”solutlon is not known; a method to

approx.imately evaluate the error of the ﬁmte element soEut:on should be deﬁned )

: (b) Acceptable solution. A finite elemenit solution is “acceptable” if Ehe

- estimated error satisfies some prescribed global and local conditions.

. Both concepts (a) and (b} are further explained in next sections.

_'-2.1 .Errur eéﬁimator

" One of the most popular error estimators for structural problems is based_ o

on the errar energy norm expj.essed as [I- 6}

IleII?[/n[trwéTD‘_ o = &ldn]'/2 _' . (1) o

- where & are the exact stresses, & are the stress values obtained from the finite
_ - element solution, I} is the constitulive matrix and © is the structure domain,
- For plate and shell problems & should here be mterpreted as the “resultant

stresses” [10], [16]. . = : S

Bince the exact stresses are u'sua]l_y. not known they are approximated by .

SoemgENS )

'where &* are nodal values obtained by simple nodal averaging of the finite
element values, least squares local and global smoothing, or other adequate
. proJectlon methods [1-5]. A sunple approach is to use a global noda.i smoothing
with a lumped “mass matrlx glvmg the nodal smoothed values, &*, as

5

pemp [New

where No are the cheosen stress interpolating functions giving a smeoth st‘xess .
. field in terms of the nodal siress values obiained [1-5] and Mp is a diagonal
*matrix with Mp, = [aNsdf). Eq. (8) can be obviously applied to

solve mdependent]y for each individual siress component. It can be verified

~ that eq.(3) yields an accurate smoothed stress field for elements with linear

. contnimtmns 50 that S ]
il*?li2 Zilﬂll.. ,' EIUII2 ZIWII" S )

. ..-\'yhere n is the tota.l numbex_‘ of elemcnts in the mesh.

" BE. Onate and I Castro/Adaptive remeshing for structural problems 135

" interpolation and is adequate for éuadraﬁ.ic elements providing correction
- factors are used [1). Recently much improved methods have been devised by

Zienkiewicz and Zhu [23] to obtam accu:ateiy recoverec‘a o* and these can be

- used as alternatives.

The_s'train energy of the exact solution is estimated as
=T @

‘Both [je]|? and [|U]f? can be evaiuated as sum of their respectlve element .

"l

3 2,2 Definition of acceptable solution B

" There is unfortunately no general consensus of what aceuracy is acceptable.”

. However, it is usually accepted that a solutmn is “correct™ if the two {o].lowmg )
: condlf.lons are sahsﬁed S -

- (a.) The global error.in energy norm is less than a speuﬁed percenta.ge va.lue of

the totaﬁ strain cncrgy, ie.

WSO W

: _ﬁhexe n is the user’s speciﬁed value of the permissibie relative global error. -

Eq (6) a.llows to define a glohal error pa.ra.mevet, £y, as

N s
k= T M

S "GHU" i . o
Clearly the values £ < 1 denole satisfaction of the global error cntenon,

whereas £ > 1 indicates that further refinement is necessary.

(b) The, dlstnbut]on of the elements in the refined mesh satisfies a “mesh
optlmahi.y crltermn" Th:s }ocal condition can be expressed as :

A
‘where flelfi is the actual error norm in each element i and H ||,- Is the * xeqmrcd”
error norm in the element, :
. Frou_'l eq.(8) we can define a local error parjameterf,- for each elemen:  as.

£IM”.E."'¢.~_ o . (9) -
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Note that a value of §; = 1 defines an “optimal” element size, whereas
> 1 and §; < 1 indicate that the size of element i needs refinement and
-refinement, respectively. ‘

The definition of the required error in each efement [Je|y, is a key issue and it
rongly affects the distribution of element sizes in the mesh. This definition can
based on different mesh optimality criteria and some of these are presented
& later seclion, ’ : ’ :

3 Element refinement parameter

‘We can define now a single element refinement parameter, combining the
tisfaction of the global and local conditions {a} and (b} of previous section as

g el lell '
b= 8o = LI el (1)

T.he element refinement parameter £; was first introduced in ref[1] and since
en !t has been used by many authors as the basis for deciding the new element
es in a general AMR strategy [1-9], However, £; can be also interpreted from
1) as the resull of trying to satisfy both the global and local error conditions

* @ successive manner. Eq.(10) provides all the terms involved in this combined
ocess and these could play individually a very different role as explained in
xi section. i :

.MESH OPTIMALITY CRITERIA AND AMR PROCEDURES

1 Mesh optimality criterion based on the equal-distribution of trhe
global error ’

A very popular mesh optimality criterion for structural analysis is based on
e so called equal-distribution of the error , i.e. a mesh is defined as optimal if
2 global error is equally distributed over all the elements [1-10}. On the basis
this assumption we can define the required error for each element as the ratio
tween the global error and ihe total number of elements in the mesh. Thus
ting thai only the square of the error norm is additive (see eq.(5)) we have

|Mne%%' )

Combining (9) and {11) yields the exprerssion of the local error parameter
as '

P lefjnir

The element refinement parameter is now obtained viz. eq.(10) as
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¢ = Eigy = —deli_ | (13)
7 s .

The parameter & can now be readily interpreted as the ratio belween the
clement error and the distributed value of the permissible error over the mesh.

Expression (13) is in fact identical $o that used in ref[1]. However, the
multiplcative form §; = {;£; allows to derive the correct AMR, strategy. Thus

by noting that the convergence rates of the element and global error norms are

el 0Pyt = oy L e
el = O™ (148)

where h; and h are the existing element size and the average size of all the
clements in the mesh, respectively, m is the degree of the shape function
polynomials (sn = 1 for linear elements, m ='2 for quadratic elements, elc.},
and d is the number of dimensions of the problem (d = 1,2,3 for 1D , 2D and
3D problems, respectively) we can deduce that the new element size h; can be.
obtained in {erms of the existing size using the expression

_ h; i
hi= g (_15)

with e =gy {18)

The expression of the element size parameter { as given by {18) takes into
account the different convergence rates of the element and global error norms.

Zienkiewics and Zhu, followed by others [1-10], use a simpler expression for
¢ hased directly on the element refinement parameter £ as : :

¢ = (et , o (17

“where ¢ is & relaxation factor and the new exponent ' is taken as m except for
clements adjacent to singulasities where m = A is used (A being the singularity
strength). ’

The authors have found that the compulation of £ as given by (17) with the
very common choice of ¢ = 1 and ! = m [1-10], Jeads to a non consistent mesh
refinement [16]. This is shown by an oscillatory re and de-refinement of the
same mesh zones in the AMR. process. This problem dissappears if the correct
expression (16) far £ used {see first example and {18]).
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«2 A mesh optimality criterion based on the equal-distribution of
‘the specific error . . 0 B C IR

-An alternatilve criterion is {o assume that a mesh is optimal if the square of .
1¢ error per unit area {or volume) is the same over the whole mesh. It is clear

1en that in the optimal mesh

lelli el
_ ﬂyz oo ) : RN _(18)
i) . : : .

* ‘bviously in (18} §}; and 0 denote the element and tolal area (or volume)
:Spcctively,l Lo o S AT

oy ;:g:gnss(s) and (18) _y{éx.d_s. tl.'l‘c expression of the required erTor norm for

EE"r' = ”e”(%)ﬂz = ._ | (19) _' .

.Th.e clement error parameter %; is obtained now using (9) and (19) as

’ .Th.e element.reﬁnement_pa.ramete):_ is obtained from (9}, (10) and (20) as

o

T v

- : .Note that eqs.(13) and (21) ccincide if ﬁ& =n (le al elemen£s are equal
-'mze): ‘This is howev.er not the case for unstructured meshes which results in
site different mesh distributions for each mesh optimality criterion as shown

. -the examples, B o '

Moreovcr,‘the way we have defined now the element error eliminates its
._:pendancc with the element area. Therefore, the new convergence rate of the
;meqt_error can be deduced from (14a} as N P .

_J%:O{h}’_‘) . :_ s

- Naote the coincidence of the conver i
; gence rates of the el
ror norms (eqs.(14b) and {22)), menes omert ahd globa

The new element size is oblained from (15} with £ given now by

&= (Eg) ™ = tm (29
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The new expression for the element refinement parameter coincides with

thet given by (17) with ¢ = 1 and m! = m. Note, however, that (17) was

introduced in the context the mesh optimality criterion based on the equal-

. distribution of the global error. The different forms abtained here clarify the

correct expression io be used for each mesh optimality criterion chosen.

1 T our knowledge the criterion of equal-distribution of the speciﬁc error
“was introduced by Bugeda {17] and it has been used in the context of optimum
. structural design problems by Bugeda and Oliver (18} and for AMR. analysis of

plates and shells by Ofate, Castro and Kreiner [16]. This criterion can alse be
shown ta be equivalent to that of equal exror in siresses mentioned in [1].

.- 4; BXAMPLES

4.1 Analyéis of a cylindrical shell roof

" 'The first ekaﬁp}e is the analysis of the classical Scordelis cylindrical roof

- under self weight shown in Figure 1 together with the initial mesh of 48
" triangular facet shell elements used. The element formulation combines the 12
" d.of. trizngular Reissner-Mindlin plate element based on a linear interpolation
" for the lateral deflection, an incomplete quadraic interpolation for the rotations

and an assumed linear shear strain fleld developed in [11-15] with a simple linear
field for the in-plane displacements. The values of m and d in eq.{16) arem =1
“and d = 2. A value of the permissible global error 5 = 10% has been chosen,

L = 600.0

R =300.0
thickness = 3.0
JE =3.0x10°
. =00
| Disphuzgm ) . - 7 B.C.:in diaphragm u =0, w=0

- Tioad 1 Self weight, g =025 .

Initial global ertor parameter £g == 6.2295 ’

B Figute 1, Cylindrical shell Toof under sell weight. Symmetric quadrant used
’ in the analysis and initial mesh of 48 triangular assumed shear
 strain facet shell elentents {11-¥5]. - o

Figure 2 shows the sequence of refined meshes obtained with the three AMR

" strategies studied in the paper. First cofumn (strategy A) shows the results

obtained using the criterion of equal-distribution of the global error over all
the elements and the inconsistent value of ¢ defining the new element sizes as
given by eq.{17) with ¢ =1 and = m = 1. Nole the oscillations in the AMR

" process clearly shown by the alternative re and de-refinements of the same mesh

ZOTEes,
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Strategy A Strategy B Strateg}; C

 NE=881 & =1.046 NE=1.043 ¢ =0.877

893 a4l . . qas . pem

B0 wesd - g . 1one

S 2289 . 1.0002

Figure 2, Symmetric quadrant of a lc
- -of nteshes obtained with A

. global error and inconsistent definition of patameter £ (viz eq.(17)); (B) Idem

with £ consistenily defined by €q.(16); and (C) Equal distribution of specific

ylindrical shell roof under self weight., Sequence
MR strategies based on: (A} Equal distribution of

errol. For each miesh is shown ile num

ber of element 5Y
the global ¢rror paranieter £,. T f.:klnex_1 ’ (NE) and thc valte O.I. .

NE=g21 ¢=1113 -
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.

Results labelled as strategy B in .Figm:e 2 have been oblained with the same

‘mesh optimality eriterion, but using now the correct expression for £ as given by
‘eq.{16). Note that the refinerient oscillations dissapear and the AMR process

converges in a consistent manner,

Results for strategy C have been obtained with the mesh optimality eriterion

‘based on the equal distribution of the specific error, with the element size
.parameter { as given by eq.(23). It can be tlearly seen that: (a} The AMR process
“-converges without oscillations; and {b) This AMR strategy concentrates more and

- smaller elements in the vicinity of the free edge (where the error is greater due
‘to the higher membrane stress gradients), whereas in the rest of the mesh bigger
_elements than in the previous case are allowed. The prize fo be paid is the increase

" in the total number of elements with respect to strategies A and B for the same

. - global accuracy as shown in Figare 2, -~ ' e ' SR

" Further details of this example and of the general AMR strategy for plates and . - B
shells can be found in [18]. ; R o

4.2 Analysis. of a cylindrical shell with a circular perforation under. .
uniform traction - ST LU

Figure 3 shows the geometry, material properties of the shell and the initial
mesh used. The analysis has been performed using the same facel shell element

as in the previous example. A value of the permissible glabal error n = 10% has
" been taken. - L R

Tigure 3 also shows the sequence of refined meshes obtained with the criterion
of equal-distribution of the global error and the correct value for the element size
parameter £:as given by eq.(16) (Strategy B}, and also with the criterion of equal

distribution of the specific error with { given by eq.(23) (Strategy C). ;

Table T shows some characteristic results for each solution like the number '

~of elements, the global error parameter £y, the average value of the local error
parameier {f‘z)a .and its mean deviation (£7)s over each mesh for the two AMR

strategies used. From the numbers shown in this table we deduce

: Both AMR stralegies converge to. the global permissible error chosen

- Both AMR processes converge to an “oplimal mesh”, characterized by the -

*. appriate values ({?)a = 1.0 and (E";‘-l)a = 0.0. However, the number of elements
and its distribution in each mesh is very different for the two AMR strategies
and again that based on the equal distribution of specific error (strategy C)
‘tends to concentrate more and smaller elements.in the vicinity of the central

. hole where stress gradients are higher (see Figure 3). - R g

5., CONCLUDING REMARXKS

..~ We have shown that the correct evaluation of the rate of .convergence of the
different error norms involved in the AMR strategy is essential to avoid oscillations
in the refinement process. Also, the mesh optimality criteria based on global and

. specific error distributions are conceptually very different. Thus, whereas the
former leads to meshes with smaller number of elements, the second captures
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T " Beaxas
e TR I T 2 X
N I _rrr(r_ " thickness == 0.086
_l_-rrr‘rr Tq ': Initial mesh (M0) of
L . __! . | 96.tr_ian_:g_|..1!§r ele.l_n,e_gts
_Stfat_egy B

. __w """‘) N L 1> V)’l '
KLRL [ et RS
A : DOGRE. AL AT

O -_F{g.urt_z 3 .t_l;:al‘ysis of'a cylindrical sh_?il under uniform traction. Sequence of mes}.les
. (ostaatned with AMR st:a!.egﬁes based on: Equal distribution of global error
- (Strategy B} and Equal distzibution of specific error (Steategy ). L
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Strategy B . - 7 Strategy O

INE| & | (e (E)o |NE | & [(EDa (€

©. - MO [ 96 |1.776 {1000 [1.413 | 98 ii.776 [1.728 [3.668

T MU [234 | 1.078 | 1.600 |0.613 (393 j0.903 |1.545 (3.432

M2 }262 | 0.959 {1.000 [0.518 |593 {0.991 |1.166 (0.684
M3 |266 [ 0.968 {1.000 |0.384 |72 10.979 [1.050 |0.381

- /TABLE L. Symmetric quadrant of a fractioned cylindsical shell. Some stalistical resulis of
“the AMR processes based on the equal distribution of the global error (Strategy
- - B} and the specific exror (Strategy C}. o R

" better the effect of high siress gradients. Further research should allow to balance -

the possibilities of these two criteria for use in practical structural applications.
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