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Abstract. This work presents recent developments in a constrained polynomial chaos expansion
as a physics-informed machine learning technique. Specifically, an optimized numerical solver for
straightforward updating of Lagrange multipliers and an improved statistical sampling method are
compared to the original algorithm for estimating deterministic coefficients. Both techniques are
applied to solve a heat equation with Neumann boundary conditions. A second study presents a pre-
liminary numerical comparison of the constrained polynomial chaos expansion and physics-informed
deep operator networks with respect to computational cost and achieved accuracy.

1 INTRODUCTION

Uncertainty quantification (UQ) of mathematical models representing physical systems is typically
associated with a high computational burden. Consequently, there has been significant interest in the
development of machine learning methods that offer both numerical efficiency and high accuracy.
Surrogate modeling of complex mathematical models of physical systems is particularly challenging,
as it requires satisfying physical constraints across the entire design domain while adhering to specific
boundary conditions of the system under investigation. Additionally, constructing a large training set
is often infeasible due to the immense computational cost.

One of the most widely used surrogate models for UQ is polynomial chaos expansion (PCE) [1]],
which generally offers a good balance between training set size and achieved accuracy, along with
analytical post-processing capabilities for UQ [2]]. However, standard PCE surrogate models may
yield predictions that violate the underlying physical constraints of the system. To address this lim-
itation, a recently proposed approach referenced as physics-informed polynomial chaos expansion
(PC?) combines conventional experimental design with additional constraints derived from the sys-
tem’s physics [3,4]. The PC? can be seen as a technique for operator learning. Therefore, a numerical
comparison with a well-known operator learning method — physics-informed deep operator networks
[S]], is presented in this paper. Both techniques are applied to a heat equation with Neumann boundary
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condition, and the obtained results are compared with respect to accuracy and numerical efficiency.
In addition to the comparison, this contribution focuses on recent developments that aim to improve
the scalability of the original PC? algorithm.

The PC? method, which employs an augmented system with Lagrange multipliers [3]], demon-
strates superior performance for linear equality constraints and relatively low-size experimental de-
sign. However, its computational cost increases rapidly with the stochastic dimension of the system
and/or maximum polynomial order of PCE basis. In this paper, we investigate two directions for
improvement of numerical efficiency. First of all, PC? algorithm can be improved by optimized algo-
rithm for straightforward updating of Lagrange multipliers, which significantly reduces the computa-
tional time in comparison to naive implementation of constrained least squares. The computational
cost is also influenced by the number of virtual and boundary samples. Optimizing the experimen-
tal design is thus crucial to further reduce the computational cost similarly to standard data-driven
PCE [6,7]. Both optimized numerical solver of linear equations together with D-optimal sampling of
virtual points are applied to a heat equation and compared to the original PC? algorithm.

2 PHYSICS-INFORMED POLYNOMIAL CHAOS EXPANSION

Considering X' and & being vectors consisting of M independent random variables, the basis WV (§)
is in form of multivariate polynomials:

M
‘Ija (5) = Hwai (fl) ) (1)

where a € N is a the multi-index consisting of integers reflecting polynomial degrees associated to
each &;. Note that multivariate polynomials are simply constructed as a tensor product of univariate
polynomials ;. The quantity of interest (Qol), i.e. the response of the model )) = u (X’), can then be
represented by PCE as [8, 9]

Y=u(X) =Y Ba¥al(f), 2)

acNM

The coefficients 8 that minimize the error can be further estimated simply by ordinary least squares
(OLS). In order to estimate 8 by OLS, it is necessary to create a set of realizations used as a training
data set referenced also as the experimental design (ED). PCE can be seen as a simple linear regression
model and thus the vector 8 can be simply obtained as

B=(eTw)" vy, 3)

where Y contains numerical values of Qol, W is the data matrix. Once the PCE is constructed, the first
statistical moment of Qol is simply given by the first estimated coefficient of the PCE py = <)}1> =
Bo and the variance a%, = <y2> — ,u%, can be obtained from the all squared coefficients excluding the
1ntercept.

Extension of the standard data-driven PCE in form of PC? was designed to solve any stochastic
partial differential equation, generally described by the following formulas:

Lz, t,X(w);u(z,t,X(w))) = flx,t,X(w)), VeeDteT,we

B(x,t,X(w);u(e,t,X(w))) =g(x,t,X(w)), VeecdD,teT,we @
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where Qol (solution of the stochastic partial differential equation) is u(-) , 7 C R, D C R? having a
boundary 0D, differential operator is represented by £, boundary operator 3, source terms are f, g,
and X (w) € R? is a random vector containing d random variables having a sample space ). The
objective function of a regression problem constrained by Eq. (@) can be formulated as

M(B) =min y [V —u"P (:Bj7tj,Xj)]2=HlﬁiIlHY—‘I’,Bl|2
= )
st. L(zy,ty, X (w);u(zy,tv, X (W) = f(xy,tv, X (w)),
B(wBC’tBCaX (w) (mBC>tBC> ( ))) (ch,th,X (w))

Note that two new sets of points in input space are defined extending standard ED: points enforc-
ing boundary conditions (¢, tgc, X) and ny virtual points used for evaluation of the prescribed
differential equations (v, ty, X).

Estimation of deterministic coefficients can be efficiently done by constrained least squares using
Lagrange multipliers. The boundary conditions are represented by B, evaluated at npc points Epc,
and the corresponding vector cgc consisting of ngc rows determined by ¢, = ¢ <£](3bé> Constraints
in form of differential equations are represented by the differential operator £, evaluated at ny virtual
points &y, and the corresponding vector cy consisting of ny rows given by ¢, = u (5&;} )>.

The prescribed constraints are then assembled into a matrix A containing the first ngc rows
containing a, = {ag =B (lllj ( g’é)) , J=0,..,P— 1} and followed by ny rows containing
a, = {ag =L (\I/j ( E}”)) , j=0,..,P— 1}. Finally it is possible to construct a system of
linear equations solved by the constrained OLS:

R ®
A 0] (A c |

KKT matrix

The input vector of PC? determined by its coefficients obtained by constrained OLS contains mix-
ture of M deterministic and random variables & = («, ¢, X'). Deterministic part of this vector (x, t)
contains spatial variables and time, therefore it is necessary to filter-out their influence on statistical
moments of Qol [3]]. In other words, we need to estimate statistical moments only from a reduced
basis set containing a subset of the input vector, that is, X C {x,t,X'}.

3 EFFICIENT SOLVERS AND STATISTICAL SAMPLING

The computational cost of naive PC? implemented in UQPy package [10] grows rapidly with size
of KKT matrix and thus it is necessary to use advanced algorithms to efficiently solve large linear least
squares problems, such as straightforward updating approach based on Lagrange multipliers (SULM)
algorithm summarized in Algorithm|1{[11].

To compare the accuracy and efficiency of the KKT and SULM, both with and without the D-
optimality, we consider the following stochastic problem related to the heat equation with Neumann
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Algorithm 1 Straightforward updating approach based on Lagrange multipliers

Solve the unconstrained least squares problem || &3 — Y2
Solve HJ = — AT

SetY = AJ )

Solve YA = ¢ — Ap for A

SetB=8+JA

Output: deterministic coefficients 8 of PC?

AN A

boundary and uniformly distributed coefficient of thermal diffusivity D:

Qu(x,yt) _ o O?u(z,y,t) N O*u(z,y,1)
ot B Ox? dy?

), z,y€[0,1, te0,1], D ~u[0.001,0.1]

(7
U(O, y)t) = u(]-vyu t) = U(l’, 07t) = U(I', ]-)t) = 07 U(ZL‘, 0) = SiIl(TI'I)

where u represents the temperature field in a 2D spatial domain and 1D time, and D is the uncer-
tain thermal diffusion coefficient of the medium. For the reference solution, we solve this problem
numerically using the finite element method implemented in FEniCS library [12].

To simulate the scenario of scarce or expensive sampling, we do not introduce any additional
training set; instead, we increase the number of virtual points ny to capture information beyond
the Neumann boundary and initial conditions in order to investigate convergence of algorithms. The
parameters of PCE itself remain unchanged, with the polynomial order (p = 15), number of boundary
condition points (ngc = 2000) and number of initial condition points (ni,;; = 2000). Note that,
methods don’t use any p-adaptivity, g-adaptivity or best model selection algorithms [[13]].

The absolute errors (AE) and mean squared errors (MSE) for four combinations of algorithms
and D-optimal sampling [7] are presented in Fig. [I| When the number of constraints is significantly
insufficient, the initial AEs and MSEs of the KKT and KKT-D are lower than those of the SULM
and SULM-D. During this under-determined stage, the AE and MSE for all methods initially ex-
hibit an upward trend. As the number of virtual points approaches the fully constrained scenario
(well-determined system of linear equations), both AE and MSE begin to decrease sharply (starting
from ny = 1500). Notably, for the KKT and KKT-D methods, when the number of virtual points
approaches the theoretical requirement for a fully constrained scenario, the AE and MSE basically sta-
bilize near their minimum values. In contrast, the AE and MSE for the SULM and SULM-D methods
continue to decline with the increasing number of virtual points, ultimately achieving a more accu-
rate fitted solution. However, as the problem gradually transitions from a fully constrained toward an
over-constrained scenario, both AE and MSE obtained by KKT and KKT-D start to diverge.

We also discuss the computational efficiency of the four algorithms. As shown in Fig. 2] (left),
for both KKT and SULM methods, the introduction of D-optimality obviously increases the required
computation cost, and this increase becomes more pronounced as the number of virtual points in-
creases. Furthermore, compared to the basic and advanced KKT methods, the corresponding SULM
methods demonstrate a significant advantage in computational efficiency. In this case, even with the
introduction of D-optimality, the computational cost of SULM-D only surpasses that of the standard
KKT (without D-optimality) when the number of virtual points exceeds 8000.

If the error requirements are not as strict, as typical for sensitivity analysis (e.g. MSE < 1072),
the KKT and KKT-D methods are more computationally efficient near the fully constrained scenario,
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as can be seen in Fig. 2] (right). However, if it is important to obtain higher accuracy, we can obtain
more accurate results with less additional computational cost by SULM with appropriately increasing
the number of virtual points.

4 COMPARISON TO DEEP OPERATOR NETWORKS

PC? can be seen as a physics-informed machine learning (PIML) method together with well-known
physics-informed neural networks [14], physics-informed deep operator networks (PI-DON) [[15]] or
physics-informed Gaussian process [[16]. In this section, a comparison of PI-DON and PC? is pre-
sented with respect to the computational efficiency and obtained accuracy. Both techniques are ap-
plied to the same numerical example as in the previous section — 2D heat equation with Neumann
boundary conditions and random uncertain thermal diffusion coefficient of the medium.

PC? is constructed using the standard KK T algorithm with p = 18, npc = 2x 1000, njnia = 8000
and ny = 4000. The architecture of PI-DON is as follows: branch net contains 1, 128, 128, 128, 100
(layers); trunk net contains 3, 128, 128, 128, 100 (layers); niniiac = 20 X 20; boundary conditions
points npe = 20 x 20; collocation points ny = 10000; and 120000 epochs with batch size 75. Note
that we do not use any data points of real solution obtained by FEM for training. The codes were tested
on an NVIDIA A100 GPU. The total computational cost for PC? is 284 s and PI-DON 868 s. The
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Figure 1: Convergence of the selected algorithms measured by absolute errors (top); and mean squared errors (bottom)
for increasing number of virtual points. Results are obtained from 20 statistical replications of the algorithms.
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Figure 2: Computational cost of the selected algorithms: computational time for increasing number of virtual points
(left); computational time and obtained accuracy (right).

obtained accuracy measured by MSEs evaluated at 100 000 randomly selected points are 4.69 x 10~4
for PC? and 4.21 x 10~ for PI-DON. The solution obtained by both techniques for D = 0.009 can
be seen in Fig. [3| for the selected time steps ¢t = [0.03,0.33,0.66, 0.99]. It can be seen that the errors
are similar for both methods except for the boundaries (¢ — 0), where polynomial bases of PC? lead
to greater inaccuracy.

S DISCUSSION & CONCLUSION

The paper presents recent developments in physics-informed polynomial chaos expansion con-
structed by constrained least squares. It is shown that computational efficiency can be significantly
improved by advanced solvers (e.g. SULM employed in this paper) as well as by optimized statistical
sampling of virtual points. Moreover, from the numerical results it can be concluded that optimization
of statistical sampling is particularly important in combination with the SULM algorithm in order to
accelerate the convergence rate. The convergence graph of the KKT algorithm shows, that it is cru-
cial to create a well-determined system of equations, otherwise the obtained accuracy is significantly
lower. Therefore, with respect to computational cost and the obtained accuracy, it can be concluded
that standard KKT with a well-determined number of virtual points (ny = 2000 in the numerical
example) leads to almost identical results as SULM-D with a significantly higher number of virtual
points (ny = 4000), or SULM with ny = 11000. In other words, optimization of number and position
of virtual points is crucial for both algorithms SULM and KKT. However, in case of SULM offering
low computational cost and stable convergence, it is beneficial to create an overdetermined system of
equations contrary to KKT. The obtained numerical results clearly demonstrated the importance of
numerical efficiency, and thus future research will be focused on optimization of experimental design
including active learning algorithms [[17] and the use of advanced numerical solvers.

The second study presents a pilot comparison of PC? algorithm to PI-DON in the selected exam-
ple — 2D heat equation with Neumann boundary conditions and random uncertain thermal diffusion
coefficient of the medium. The obtained accuracy measured by MSE, shows that both methods are
comparable, with PI-DON yielding slightly higher accuracy. Although the computational cost of PC?
is 3x lower in comparison to PI-DON and it also offers an analytical post-processing for UQ [3]], PC?
based on constrained least-squares can only approximate solutions of linear PDEs while PI-DON can
also solve non-linear PDEs. Further comparisons will focus on the UQ capabilities of both methods.
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Figure 3: Comparison of PC? and PI-DON for the selected time steps ¢ = [0.03,0.33,0.66, 0.99]
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