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ABSTRACT

The analytical modeling of electromagnetic fields generated by multiple
current-carrying conductors is fundamental in power systems, electro-
magnetic compatibility, and transmission line analysis. Traditional analyt-
ical methods often assume conductors aligned with the coordinate system
axes, limiting their applicability to arbitrary configurations. This paper
presents a novel analytical approach that determines the exact electric and
magnetic fields for multiple conductors oriented in arbitrary directions
within a Euclidean space, assuming linear, homogeneous, and isotropic
media. Unlike numerical methods, such as the Finite Element Method
(FEM), which require extensive meshing and domain discretization, the
proposed method directly computes field vectors without interpolation or
artificial boundary conditions. The applicability of the method is evaluated
through four case studies, demonstrating its effectiveness in various con-
figurations, including power transmission lines, communication cables,
and grounding systems in homogeneous isotropic media. Additionally,
a comparative analysis is performed using a specific case with a known
analytical solution, validating the method against FEM-based solvers such
as ANSYS Maxwell and FEMM. The results confirm that the proposed
approach achieves higher accuracy with significantly lower computational
costs.

1 Introduction
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It has been more than 150 years since James Clerk Maxwell presented the paper “A Dynamical
Theory of the Electromagnetic Field” [1], summarizing and unifying all previous physical and
mathematical findings related to electric and magnetic phenomena, and formally unifying the laws of
Gauss, Ampere and Faraday. These principles became the foundation for calculating electromagnetic
fields emanating from all sorts of electrical systems, many of which conform with geometries such as
spheres, loops, and very long lines, hence the general interest in the electromagnetic characterization
of these shapes.
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For configurations modeled as infinite current-carrying lines, the classical analytical solution for
electric and magnetic fields relies on Gauss’s and Ampere’s Laws. However, this approach assumes
that the conductor’s direction, which defines both the axis of the cylindrical Gaussian surface and the
rotation of the Ampere loop, coincides with one of the reference coordinate system’s axes. However,
it is not possible to keep this assumption for multiple lines, unless a different reference system is
used for each of them, which becomes complex and tedious, but in practice it is what we have
in electrical distribution systems from many countries. Such a case would require the individual
solution of each line in its own reference system to then superimpose individual effects at each spatial
point of interest using a geometric approximation method between individual systems, but since
the number of calculations required increases rapidly, due to the superposition and transformation
operations required for each conductor’s individual coordinate system [2,3], this type of solution
becomes cumbersome.

Accurately modeling the electromagnetic fields generated by multiple arbitrarily oriented conduc-
tors is crucial in power transmission, communication systems, and grounding networks. Traditional
analytical methods are limited by symmetry assumptions, while Finite Element Method (FEM)-based
numerical approaches require extensive meshing and high computational resources, particularly when
modeling long conductors [4,5]. The proposed method provides a direct analytical formulation that
eliminates the need for numerical discretization, offering an efficient and exact solution under the
assumption of linear, homogeneous, and isotropic media, which is a common condition in engineering
applications. By computing electric and magnetic field vectors directly at each point, it reduces
interpolation errors and computational complexity, making it particularly useful for analyzing power
distribution lines, long transmission cables, and electromagnetic interference in complex conductor
arrangements. This approach is especially advantageous in scenarios where Finite Element Method
(FEM) suffers from boundary truncation errors and increased computational costs due to the need
for large simulation domains.

In classical Electromagnetics, the electromagnetic field of an infinite line of current is solved by
applying Gauss’s and Ampere’s Law, while conveniently placing the current-carrying wire over the z-
axis in the cylindrical coordinate system to take advantage of the resultant symmetry [6,7]. However,
this simple strategy no longer applies when dealing with more than one conductor, especially if the
directions of the currents are not parallel, because we only have a single z-axis. Some authors have
applied analytical models to specific areas of research, but their solutions are still limited to the case
of a single line [8,9], and even if some advanced publications offer certain analytical solutions for
the electromagnetic field along infinite lines with the intervention of external fields or other charges,
they are based on specific conditions and assumptions to ensure a symmetric analysis; therefore, they
cannot be considered general analytical methods [10,11]. A combined method that could be used
starts by solving the fields foreach of the conductors in its own Euclidean system and then uses
the resultants of each of the individual contributions of the fields as matrices (vectors) translated
and rotated towards the main system of reference. This seems to be the best analytical method that
currently provides a general solution for these cases. This methodology is impractical and demanding
in terms of the amount of mathematical work, since with each cable a complete reference system
must be handled in addition to the main reference system, for which the calculations are desired.
Therefore, the greater the number of cables, the greater the number of reference systems required and
the mathematical complexity, since results at each point must be rotated and translated to that main
reference system in which the total effect can be represented. Finally, one could use the equations
governing electrical and magnetic interactions in their differential form to calculate the total fields at

https://www.scipedia.com/public/Cardenas_et_al_2025a 2



D. Cardenas, S. Portugal and A. V. Chong,
Simplified electromagnetic method for the analytical euclidean modeling of

S I p E D I A multiple electrical conductors in arbitrary directions,
Rev. int. métodos numér. célc. diseno ing. (2025). Vol.41, (2), 33

a point of interest through integration, but in this case, close-form solutions are only possible for well-
known symmetric geometries [12]; therefore, this path is usually reserved for computational models,
which offer numerical approximations [13,14].

Most medium and high voltage transmission lines (1 kV and above) are made of bare conductors
(air insulation only), whereas low voltage transmission lines (1000 volts or less) and conductors
engineered for undergrounding are insulated according to the standard NFPA 70-Chapter 3 [15]
for most countries in the American continent and IEC 60364 [16] for most of Europe and various
territories in Asia, Africa, and Oceania, because they are easily accessible by unqualified personnel.
Although the insulation is composed of different layers, these are symmetrical around the conductor
and their materials can be considered linear, homogeneous, and isotropic [1 7-21].

In practice, precise information about the current and other electrical signals in each conductor
is easily obtainable by measurement devices strategically located in the electrical network (current
transformers or CTs), as well as meters of the different energy classifications used in engineering (real,
reactive, apparent). This data, gathered through a Supervisory Control and Data Acquisition system
(SCADA), can be interpreted through Graphs and mathematical functions, providing a complete real-
time description of the current in each conductor of the entire electrical system [22,23].

Since the data is measured from the real-time operation of the transmission line, all interactions
between electrical charges or currents inside the conductors are intrinsically included (coupling
phenomena, mutual inductances or capacitances, proximity effects, reflections, resistivity variations,
etc.) and the functions or phasors of current can be written directly from it. For the purposes of
calculating the external fields to the conductors in a practical way, a linear system can be considered
as the sum of the effects produced by each one of the currents already measured, which have fixed
positions in the system.

Until now, in the applied fields of electrical engineering, the electromagnetic field due to a
plural number of lines of current can be generally estimated through Computational Electromagnetics
(CEM) techniques, which offer approximated numerical values for points of interest [24,25]. However,
a gap remains in the literature regarding analytical electromagnetic models able to yield summarized
“Gauss-Ampere type” expressions for systems or cases that need to be analyzed in a comprehensive
manner. Therefore, in this work we introduce an efficient analytical method for computing the
electromagnetic field generated by multiple infinite current-carrying conductors with arbitrary spatial
directions, which can be used even without the help of computational elements and can provide exact
solutions, not only the usual approximate solutions of computational calculation. This method is
applicable and of special interest in several fields such as telecommunications, aviation, and healthcare,
where electromagnetic interference (EMI) can compromise essential systems. In telecommunica-
tions, EMI from transmission lines can degrade signal integrity, leading to data loss and system
malfunctions [26]. In aviation, EMI can disrupt avionics systems, interfering with cockpit radios
and radar signals, essential for communication and navigation [27]. Research on electromagnetic
interference and compatibility in aeronautical radio communication systems emphasizes the need for
effective EMI mitigation measures to ensure flight safety [28]. Similarly, in medical facilities, EMI
from transmission lines can degrade the performance of sensitive devices like MRI machines and
pacemakers, potentially jeopardizing patient safety [29]. Predictive modeling through electromagnetic
analysis aids in optimizing emitting devices, shielding sensitive instruments, and ensuring the safe
integration of external sources near medical tools like MRI systems [30]. By providing a precise and
computationally efficient solution, this method offers a novel approach to enhancing system reliability
and safety in these sectors.
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2 Methods

The deduction of the method being introduced starts with the basic analysis of an infinite current-
carrying wire, as illustrated in Fig. 1. The infinity of the wire is a valid assumption for space points
around long conductors.

¥
)

Figure 1: Single current-carrying wire following an arbitrary direction defined by the unit vecto i,

Inside the wire, the charges move with a drift velocity v, = v,ji,, and the electric charge density
related to the electric current A,, called conduction charge, can be considered linear and constant since
the materials of the conductor cables are linear, homogeneous, isotropic and the diameter is constant.
When all charge density can be considered conduction charge, and the ratio of the diameter d to the
length ¢ of the wire is such that the diameter becomes very small with respect to its length, or with
respect to the external points of interest for the calculation of the fields, so it can be considered of
infinite length, the current 7 is given by (1).

Instead of following the classical approach, which places the wire along the z axis in cylindrical
coordinates, we allow the wire to align with an arbitrary unit vector ft,. This vector may differ from
the standard unit vectors in cylindrical coordinates: fi,, ft, and fi..

The f1, vector is obtained from two points positioned over the line of the wire, here identified
as P,(x,, V. z,) and P, (x;, 1, 2,) as shown in Fig. 1. The vector containing the spatial displacement

between said points P, P, is calculated and then divided by its magnitude, as shown in (2).
. PP,
R = 17—
‘ P.P,
_ (xb - xa)ﬁg\» + (,yb - ya)iiy + (Zb - Za)ﬁ’:
\/('xh - xa)2 + (yb - ya)2 + (Z/) — Z, 2

2

Ky

The electric field vector E is oriented in the radial direction perpendicular to the wire, which has a
unit vector defined as ft,. An expression for the electric field is obtained with the application of Gauss’s
Law, as shown in (3), where D is the electric displacement field and A is the value per unit length of
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the charges responsible for the electric field, that is, those that are considered on the surface of the
conductor. A cylindrical gaussian surface is stablished around the conducting wire, whose longitudinal
axis corresponds to the direction of the wire ft, while the unit vector of the axis of rotation is identified
as fi,. If one desires to know the magnitude of the electric field at a point of interest P,(x;, y;, z,),
the radius of the gaussian surface is adjusted to have the same value as the perpendicular distance
between the wire and P;, defined here as r,. Therefore, the differential surface in (3) can be defined as
ds, = r,d¢'dljr,, a concept that is carefully illustrated in Fig. 2.

ﬁﬁ D.ds, = [ adl 3)

Gaussian Surface

P(x,,¥:,2)

Figure 2: Gaussian surface enclosing a section of a linear conductor along the arbitrary direction ft,

After moving the invariable terms out of the integral and integrating the angular variable, the
differential length on both sides of the equation can be canceled out, resulting in the simple expression
presented in (4) to (4b).

@Sf)-rodqs/dm,, = / Adl “4)
D, r,2m / dl = / dl (4a)
A
D, =-— 4
" 2 (4b)

Considering a linear, homogeneous, and isotropic medium; the electric field is expressed by (5).

. 5)

E=
27rer[,ﬂ

where ¢ represents the electrical permittivity of the material.

Since not all electrical charge can always be considered free charge, or conduction charge, the most
appropriate way to determine A is through the actual parameters of the power line being considered.
There are several engineering methods to model power lines from the data obtained from SCADA, so
that the equivalent capacitance C, of the line and its voltage V, can be obtained [22,24]. Taking these
values for each line, the electrical charge component Q,, which is considered superficial, can also be
obtained as shown in (6). A linear distribution of this charge, which is linked to the electric field, is
expressed as shown in (7).

Qx = CA Vx (6)
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Simultaneously, an expression for the magnetic field induced by the current in the wire is obtained
through Ampere’s Law in the analysis shown below with the resulting expressions (&) to (8b), and (9),
where u is the magnetic permeability corresponding to a linear, homogeneous, and isotropic medium.

7{ Hodi=1 ®)
7{ H - (rdpi,) =1 (8a)
Hy =5 ;ra (8b)
=i, ©)

The next step is to establish a general form to obtain the perpendicular displacement vector from
the wire to P;; i.e., r,. First, we measure the displacement from any given point in the wire P; to the
point of interest P;. The resulting vector P, P; has a component in the direction orthogonal to the wire
it,, whose magnitude || P, P,|| sinf corresponds to r,. Here 6 is the angle between P, P; and the wire.
This is illustrated carefully illustrated in Fig. 3.

Figure 3: Trigonometric relationship to obtain the perpendicular distance from the wire to P;

Since the cross product between any two vectors A and B is defined as it,ABsin 6, where f, is
the unit vector perpendicular to both 4 and B, we can determine r, through the cross product of ji,
and P, P;,. We will use the orthogonal-orthonormal convention, summarized in the “right-hand rule”
for cross products, in determining the final directions of the products. The result of this operation is a
vector ¥, (10) with magnitude equal to r,, but whose direction follows f, .

;(p’:ﬁ'/‘»XPAPi:ﬁ"y/‘

PP, H sin @
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Fy = fLyr, (10)
Then, 7, is easily computed through the cross product of ¥, and ft,, as indicated by (11).

F,=Fy X b, = flyr, X jL,

¥, = ﬁ,,r,, (1D

The analysis carried out for a single line or straight wire can be extended to » number of lines,
being n an integer between 1 and infinity, by making use of the superposition theorem. Thus, hereafter
the subscript j will be used to indicate fields and parameters associated to the j™ line among all n lines
being studied in a given problem. This means that j line is their “specific fields source”. In a similar
manner, the subscript i will signal a specific point in space where the fields are being measured. This
notation is shown in Eqs. (12)—(16), where the link given by Eq. (14) is valid only when we can consider
that all the electrical charge of the conductor is conduction charge. When this condition is not met,
the determination of the linear charge density is carried out via Eq. (7).

- A
E.,.=—"—p., 12
(i) 27'[8}"0(1-}/-) l’l’r(zd) ( )
= ni .
i - / 13
(i) 27_[ ro(u) ”’z}ﬁ (i)) ( )
L=ty (14)
A ;:W(f,f)
Ryijy = (15)
S
’l _ ;:()(l'}]') (1 6)
Wiy — =
B

With the established notation, we can generalize the procedure to calculate the radial displacement
from the /™ wire to any given point of interest P,. This displacement vector r,,, is always perpendicular
to the direction of the wire jt,, regardless of its orientation ft,, is obtained from any two points over
the j™ line or wire, following the same procedure as shown in (2 ) In addition, the displacement vector
between a particular pomt along the ;™ line P, ; (X3, 7,5 2:,) and P, is represented as P, P;. The cross

product of ft,, and P, P is used to calculate the vector r¢/(,,), whose magnitude equals r,;, and then,
Vo 1s determined through the cross product of ¥, and ft,, in a similar way to what was done for

(10)and (11); see (17) and (18).
Fap = Ry X ijP,- = RyipToi (17)
;0(1,/) - rtb ()] X IL/&(;) va,/)rom (18)

Finally, the analytical calculation for the electric and magnetic fields due to the » number of
straight conductors is completed through superposition, as indicated in (19) and (20).

A,
E(z)total - Z E(l,/) Z 27'[8:" M’r(i.j) (19)
. o)
‘}ﬂ //LI .
Bmmm = Z B, = 27_[ p Po— L (20)

o(ij)
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3 Results

In the previous procedure, a reduced method is shown to analytically calculate the electric and
magnetic fields at a particular point in space for any complex problem of multiple infinites charged
lines and in arbitrary directions, using a single reference system.

This method is powerful, yet simple and convenient, since it only requires a small number of
straightforward equations, avoiding the need for more sophisticated geometric or numerical compu-
tation algorithms. The analysis could be done manually in very simple cases or aided by a computer
algorithm in complex scenarios. In the latter option, the computer algorithm is kept simple and short
since it only needs to solve Eqgs. (12)—(20), and it does not require further geometric manipulation of
the results due to the absolute reference frame. An example of a developed algorithm for a complex
case can be found in Appendix A. Several case studies implemented in MATLAB are presented to
demonstrate the advantages of the proposed method.

3.1 Case Study 1

Here we consider a very long line of current in an arbitrary direction, passing through the
points P,(12, —20, —60) and P,(10,40,60). The line carries an instantaneous current of 200 A and
the surrounding medium is assumed to be linear, homogeneous and isotropic. Using the equivalent
capacitance of a transmission line and its operating voltage (obtained through SCADA system
monitoring) Eqs. (6) and (7) are applied to determine the linear electric charge distribution, which is
directly related to the electric field along the line. In this case, a single conductor from a typical 115 kV
three-phase transmission line used in American power systems is considered, with a length of 1 km
and an equivalent capacitance of 5.767130 nF between lines. Based on SCADA-measured data, the
estimated linear charge density on the conductoris A = 0.66667x10~°~. A simple MATLAB [31] script
has been generated to obtain the results of 1000 points using Eqgs. (12)—(20). The calculation points
have been arranged equidistantly in 10 layers of 100 points each in a Euclidean space of dimensions:
=50 < x <50, =50 < y < 50, =50 < z < 50. The resulting electrical E field is depicted in Fig. 4,
while the magnetic B field is shown in Fig. 5. It can be noted that the forms of the electric and magnetic
fields due to the line, are the expected ones according to the classical field theory, and the calculation
and graphing have been achieved with ease, regardless of the arbitrary direction of the line.

3.2 Case Study 2

This case considers two very long lines of current (n = 2). Both currents follow the . direction
and are equidistant from the origin of the reference system; one passing through the point (x, y,z) =
(42.5,—42.5,0) and the other passing through (x,y,z) = (—42.5,42.5,0). The intensity of both
currents is 150 Amperes, and this case considers an estimated linear charge density on the power cables
of A = 0.5x107°S. According to the symmetry of the problem, the fields must be zero along the z axis at
the origin. These anticipated results serve to verify the effectiveness of the proposed analytical method.
Comparable case studies have also been addressed with solution methods suggested by other authors;
however, they have the disadvantage of only being valid under certain symmetrical conditions such as
the one we see in this case [32-34], very specific applications, strong computational requirements or
very approximate experimental data [35-37]. Although these cases are quite notorious, they could not
yet be considered as solutions of a general case with electrical currents in any direction.

This time, the solution was evaluated over 4000 points using MATLAB [31]. Two different views
of the resulting electric field are depicted in Figs. 6 and 7, which show that, as expected, the electric
field disappears towards the center between both lines, i.e., any point (0,0, z).
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Figure 4: E for Case Study 1 viewed from a perspective that shows the expected radial behavior of the
field

50,

z-axis

y-axis

Figure 5: B for Case Study 1 viewed from a perspective that shows the expected rotational behavior of
the field

As for the magnetic field, two different views of the results, presented in Figs. § and 9, show that
the field converges towards zero at half distance between both lines.
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Figure 6: Three-dimensional graph of the resultant E field for Case Study 2. The black lines represent
the parallel electrical currents
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Figure 7: The E field for Case Study 2 seen from the +z axis (xy plane)
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Figure 8: Three-dimensional graph of the resultant B field for Case Study 2
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Figure 9: The B field for Case Study 2 seen from the +z axis (xy plane)

3.3 Case Study 3

This time, we consider three very long lines of current (» = 3) in different arbitrary direc-
tions. The first linear current i(¢),, crosses the space points P,(—55,—25,55) and P,(55, —45,55),
(), passes through P.(15,0,—55) and P,(25,0,55), whereas i(t)s crosses P,(—45,55,—55) and
P,(—35,—-55,—-55). The general intensities of the three currents are given by: i(¢),, = 300 cos (1),

i(t)p = 350sin (a)t — %rad), and i(f);, = 400cos (wf). However, in a steady state, the current
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function can be translated from the time domain to the frequency domain (complex amplitude)
[38]. Under the criterion of conservation of energy, we must express the current magnitudes in the
frequency domain, as an effective and invariant magnitude, so it is necessary to also use the root

mean square (RMS) concept for the magnitudes. Taking these considerations, we can write these
300 350 400

currents as classical phasors: 1, = —210", I, = —21180", and [; = —210°. The solution of
the electric and magnetic field was evaluated over a thousand equally spaced points in a Euclidean
space of dimensions: —50 < x < 50, —50 < y < 50, —50 < z < 50 using MATLAB [31]. As each
conductor has its own internal line parameters, three different charge densities have been considered

C C C

in this case, A, = 0.70711 x 10°—, 1, = 0.82496 x 10°—, and A5, = 0.94281 x 10°— respectively
m m m

for conductors carrying I, I,, and I;,.

This case allows us to see in a practical way the great versatility and capacity of simplified
modeling that the proposed method has. The results of this case are widely shown in Figs. 10-17.
The proposed method is general and applicable to any number of current conducting lines, in any
direction; and the results will be obtained jointly using a single reference system, either in an exact
analytical way, or numerically by evaluating Eqgs. (12)—(20), without additional requirements for any
geometric manipulation, nor separate evaluations of fields that later require applying some type of
rotation or translation of resultant vectors or matrices. In addition, symmetric models that could be
used as an alternative in Case Study 2, would not work for a problem like Case Study 3.

60
40+

20

y-axis

X-axis

Figure 10: The E field for Case Study 3 seen from the +z axis (xy plane)
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Figure 11: Three-dimensional graph of the resultant E field for Case Study 3, showing a frontal view
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Figure 12: A third perspective showing the behavior of the E field for Case Study 3
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Figure 13: A fourth perspective showing the behavior of the E field for Case Study 3
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Figure 17: A fourth perspective showing the behavior of the B field for Case Study 3

Figs. 10 and 14 show the plan views for the electric and magnetic fields, respectively, for this
configuration of currents. Figs. 11 and 15 show three-dimensional views for those same fields. Figs. 12
and 16 show the behavior x vs. z for the electric and magnetic fields, respectively. Figs. 13 and 17 show
the behavior y vs. z for the electric and magnetic fields, respectively.

Although it is quite difficult to obtain real behaviors of electric currents as arbitrary as those
presented in case 3, in electrical fire laboratories it has been possible to observe behaviors of this type
coming from dissipations in electrical power systems [39—42]. This illustrates the modeling benefits of
this method, since otherwise, these results could only be obtained by separate models, and in many
cases for specific configurations [43-47].

3.4 Case Study 4

We present a last case to show a practical and direct application that this model can have in the
electromagnetic analysis of lines in real power systems. With the widespread use of overhead energy
transmission lines, today it is common to see crossings of power transmission lines such as those shown
in Fig. 18, where a crossing is observed between two high voltage lines 18a, a crossing between a high
voltage line and one medium voltage line 18b, and a crossing between two medium voltage lines 18c.

Some of these situations occur near residential, commercial, and industrial facilities, where
understanding electromagnetic compatibility is very important, such as hospital areas or technology
centers.
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Figure 18: Situations of power line crossings are shown on: (a) two high voltage lines; (b) high voltage
and medium voltage line; and (¢) two medium voltage lines

As an example, we present the analysis of a crossing between a three-phase high voltage line
(115 kV) and a medium voltage line (13.5 kV), with the following specific characteristics. The three-
phase medium voltage line carries a current of 100 amperes balanced and the three-phase high voltage
line carries a current of 200 amperes balanced as shown in Table 1.

Table 1: Space points and description for 3 Ph-Lines 1 and 2 in the transmission system for case study
4

3 Ph-Line i (v Line description based on points Py (x,¥,%) and
PjN (i5 y5 Z)
3 Ph-Line 1 MV i (1) ) Passes through P, (—2, —50, 10) and P, (—2, 50, 10)
i) ear) Passes through P, (0, —50, 10) and P,,(0, 50, 10)
(Continued)
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Table 1 (continued)

3 Ph-Line i () Line description based on points Py (X,¥,%) and
PjN(ia ya Z)
(1) ) Passes through P,,(2, —50, 10) and P;,(2, 50, 10)
3 Ph-Line 2 HV i () ) Passes through P,,(—50, -2, 15) and P,,(50, —2,15)
i () e Passes through P.,(—50,0, 15) and P, (50,0, 15)
(1) o) Passes through P,,(—50, 2, 15) and P,,(50, 2, 15)

Note that the nomenclature of the phases of each power line has been of the i(?),y, style
instead of the simple i(?).,, i(?)q), i(f)s style, in order to provide a direct relationship with the
points P,y (X,y,Zz) and P,y (X,,Z) that demarcates and gives direction to each of the phase lines. To
adequately characterize the electrostatic effect of the ground on the surface line charges (capacitance of
transmission lines), we will use the image method [48,49] and define the negatives of the proposed lines,
as imaginary lines below the ground level (that is, in negative z), in equal magnitudes and distances of
z = 0, but negatives. These would be lines 3 and 4 mirroring lines 1 and 2, respectively, as shown in
Table 2.

Table 2: Space points and description for 3 Ph-Lines 3 and 4 (mirrored lines) in the transmission system
for case study 4

3 Ph-Line i () Line description based on points P (X,¥,%) and
PjN(Ea ya Z)
3 Ph-Line 3 MV img. (1) w3 Passes through P, (—2, —50, —10) and
P (—2,50,—10)
(1) eas) Passes through P.(0, —50, —10) and P,(0, 50, —10)
(1) o) Passes through P,;(2, —50, —10) and P,;(2, 50, —10)
3 Ph-Line 4 HV img. (1) (s Passes through P, (—50, -2, —15) and
P, (50,-2,—15)
(1) cas) Passes through P.,(—50,0,—15) and P,(50,0, —15)
(1) o4 Passes through P, (—50, 2, —15) and P,,(50,2, —15)

The general intensities of the three phases of the transmission set 1 are given by: i(¢), =

120 240°
100cos (wt), i(t) ary = 100cos (a)t + 150° rad), and i(#) ) = 100cos (a)t + @rad).
The general intensities of the three phases of the transmission set 2 are given by: i(f)m =

120 240°
200cos (wt), i(t) sy = 200cos (a)t + 150- rad), and i(?) .2 = 200cos (a)t + 150° rad).

As defined, the sets of lines 3 and 4 for the ground effects are incorporated into the model, simply
defining the negatives of the currents already presented in Euclidean locations reflected with respect
to the plane located z = 0 (considered ground plane). The values of these imaginary currents would

o

o
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be given by: I(Dwy = —IDwns Dz = =D earys (D ey = =IO eriys (O @y = =1 w2 (D eany =
—1() (cary> AN (1) sy = —1(1)(s2- The Hertzian frequency of our system 1s 60 Hz, therefore the radiant
frequency will be approximated to w = 377, and we can represent the system in phasor mode as used
100 100 100 200 200
in case 3: I, = —¢0°, Iy = —=£120°, I,;y, = —=2240°, Iy, = —=20°, I,y = —=£120°, and
100( b1) ﬁ (edl) ﬁ (ef1) ﬁ (ab2) ﬁ (cd2) ﬁ

L = E4240°. The imaginary currents reflected in sets 3 and 4 to model the ground effect would

simply be the negatives already discussed.

Using Eqgs. (6) and (7), along with typical values of equivalent capacitance and line volt-
age obtained from a SCADA system, the charge densities used for this case correspond to:
= (0.23567 x 10~°) < for each of the lines of set 1, and A, = (0.35350 x 10=°) < for each of the
hnes of set 2. The dynamlcs of variation with time has been considered under the same parameter of
variation of the currents, considering that the lines are balanced and the Maxwellian linkage is ideally
fulfilled in the conducting medium. Imaginary densities to model the ground effect have been defined
mmsets3and 4, as: A, = —A; and A, = —A,.

In this case, our model can be considered very complex as it handles a total of 12 electric current
lines (of which we only require real information on 6), but with the methodology presented, all
electromagnetic fields can be evaluated following Eqs. (12)—(20). The results of this case are widely
shown in Figs. 19-23. In Fig. 19, we can see the described scheme, with the high voltage (HV) lines at
level z = 15 (3 Ph-Line 2 of Table 1), the medium voltage (MV) lines at level z = 10 (3 Ph-Line 1 of
Table 1), the ground level at z = 0 and the image lines of high and medium voltage below z (3 Ph-Lines
4 and 3 of Table 2, respectively). It is observable how in the electrical case, high voltage lines cause a
greater impact on the electric field vectors close to medium voltage lines.

4" ~ HV lines

10.8

10.7

406

Ground level z=0"' i

z-axis
o
I

-20 ‘ 10
15 -10 5 0 5 10 15710 y-axis

x-axis

Figure 19: The results for electric field vectors of case 4 are shown, with the complete 12-line scheme.
The normalized field intensity has been identified by color for greater detail. The influence of
instantaneous phase imbalance and image line effects is visible in the asymmetries of the field
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Figure 20: The results for electric field vectors of case 4 concentrating the calculation data only on the
real lines. The normalized field intensity has been identified by color for greater detail. The influence
of instantaneous phase imbalance is visible in the asymmetries of the field, especially near the crossing
region
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Figure 21: View of the magnetic field vectors from the +z axis. The normalized field intensity has been
identified by color for greater detail. The instantaneous phase imbalance is visible in the asymmetries
of the field
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Figure 22: View of the magnetic fields, where the interaction and effect of the MV line (lower) on the
HYV line (upper) is noted. The normalized field intensity has been identified by color for greater detail.
The influence of instantaneous phase imbalance is visible in the asymmetries of the field, especially
near the crossing region
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Figure 23: View of the magnetic fields, where the interaction and effect of the HV line (upper) on the
MYV line (lower) is noted. The normalized field intensity has been identified by color for greater detail.
The influence of instantaneous phase imbalance is visible in the asymmetries of the field, especially
near the crossing region

Fig. 20 details the electrical interaction described in greater detail, by dedicating all the calculation
space to the volume existing between the HV and MV lines (over z). The curvature of electric fields
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can also be observed in which the fields leaving line 1 seem to reach lines 2 and 3 of MV lines, due to
the potential difference and the electrical phase difference.

The results of the magnetic field modeling for this case can be observed in Figs. 21-23. In Fig. 21,
we can see a distribution of magnetic intensities that is not symmetrical, because the image has been
taken considering an initial time # = 0 for the current phasors, a condition in which the instantaneous
intensities of the second and third phases of both three-phase lines (HV and MV), are lower than the
instantaneous intensity of the first phase.

In Figs. 22 and 23, we can see the circulation behavior of the magnetic fields around the
conductors, where the interaction of the electric current intensities between the MV line and the HV
line is noticeable, and is shown completely modeled.

The analysis of the electromagnetic field interactions in Case Study 4 highlights key aspects of
power transmission line crossings, particularly regarding electromagnetic compatibility (EMC). In
practical scenarios, the superposition of electric and magnetic fields from different voltage levels can
influence induced voltages in nearby conductors, potentially affecting power quality and safety. One
significant concern is the impact of high-voltage (HV) lines on medium-voltage (MV) infrastructure,
as the increased electric field intensity near MV conductors may lead to enhanced corona discharge
effects or insulation stress. Additionally, magnetic field interactions between the two systems could
induce unwanted currents in adjacent infrastructure, such as grounding systems or nearby communi-
cation lines.

4 Comparison with Existing Modeling Techniques

To evaluate the performance of the proposed method against existing modeling techniques, a case
study was designed with three infinite charged conductors positioned in Euclidean space as shown in
Table 3:

Table 3: Description of electrical charges and currents used in the comparative case

i(t)w Line description based on points Electrical Electrical
source P.y(x,y,7) and Piy(X,y,7) current (A) charge
name (WC/m)
i(0), Passes through P, (—1,0,0) and 100 0.100

Pbl (_ la Oa 1)
i(1)q Passes through P(1,0,0) and P,,(1,0,1) 50 0.050
(1), Passes through P(1,1,0) and P;(1,1,1) 25 0.025

Although this configuration is not symmetric, exact analytical solutions for the electric and
magnetic fields at the origin can be obtained by superimposing individual solutions derived from
Gauss’s and Ampere’s Laws. This allows a direct comparison with numerical methods without
excessive mathematical complexity. The selected methods for comparison include: Finite Element
Method Magnetics (FEMM) [50], ANSYS Maxwell 3D [51], and the method proposed in this article
(Analytical Euclidean Method—AEM) implemented in MATLAB [31].

Figs. 24-29 present the results obtained. Figs. 24 and 25 show electric and magnetic field sim-
ulations using FEMM. Figs. 26 and 27 show electric and magnetic field simulations using ANSYS
Maxwell 3D. Figs. 28 and 29 show simulation using the proposed method in MATLAB.
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Figure 24: Result of the FEMM simulation of the electric field for the case described in Table 3

Figure 25: Result of the FEMM simulation of the magnetic field for the case described in Table 3
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Figure 26: Result of the ANSYS Maxwell simulation of the electric field for the case described in

Table 3
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Figure 27: Result of the ANSYS Maxwell simulation of the magnetic field for the case described in

Table 3
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Figure 28: Result of electric field simulation with the proposed Euclidean Method for Multiple
Conductors, for the case described in Table 3. The normalized field intensity has been identified by
color
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Figure 29: Result of magnetic field simulation with the proposed Euclidean Method for Multiple
Conductors, for the case described in Table 3. The normalized field intensity has been identified by
color

The formal analytical exact computation of electric and magnetic fields at the point (x, y, z) =
(0, 0, 0), assuming unitary relative permittivity and permeability, provides exact reference magnitudes
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V13

200000 [T]. Using these values as benchmarks, the

for this case: ‘E‘ = 450413 [%], and }Z}‘ =

comparative results are summarized in Table 4.

Table 4: Comparative results of the modeling methods and tools in (X, y, z) = (0, 0, 0), for the case
described in Table 3

Tool Method Calc. Nodes ‘E [K] |175’ [T] %err E  %err B
0,00 | m (0,0,0)

Finite Element Finite element 14,476 1446.12 2.0231E—-05 10.87%  12.22%

Method Magnetics  method

(FEMM)

ANSIS maxwell 3D  Finite element 19,200 1.507E4+03 2.1690E—05 7.12% 20.31%
method

CEM using Analytical 2601 1622.50 1.8028E—05 0.00% 0.00%

analytical Euclidean FEuclidean method
method for multiple

conductors

(proposed)

The results indicate that the proposed method provides an exact solution for this case study while
also achieving a significant reduction in the number of computation nodes compared to finite element
methods. This improved efficiency suggests that the approach may be advantageous in scenarios where
minimizing computational resources is critical.

It is important to note that neither FEMM nor ANSYS Maxwell can define truly infinite charge
elements, requiring spatial boundaries and domain discretization using the Finite Element Method
(FEM). This represents a fundamental difference from the proposed method, which models current
lines vectorially using only two reference points. Conventional finite element strategies divide the
space into nodes that approximate the continuous field, a process that introduces error and lengthens
computing time. Unlike FEM-based approaches, our method computes values directly and avoids
these approximations. Additionally, it does not require mesh generation or a predefined computational
space, significantly reducing the number of computation nodes while maintaining accuracy.

5 Discussion

This method obtains precise results for the electric and magnetic fields linked to any number of
infinite lines of current single Euclidean space, regardless of their directions, in a direct and simple
way. Previous engineering method could handle several current lines, but they only worked when
the placement and number of the lines could fulfill symmetry requirements. By contrast, the method
presented here does not depend on symmetry, nor does it have limitations on the number of current
lines used.

The implications of this method extend widely across various areas of electrical engineering, as
demonstrated in Case Study 4. Additionally, it is highly applicable in electronics and other fields
where modeling electromagnetic fields in Euclidean spaces is essential, such as radiation analysis
and electrical fire investigations. This method also holds significant potential in telecommunications,
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considering that much of the electrical infrastructure used for power systems is also utilized for
communication, whether underground or overhead. The compatibility of power and communication
signals is an important issue due to the intensities and directions of the electromagnetic fields involved
in the interacting systems, especially if the fields are created by power lines that could seriously affect
the operation of systems with weaker signals. These systems can often be modeled as very long (quasi-
infinite) current lines, but their directions in practical cases are very different, as can be seen in Fig. 30.

Figure 30: View of power and communications line systems in different directions, sharing the same
space and infrastructure

The proposed method provides a straightforward approach to solving a wide range of practical
engineering problems. Since it offers a general analytical solution for infinite current-carrying lines,
its potential applications in electrical engineering are as extensive as those of traditional models based
on Gauss’s and Ampere’s Laws. However, unlike these classical approaches, our method does not
require symmetry assumptions. Although some existing Finite Element Method (FEM)-based tools
can provide approximate solutions for this class of calculations involving very long linear elements,
they are inherently limited by the requirement that field-generating source lines must be contained
within their modeling space. As a result, applying these methods to extensively long conductors lead
to significantly higher computational costs and increased approximation errors. These limitations arise
from the necessity to discretize large spatial domains, which not only demands greater computational
resources but also introduces numerical inaccuracies due to boundary truncation and interpolation
effects.

Unlike Finite Element Method (FEM)-based solvers, such as FEMM and ANSYS Maxwell,
which primarily compute scalar potentials at the nodes and derive electric and magnetic fields through
numerical differentiation [50,51], the proposed method directly computes both electric and magnetic
field vectors at each node. This eliminates the need for interpolation from element-based values,
reducing numerical errors and improving accuracy. This direct computation also facilitates a more
precise evaluation of field interactions.

The method is primarily designed for applications involving linear, homogeneous, and isotropic
materials, as well as current-carrying conductors that can be approximated as infinite lines, such as
overhead power distribution systems. It is also applicable to other types of long conductors in free space
or embedded in isotropic materials, including communication lines, transmission cables, and grounded
conductors. While this approach provides an exact analytical solution under these conditions, it
may not be directly applicable to scenarios involving anisotropic materials, composite conductors,
or complex boundary conditions. In such cases, the numerical methods such as the Finite Element
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Method (FEM) [51] or Finite Difference Time Domain (FDTD) [52] are often required to account
for material-dependent variations in electromagnetic field behavior [53]. Future work could explore
potential extensions of this method to incorporate anisotropic media by modifying the governing
equations to include material-dependent permittivity and permeability tensors.

6 Conclusions

With the high levels of supervision and control that exist today in the operation of electrical
systems, due to the extensive development and integration of systems such as SCADA, we can indicate
that the internal parameters of the lines are known with great precision. However, until now, achieving
something similar with respect to the characterization of the electromagnetic fields external to the lines,
has not been possible in a simple way, and these fields have the possibility of affecting other nearby
systems. In this work, a method has been presented that greatly simplifies the practical characterization
of the described fields, so that it can be used at an engineering level in the design or inspection of these
systems.

We have described a precise and simple analytical method to solve the magnetic and electric
fields due to multiple infinite current-carrying conductors in a single Euclidean space, regardless
of the directions followed by the currents. This method was tested with 4 study cases: case 1 had a
single line of current, allowing the validation of results, since the behavior is already well known in
Classic Electromagnetics. Case Study 2, on the other hand, consisted of two parallel lines with spatial
symmetry. Case Study 3 presented a more complicated scenario with three infinite linear conductors
spatially oriented in various directions and carrying currents of different intensities, showing the
simplicity with which electromagnetic fields can be modeled using this method, which is kept simple,
only uses a single reference frame for all data and results, does not require the use of rotated or
translated matrices and is not limited to any of the line symmetry criteria commonly found in other
engineering methods for these purposes. Finally, Case Study 4 showed the use of the method in a very
common case found in the electrical power systems of our days, the crossing of two three-phase power
lines, whose detailed electromagnetic modeling has been acquired with simplicity thanks to the direct
application of this method.

The proposed method has also been compared with well-established solution techniques and tools
such as ANSYS Maxwell and FEMM, demonstrating superior accuracy while requiring significantly
fewer computational nodes. This efficiency stems from the direct calculation of electric and magnetic
field vectors at each point, eliminating the need for extensive meshing and numerical interpolation,
which are inherent to finite element-based methods.

The proposed method has direct modeling applications in electrical, electronic, and communica-
tions engineering; as well as in a wide variety of situations and industrial applications in which there
are electric current lines that can be modeled as quasi-infinite.
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Appendix A

This section provides the complete MATLAB code used for data acquisition, field computation,
and visualization of the electric and magnetic fields, based on the proposed model applied to a three-
phase power line case.

clc

clear
close
disp(

format

disp( )
labl = input( )

labl input( )
labl = lab1/1000000

lcdl = input( )
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lcdl = input( )
lcdl = lcd1/1000000

lefl = input( )
lefl = input( )
lefl = lef1/1000000
disp(
)
xal = input( )
yal = input( )
zal = input( )
xbl = input( )
ybl = input( )
zbl = input( )
Pal = [xal, yal, zal]
Pbl = [xbl, ybl, zbl]
PaPbl = [(xbl-xal), (ybl-yal), (zbl-zal)]
uiabl = [(xbl-xal), (ybl-yal), (zbl-zal)]/sqrt((xbl-xal)

A2 + (ybl-yal) "2 + (zbl-zal) *"2)

disp(

xcl =
ycl
zcl
xd1
ydl
zdl =

Pcl =
Pdl =

PcPdl

uicdl

= input(
= input(
= input(
= input(

input(

—_ — ~— ~— ~— ~—

input(

[xcl, ycl, zcl]
[xd1, yd1, zdi]

[(xd1-xcl), (ydl-ycl), (zd1l-zcl)]

= PcPdl/norm(PcPd1)
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disp(
)
xel = input( )
yel = input( )
zel = input( )
xfl = input( )
yfl = input( )
zfl = input( )

Pel = [xel, yel, zel]
Pfl = [xf1, yfl, zfl]

PePfl = [(xfl1-xel), (yfl-yel), (zfl-zel)]

uiefl = PePfl/norm(PePfl)

er = input( )
ur = input( )

BBbust = input(

)
xmin = input( )
xmax = input( )
ymin = input( )
ymax = input( )
zmin = input( )
zmax = input( )
PointDivX = input( )
PointDivY = input( )
PointDivZ = input( )
xij = linspace(xmin,xmax,PointDivX)
yij = linspace(ymin,ymax,PointDivY)
zij = linspace(zmin,zmax,PointDivZ)
Xi=1
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yi=1
zi=1
Pi = [xij(xi), yij(yi), zij(zi)]
while  zi<(PointDivZ+0.5)
while  yi<(PointDivY+0.5)
while  xi<(PointDivX+0.5)
disp(Pi)
disp(
PaPil = [(Pi(1)-xal), (Pi(2)-yal),
disp(
rphiabl = cross(uiabl,PaPil)
disp(

IPEDIA

roabl = cross(rphiabl,uiabl)

disp(

disp( )

uroabl = roabl/norm(roabl)

disp( )
urphiabl = rphiabl/norm(rphiabl)
disp(

disp(
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(Pi(3)-zal)]

Eabl = (2*9*10 ”9*abl/(er*norm(roabl)))*uroabl

disp(
Babl = (2*1*10 ~-7*labl*ur/norm(rphiabl))*urphiabl
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IPEDIA

disp(

PcPil = [(Pi(1)-xcl), (Pi(2)-ycl),

disp( )
rphicdl = cross(uicdl,PcPil)
disp( )

rocdl = cross(rphicdl,uicdl)
disp(

disp( )

urocdl = rocdl/norm(rocdl)

disp( )
urphicdl = rphicdl/norm(rphicdl)
disp(

disp(
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(Pi(3)-zc1)]

Ecdl = (2*9*10 "9*cdl/(er*norm(rocdl)))*urocdl

disp(

Bcdl = (2*1*10 ~"-7*lcd1*ur/norm(rphicdl))*urphicdl

disp(

PePil = [(Pi(1)-xel), (Pi(2)-yel),

disp( )
rphiefl = cross(uiefl,PePil)
disp( )

(Pi(3)-ze1)]
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roefl = cross(rphiefl,uiefl)
disp( )
disp( )
uroefl = roefl/norm(roefl)
disp( )
urphiefl = rphiefl/norm(rphiefl)
disp( )
disp( )

Eefl = (2*9*10 " 9*lefl/(er*norm(roefl)))*uroefl

disp( )
Befl (2*1*10 ~-7*lefl*ur/norm(rphiefl))*urphiefl

Edownabl 10"-3*Eabl

hold
Bbustabl = BBbust*10 "6*Babl

Labl =10"0*PaPbl

quiver3(Pal(l), Pal(2), Pal(3), Labl(1l), Labl(2), Labl(3), k)
xlabel( )
ylabel( )
zlabel( )
title(
)
grid

Edowncdl = 10"-3*Ecdl

Bbustcdl = BBbust*10 "6*Bcdl

Lcdl =10"0*PcPd1

quiver3(Pcl(1), Pc1(2), Pcl(3), Ledl(l), Led1(2), Ledl(3), )
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Edownefl = 10"-3*Eefl

Bbustefl = BBbust*10 "6*Befl

Lefl =10"0*PePfl
quiver3(Pel(1), Pel(2), Pel(3), Lefl(1), Lefl(2), Lefl(3),k)

Etotl Eabl+Ecdl+Eefl
Btotl = Babl+Bcdl-+Befl

Edowntot = Edownabl+Edowncdl+Edownefl

quiver3(Pi(1), Pi(2), Pi(3), Edowntot(1), Edowntot(2), Edowntot(3),’)
hold

Bbusttot = Bbustabl+Bbustcd1l+Bbustefl

quiver3(Pi(1), Pi(2), Pi(3), Bbusttot(1), Bbusttot(2), Bbusttot(3),n")
Xi = xi+1

if  xi>PointDivX

break
end
Pi = [xij(xi), vii(yi), zij(zi)]
end
xi =1
yi =yi +1

if yi>PointDivY
break
end

Pi = [xij(xi), yij(yi), Zij(zi)]
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end
yi =1
zi =zi +1

if zi>PointDivZ
break
end

Pi = [xij(xi), yijyD), zij(zi)]

end
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